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ENGLISH EDITOR'S INTRODUCTION

Peofessoe Popov’s book on the theory of servomechanisms and 
control systems will be of interest to English readers in showing the 
meticulous detail into which Russian engineers and students are 
led when discussing these subjects.

A few standard and useful examples are taken and form the basis 
for discussion at all levels, from the most elementary to the most 
complete and advanced, so that a sense of continuity is preserved 
throughout the volume.

The translation preserves much of the Russian sentence structure 
and the editor did not find it possible to alter this without a more 
or less complete rewriting of the translator’s manuscript. Neverthe
less, it is hoped that a readable result has been obtained and 
tha t the spirit of the whole is faithful to that of the original.

A. D. B.



FOREWORD

The wide study of the theory of automatic control in our insti
tutions of higher education is a very recent development. Many 
engineers therefore have come to study it only when already engaged 
in practical work. The present book has the aim of assisting these 
broad circles of engineers and students to acquaint themselves in 
the most accessible form with the foundations of the theory of 
automatic control, in which the main role is played by the dynam
ics of control systems.

Following the aim of the most accessible development, the author 
has consciously tried to reduce to a minimum the use of operational 
calculus and the theory of functions of the complex variable and 
everywhere, where possible, to confine himself to the use of the 
symbolic operational method as a means of simplifying the notation 
and manipulation of differential equations.

The book presents those theoretical methods of analysis and 
synthesis of automatic control systems common to systems of various 
physical natures and designs. The concrete examples presented in 
the book, therefore, by no means pretend to reproduce the designs 
of contemporary automatic control systems. They will be only the 
simplest functional circuits serving to illustrate the principal ideas 
in the construction of automatic control systems and the application 
of the theoretical methods developed here. By analogy, the reader 
may then apply these ideaB and methods to the concrete automatic 
control systems of interest to him.

Attempting to describe in detail the fundamental results of the 
theory of automatic control, the author has been forced to limit 
himself to brief remarks on a number of special questions. Statistical 
methods and questions of representation of automatic control systems 
have been completely neglected here. Each of these important 
fields is so specialised tha t it may constitute the subject of separate 
books.

The author expresses his appreciation to Comrades Ta. Z. Tsypkin,
O. K. Sobolev and I. V. Korol’kov for valuable remarks when re
viewing the manuscript.



CHAPTER I

FORMS OF AUTOMATIC CONTROL SYSTEMS

1. The concept of closed automatic systems

There exist very many forms of automatic systems performing 
various functions in the control of the most varied physical pro
cesses in all branches of engineering. These systems consist of 
mechanical, electrical and other devices of widely different designs, 
assembled in an overall complex of mutually interacting circuits.

As examples of automatic By stems we may list:
(a) automatic light switches including a photocell which reacts 

to the intensity of daylight and a special device for turning on the 
light, operating on a definite signal from this photocell;

(b) a machine for vending given objects (e.g. tickets, chocolates) 
when a given combination of coins is fed into it;

(c) automatic machines, automatic production lines and automatic 
factory departments;

(d) remote-control systems in which a defined combination of 
heavy or complicated operations in the controlled object are carried 
out upon depression of a button or an easy rotation of a handle 
on the control panel;

(e) automatic regulation of motor speed, maintaining' constant 
angular velocity of the motor independently of the external load 
(analogously, temperature, pressure, voltage and frequency regu
lators, etc.);

(f) automatic pilots, maintaining a definite course and altitude 
of an aircraft without intervention by the pilot;

(g) servomechanisms in which an arbitrary variation in time of 
some quantity applied to the input is exactly copied at the output 
to a defined precision;

(h) a tracking system, in which the barrel of an anti-aircraft gun 
is automatically trained on a flying aircraft;

(i) a computer carrying out a defined mathematical operation 
(differentiation, integration, the solution of equations, etc.);

(j) measuring devices operating on the compensation principle;
(k) synchronous remote transmitters, etc.

3
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All these and similar automatic systems may be divided into two 
main classes:

(1) automatic machines carrying out definite types of single or 
repeated operations; among these are, for example, lighting switches, 
ticket vendors, automatic machines, machine guns, velocity switching 
mechanisms, etc.;

(2) automatic systems which over a fairly long period of time 
vary some physical quantity in a necessary manner (or maintain 
it constant) (the coordinates of a moving object, velocity, voltage, 
frequency, temperature, pressure, acoustic level, etc.) in some con
trolled process. Among these are automatic controls, servo
mechanisms, automatic pilots, certain computing devices, certain 
measuring equipment, remote control systems, etc.

In the present book we shall consider only automatic systems 
of the second class. These are divided into open and closed loop 
automatic systems.

The general structural circuit of an open loop system is shown 
in two forms (a and b) in Fig. 1. This is the simplest control system: 
semi-automatic when the source of commands is the human being,
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and automatic if the source of commands is the variation of certain 
external conditions in which the given system operates (temperature 
or pressure of the surrounding medium, electric current, illumina
tion, range of frequency, etc.).

The second structural circuit shown in Fig. 1 differs from the 
first in that besides control organs there are also measurement 
devices which permit the course of the process in the controlled 
object to be observed.

A characteristic of open loop systems is that the functioning of 
the system is not directly dependent on the result of its action.

A natural further improvement of automatic systems is the con
nection of the output (measuring instruments) back to the input 
(source of commands) so that the measuring instruments, measuring 
a certain quantity characterising a definite process in the control 
object should themselves be simultaneously a source of action on 
the system, where the magnitude of this action will depend on the
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magnitude by which the measured quantities in the controlled 
object deviate from their required values.

Closed loop automatic systems thus arise. I t is easy to conceive 
that in the closed loop automatic system there is a complete inter
action of operation of all circuits with each other. The courses of 
all processes in a closed loop system are radically different from 
processes in open loop systems. The closed loop system reacts com
pletely differently to external perturbing forces. Various valuable 
properties of closed loop automatic systems make them irreplaceable 
in all cases where precise and high-speed automatic systems are 
required for control, measurement or for carrying out mathematical 
calculations. Dynamic calculations take on special importance in 
the design of any closed loop automatic system.

Closed loop automatic systems exist in engineering in the form 
of automatic regulators, servomechanisms, computers, compen
sation-type measuring systems, automatic pilots, stabilisation 
systems, remote control systems, etc.

All these forms of closed loop automatic systems may be reduced 
to the single general circuit represented in Fig. 2. If this represents

M e a s u r e a e n t  o f  c o n t r o l  a c t i o n  e f f e c t

C o n t r o l  a c t i o n
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a servomechanism the external driving force y(t) may be arbitrary 
in time and it is required that the controlled object should repeat 
as exactly as possible this arbitrarily-given time variation in the 
form of a mechanical motion or displacement or in the form of 
variation of an arbitrary electrical or other physical quantity. At 
the same time it should be possible to eliminate as far as possible 
interference of all external perturbing forces f(t) on the controlled 
object (and possibly on the control system itself).

If it represents an automatic regulation system the role of the 
control system (Fig. 2) is played by a regulator, the role of the external 
driving force y(t) by the setting of the regulator or programme 
control. In this case it is always assumed that substantial external 
perturbing forces /(<) act on the regulated object (for example, 
variation of load). The automatic regulation system should operate 
so that with actual external perturbing forces, regardless of their 
magnitude, the output should be as nearly as possible that to which
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the regulator is adjusted, or else this quantity should vary according 
to a definite programme given by the programme control.

All other forms of closed automatic systems (automatic controls, 
automatic pilots, computers, compensation-type instruments, stabili
sation systems, remote-control systems, etc.) reduce to these two: 
either they are designed on the principle of a servomechanism- or 
on the principle of the automatic regulation system. We observe 
that the difference between these, as is evident from the above, 
consists more in function than in the general principle of operation.

Therefore, the methods of dynamic calculation are essentially 
the same for automatic regulation systems and for servomechanisms 
(and for all closed-loop automatic systems in general).

2. Servomechanisms and control systems
Let us consider the operating principle of closed-loop automatic 

systems in greater detail, using examples.
Servomechanisms. The general structural circuit of a servomech

anism is shown in Fig. 3.

Fig. 3

I t  consists of a forward circuit (from the source to the controlled 
object) and feedback from the “output” of the system to its “input” .

We also call servomechanisms such automatic systems in which 
the output quantity x{t) reproduces the variations of the input 
quantity y(t) where the automatic system reacts to the difference x1 
between the output and input quantities. We shall term the quanti
ties x  and y the regulated and desired quantities respectively.

The term “reproduces” employed here loosely denotes the equality 
of regulated and desired quantities a t each moment of time, i.e. we 
are roughly concerned with the equality *

x{t) &y(t)  . (2.1)
Frequently the regulated quantity x  differs from the desired quan
tity  y in scale or in physical character. We then require

x(t) Tc0y(t) , (2.2)

* The sign of approximate equality is used in the formula since a real system 
cannot operate absolutely exactly; there is always a certain error (deviation).
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where k0 is a given constant coefficient. The same relates to the 
compensation-type measurement systems.

If we are considering a computer, operating on the servo principle, 
by the above term “reproduction” should be understood the satis
faction of a definite mathematical relationship, for example, for 
differentiating devices we require

7 dy{t) x{t) ph ,

and for integrating
t

x{t) k0 f  y ( t )dt . 
o

Consequently, “reproduction” of an input quantity y(t) at the 
output of the Bystem x(t) may occur in various forms.

A servomechanism has feedback from output to input (Fig. 3) 
which, in essence, serves for measurement of the result of the action 
of the system. At the input to the system subtraction occurs: 
Xx =  y — x2. The device carrying out this subtraction will be termed 
the error detector (Fig. 3). The error magnitude x^ acts on the in
termediate circuit, and through it on the controlled object. The 
system operates so as constantly to reduce to zero the error xx and 
thus to satisfy the required relationship (2.1), (2.2), (2.3) or (2.4) 
with arbitrary form of variation of y with time.

Obviously the magnitude x2 (Fig. 3) applied by the feedback 
should have the same physical character and the same scale as the 
driving quantity y. Therefore, the feedback loop should be able to 
transform the regulated quantity x, inversely to that which is carried 
out in the forward circuit of the system, namely, for (2.1), (2.2)v
(2.3) and (2.4) there should be

t

respectively.
The source of commands for the input device (Fig. 3) may be 

either a special device or the variation of the external conditions 
in which the system operates.

For remote control of artillery and machine guns, in the circuit 
of Fig. 3 they are the controlled objects, and the input device is 
a handle on the control panel or sight, turned, for example, by 
a human hand according to an arbitrary function y[t). The controlled 
object under the action of the intermediate circuits of the servo
mechanism must reproduce this motion in an appropriate manner 
(e.g. the circuit on p. 258 in reference 36).

(2.3)

(2.4)



For automatic stabilisation of antenna position (on an aircraft 
or vessel) the input device is a gyroscope measuring the angle of 
deviation of the aircraft or vessel from some given direction. This 
angle will be given by a function y(t) (Fig. 3). For the controlled 
object (antenna) to retain a constant position in space, its servo
mechanism must carry out a motion x(t) with respect to the body 
of the aircraft which exactly repeats the motion of the aircraft y(t) 
measured by the gyroscope.

Contemporary electromechanical, electrical and electronic measure
ments of non-electrical quantities (distance, velocity, temperature, 
volume) are frequently based on the servomechanism principle.

An example is a device for measuring the airspeed of an aircraft, 
the block diagram of which is shown in Fig. 4. A Pitot tube, consti
tuting the input device, establishes a pressure p =  y(t) dependent

8 The Dynamics of Automatic Control Systems

F ig . 4

on the airspeed of the aircraft. An electric motor at the output of 
the servomechanism gives an angular velocity « =  x(t) proportional 
to the pressure p. The forward circuit of the system carries out 
transformation of pressure into angular velocity of the electric 
motor, while the feedback (turbopump) effects the transformation 
of the angular velocity into pressure, which must be applied to the 
error detector (differential manometer). The scale of the tachometer, 
measuring the angular velocity of the electric motor, is calibrated 
in airspeed.

As an example of a computing system operating on the servo
mechanism principle we present the simplest structural scheme of 
an electromechanical integrator (Fig. 5). Here the angular velocity 
of the electric motor is proportional to an arbitrary voltage V =  y(t) 
and consequently the angle of rotation 9 =  x(t) is proportional 
to the integral of the given function y(t). The forward loop (amplifier 
and motor) integrates the input quantity. Therefore, the feedback 
(tachometer) should differentiate the output quantity of the system 
so that the input to the amplifier is a difference between similar 
quantities.
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The simplest example of a servomechanical feedback amplifier is 
given in Fig. 6 : a electromechanical; b hydraulic; c electronic; 
d magnetic). In  all four diagrams the feedback is denoted by the 
letters fb.

F ig . 5

In  case a (Fig. 6) the error is the difference in angles <pin—- cp2, i.e. 
the angle of rotation of the slide, rigidly coupled to the handle (input 
device), and the angle of rotation of the contact segments, rigidly 
coupled with the output shaft through the feedback gears. A volt-

H y d r e u l  ic

age V is applied to the armature winding of the motor, the sign 
of which depends on the sign of the error (<pin—<pa)- As a result the 
motor operates so as to reduce this error. The purpose of the equipment 
is to amplify power whilst preserving the angle of rotation in time 
(to a certain scale).

The same general operating principle and purpose occur in case b 
(Fig. 6), where the rate of motion of the hydraulic drive piston is 
here proportional to the opening of the slide valve s, which in turn 
is equal to the error (y — x2).

Similarly, in case c (Fig. 6), the error voltage Va =  Vin—V2 is 
applied to the grid of the amplifier.

In case d (Fig. 6) the error is the difference in ampere-turns, 
{AN)l—(AN)2, between the control winding fed by the input
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voltage and the feedback winding fed by the output voltage after 
rectification.

This is an example where together with amplification there occurs 
transformation of direct current into alternating, as a result of 
which the inverse transformation using the bridge rectifier B  must 
be present in the feedback loop.

In  those cases where the control panel is at a substantial distance 
from the controlled object and the system includes means for over
coming this distance, a remote-controlled servomechanic system is 
obtained.

The first electromechanical servomechanism in the world was 
invented by Russian engineers. In  the sixties of the last century 
V. F. Petrushevskii realised a synchronous coupling system. Of 
particular interest is the invention of A. P. Davydov, which was 
tested in 1867 at the artillery battery “He Tron’ Menia” . This was 
the first automatic servomechanism with central control of several 
objects [1] in engineering history.

Automatic control systems. The general structural diagrams of 
automatic regulation systems are shown in Fig. 7. A closed automatic 
system is termed an automatic regulation system when it serves

F ig . 7

to maintain a constant value (or a given form of variation) of a single 
quantity so or several quantities xlt x2, xa, ..., characterising the 
course of the process over a long period for arbitrarily varying ex
ternal perturbing forces, i.e. for variation of the load on the control 
object and other factors (feed, etc.). The quantities x , xlf x2, xa, 
which are required be maintained constant (or varied in a given 
manner), are termed the regulated quantities.

An automatic control system consists of the regulated object and 
a control or several coupled regulated objects and controls (Fig. 7).
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The regulated object is that aggregate in which the process subject 
to control occurs. The regulator is the automatic device detecting 
the undesired deviations of the regulated quantity x  and acting on the 
regulated object in such manner as to eliminate this deviation. In  
Fig. 7 this regulating action is denoted by £, £z, £3.

With a single regulated quantity x, a single regulated object and 
a single regulator the automatic regulation system will be termed 
an isolated system (Fig. 7a). With several mutually coupled regu
lators with a single object (Fig. 76) or several objects (Fig. 7c) the 
automatic regulation system is termed a coupled system. If several 
regulators are connected to a single object, but each of them operates 
independently of the others, we have several independent isolated 
automatic regulation systems.

To carry out its functions a regulator must first of all have at 
the input a detection element for determining the undesirable 
deviation of the regulated quantity; this may be the probe of a gauge 
for the corresponding physical quantity. Secondly, the regulator 
should have at the output a regulating organ, operating on the 
regulated object in a definite manner to eliminate undesirable 
deviations arising in the regulated quantity. Aside from the sensitive 
detection element (at the input) and the regulating organ (at the 
output) the regulator must have various intermediate devices. There
fore, the first of the structural schemes of Fig. 7 may be represented 
in a more developed form as shown in Fig. 8.

I J ,\ o i e n t  j

^ R e g u l a t o r

F ig . 8

The regulator should have, in addition, means for adjusting the 
system to the required constant (or variable, in a pre-assigned 
manner) value of the regulated quantity which it is the purpose 
of the regulator to maintain (Fig. 8).

If certain portions of the regulator are at a great distance from 
the regulated object, where the regulator has means for overcoming
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this distance, the automatic regulator system is termed a remotely- 
controlled system.

The first automatic regulator in the world in which the general 
principle of contemporary regulators was realised was invented by 
the great Russian mechanic Ivan Ivanovich Polzunov in 1765. This

was the water-level float regulator in the boiler of Polzunov’s steam 
engine. The schematic and structural diagrams of this automatic 
regulation system are presented in Figs. 9 and 10.

Here the regulated object is the boiler, the regulated quantity 
the height of the water H, the external perturbation (load) is the 
consumption of steam from the boiler. The detector of the regulator,

X S e n  s i »
l i v e
e 1 emen t

*u
u
<g u 

— 01
00 -Q
01 0 Con t  r o 1

□
o r g an
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detecting the deviation of water level in the boiler is the float. The 
control organ is the valve which covers the water inlet in the boiler 
at an undesirable increase in level and opens it in the opposite case. 
In  Polzunov’s system the control organ was directly coupled with 
the detector. The preliminary adjustment of the system to a given 
value of H  which was to be maintained constant was realised by 
shifting the float along its rod.

At the present time the general operating principle of regulators, 
based on measurement of the deviation of the regulated quantity, 
is termed Polzunov’s principle.

The inventor of the electric motor, the Russian scientist
B. S. Yakobi, together with the Russian academician E. Kh. Lents, 
in 1841 constructed the world’s first voltage regulator. Y. H. Chikolev 
invented the differential regulator for arc lamps and was the first
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(in 1871) to employ electric drive in automatic regulators. K. E. Tsiol- 
kovskii was the inventor of the automatic pilot. Its diagram wap 
published in 1898.

Let us consider the example of the system for automatic control 
of an aircraft’s course (Fig. 11). The regulated object is the aircraft, 
the regulated quantity the course angle the external perturbing

forces, wind and inequality of the tractive forces of the motors, 
establishing a moment of rotation. The regulator is the automatic 
course pilot.

The sensitive element of the automatic course pilot, measuring 
the undesirable deviation of the aircraft from its course, may be 
a gyroscope, shifting a slide in an electrical bridge circuit. The re
sultant current appearing in the diagonal of the bridge is amplified 
and applied to an electric motor which turns the rudder (through 
a reduction box). The rudder is the regulating organ, establishing 
the rotary aerodynamic moment which returns the aircraft to the 
required course. The adjustment of the system to a determined 
course is carried out by a corresponding adjustment of the gyroscope 
or by shifting the zero position A  of the bridge. This circuit, as we shall 
see below, requires substantial additions (as an unstable system is 
obtained here, see Section 33).

As an example of the simplest electric regulation system let us 
consider the automatic voltage regulation system for a d.c. generator, 
employing a vacuum tube (Fig. 12). In this case the regulated object 
is the d.c. generator, the regulated quantity the voltage V at the 
generator terminals, the external perturbing force is the power 
load into which the generator operates.

The detector of undesirable deviation of the regulated voltage V 
is the grid of the tube while the regulating organ is the anode circuit 
of the tube. With an undesirable change in voltage V  (for example,

F ig . l l
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V >  Fj) there appears a voltage Vg at the grid and a proportional 
change in current I a in the anode circuit, and consequently in the 
current I b through the field of the generator, which is connected 
in the anode circuit of the tube. This change of field current eliminates 
the undesirable deviation of the regulated voltage.

Adjustment of the system to a definite voltage V  to be maintained 
constant is accomplished by setting the value of V1 on the rheostat Ra.

The fundamental problem of automatic regulation consists in 
maintaining the necessary value of the regulated quantity (to a given 
precision) with varying load on the regulated object. Sometimes 
the problem may be posed of constructing an automatic regulation 
system such that when necessary it may automatically alter the 
regulated quantity according to a pre-assigned time programme. 
This is termed programme control.

There exists another form of programme control, when it is neces
sary to obtain a given form of variation of the regulated quantity 
not in time but in dependence on some other parameter. This is 
required, for example, in those cases where the problem of regulation 
is posed as the problem of automatic observation of the optimal 
operating conditions of some power system with varying external 
conditions.* Programme control of the first type (in time) occurs, 
for example, where the automatic course pilot has not merely to 
guide the aircraft in a straight line but must cause it to complete 
a turn automatically. Thus, to complete a turn through the arc of 
a circle with constant velocity it is necessary tha t the course angle 
vary proportionally to time (<|* =  u>t).

An example of a programme control system of the second type 
(not in time) may be a system which is required to vary the angular

* This other form of programme regulation is a combination of Pulzunov’s 
principle with the principle of regulating according to the perturbing force which 
will be discussed below.
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velocity of a motor shaft in a definite optimum manner with respect 
to the power load.

To accomplish programme control of both types, obviously, it is 
possible to use the adjustment element (Fig. 8). In  the ordinary 
automatic regulation system the adjustment element is used for 
preliminary adjustment of the system to a definite constant value 
of the regulated quantity. In  the case of programme control it is 
necessary to act continuously on the adjustment element during the 
operation of the system to vary the regulated quantity according to 
the pre-assigned variation. For this purpose the adjustment element 
is fitted with a special programme device, automatically varying the 
adjustment of the system according to the desired variation.

For example, for automatic execution of a turn  by an aircraft 
it is possible to design a programme device which would automatically 
shift, let us say, the zero point A  of the bridge of the automatic 
pilot detector (Fig. 11) a t a definite velocity and for a given distance, 
corresponding to the termination of the turn.

To carry out automatic variation of motor shaft velocity in a given 
manner according to the power variation it is necessary to design 
a programme device which, measuring the motor power would 
alter the adjustment of the velocity regulator in an appropriate 
manner.

I t  is easy to see tha t a programmed regulation system resembles 
a servomechanism where the programme device plays the role of 
the input element of the servomechanism, the adjustment element 
the role of the error detector, and the sensitive element the role 
of feedback (Fig. 3). The difference between a programmed regu
lation system and a servomechanism consists, in essence, only in 
that in the first case the regulated quantity should vary according 
to a pre-assigned programme while in the latter there is no definite 
programme and the regulated quantity should reproduce an arbi
trary variation of the input device.

From the theoretical point of view the difference between a servo
mechanism and an automatic regulation system is tha t of the two 
external forces (Fig. 2) for the servomechanism the main one is the 
input force y(t) which should as exactly as possible be reproduced 
by the object, while for the automatic regulation system the main 
one is the external perturbation force on the object /(<), the effects 
of which on the variation of the regulated quantity should be elimi
nated as exactly as possible. Therefore in servomechanisms the 
calculations are mainly carried out with regard to the external 
input force, while in regulation systems, they are according to the 
external perturbation (load). Basically the methods of their dynamic 
calculations are the same.
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Principle of regulating according to perturbing forces. Above we 

have discussed control systems based on the measurement of the 
deviation of a regulated quantity from its required value (Polzunov’s 
principle).

However there exist in practice other important methods of 
regulation: (1) the principle of regulation according to the perturbing 
force; (2) application of parametric stabilisers.

By the principle of regulation according to the perturbing force 
is understood automatic regulation in which the regulated quantity 
is not measured but action against the undersirable influence of an 
external force is carried out by the introduction of various other 
design (circuit) measures paralysing the effect of this force.

For example, let the voltage of a d.c. generator with variable 
angular velocity be required to be maintained constant. The previously 
considered principle of a closed regulation system (Fig. 8) would 
correspond to the following solution of the problem: the deviation 
of the regulated quantity V is measured (in the right side of the 
circuit in Fig. 12) and in accordance with this the field current is 
automatically varied (by the tube in Fig. 12), which leads to elimi
nation of deviations which may arise in the regulated voltage V.

But it is also possible to proceed differently. Calculate in advance 
how it is necessary to vary the resistance of the generator field 
circuit with the angular velocity for the voltage at the terminals 
of the generator to be constant. I t will then be possible to place 
a rheostat in the field circuit, the slide of which will be automatically 
shifted with variation of angular velocity. Here we do not measure 
the deviation of the regulated voltage but we eliminate the effects 
of undesirable external forces by another means: the direct reaction 
of the system to the perturbing force itself.

Under the principle of regulation according to perturbing force 
it is also possible to include the introduction of various auxiliary 
compensation and stabilising windings and compounding in electrical 
machines) the principle of regulating -constant velocity of heat 
engines according to load; the so-called automatic carburettors, etc.

There exist a number of cases where the application of this principle 
is very useful. However, as is evident from the above, this principle 
in its pure form is less universal than the principle of measurement 
of the regulated quantity. In fact, the system of regulating according 
to the perturbing force may be used only against a definite prede
termined form of perturbing force. A system based on the principle 
of measuring the regulated quantity (Polzunov’s principle) always 
automatically eliminates undesirable deviations of the regulated 
quantity independently of what external perturbing force was the 
cause of the tendency to deviation. In a number of cases it is useful
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to combine both of these regulation principles, where regulation 
according to the external perturbing force is brought into action 
to improve the quality of operation of the regulation system based 
on Polzunov’s principle.

Consideration of regulation according to the perturbing force in 
the above sense is outside the scope of this book. Certain questions 
of theory connected with this may be found in the work of V. 8 . Kule- 
bakin [34] and A. G. Ivakhnenko.

Parametric stabilisers. Parametric stabilisers are devices whicli 
are based on variation of the parameters of individual elements of 
the system with variation of the external forces applied to them. In 
particular, this may be connected with the use of non-linear proper
ties of various materials in electric circuits. Among these are bar
retters, ferro-resonant stabilisers, etc. These also, are, not considered 
in the present volume.

3. Direct and indirect-acting systems

All automatic regulation systems are divided among direct-acting 
and indirect-acting systems.

Direct-acting systems. A direct-acting regulation system is a system 
in which the action of the sensitive element on the regulating organ 
is carried out without the introduction of an additional source of 
energy. Its structural scheme is shown in Fig. 10.

Besides Polzunov’s regulator (Fig. 9) examples may be the follow
ing systems: centrifugal regulator of steam engine shaft angular

velocity (Fig. 13); rheostatic voltage regulator at the terminals of 
a dynamo (Fig. 14); a thermostat regulating the water or oil tempera
ture in a heat engine (Fig. 15).

In these three systems the regulating organ, 3 (slide valve, rheostat 
slider, valve), is moved directly by the sensitive element 2 (centrifugal 
mechanism, electromagnet, sylphon) without an additional source 
of energy, as in Polzunov’s regulator.
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Here an unwanted increase in the regulated quantity arising in 
any manner (angular velocity a, voltage F, temperature 0) produces 
in the first example (Fig. 13) divergence of the bobs of the centrifugal 
mechanism, in the second (Fig. 14) increase in the tractive force of

h

the electromagnet, in the third (Fig. 15) increase in the vapour 
pressure of a highly volatile liquid inside the sylphon.

As a result of this the regulating organ, 3, receiving a displacement, 
produces on the object, 1 (steam engine, dynamo, water or oil 
system of the heat engine), a regulating action consisting in the
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first case in reduction of the free section of the steam feed to the 
machine, in the second case in increase of resistance of the field 
circuit 1 ', i.e. reduction of the field current, in the third case in 
the connection of a cooling radiator in the water or oil system. Such 
a regulating effect on the object in all three cases causes reduction 
of the regulated quantity and, consequently, eliminates the unde
sirable increase assumed initially.

The external perturbing force on the system is a change in load 
(shaft load of the steam engine, power supplied by the dynamo; 
thermal regime of the engine).

Adjustment of the system to a definite value of the regulated 
quantity is carried out in the given examples by regulating the 
spring, 4 (Fig. 13), rheostat, 5 (Fig. 14) or screw (Fig. 15).
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A direct-acting automatic regulation system may obviously only 
be realised when the sensitive element is itself a sufficiently powerful 
device for direct action on the regulating organ, as in the above 
examples. However, in many cases the sensitive element is relatively 
weak while the action on the regulating organ requires substantial 
power. In  these cases an amplifier is introduced between the sensi
tive element and the regulating organ, as a result of which an indirect- 
acting system is obtained.

Indirect-acting systems. An indirect-acting automatic regulation 
system is a system in which the sensitive element acts on the regu
lating organ indirectly through a special amplifying and transforming 
circuit supplied by an auxiliary source of energy.

The simplest structural scheme of an indirect-acting system is 
shown in Fig. 16. Even for an isolated regulating system thiB structural
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scheme may become substantially more complicated since the 
amplifier-transducer shown in this circuit diagram in the form of 
a single block may consist of a number of circuits. I t  is intended 
for amplification of a weakly-acting sensitive element for transfor
mation of one physical quantity into another and a number of other 
operations (introduction of derivatives, integrals, etc.).

From m e a s u r e m e n t  b r i d g e
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For example, in the case of the automatic pilot (Fig. 11) this 
amplifier-transducer consists of three circuits: an electrical ampli
fier A, an electric motor M  and a gear box O (Fig. 17). The task here 
consists not only of amplifying the energy but in transforming an 
electrical magnitude (voltage in the diagonal of the measuring 
bridge) into a mechanical one (angle of rotation of the rudder).
3
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Other examples of indirect-acting systems may be: a system for 
regulating the velocity of a heat engine (Fig. 18), a voltage regulation, 
system (Fig. 19), a system for electric motor velocity control (Fig. 20). 
a servomechanism (Fig. 21), a radiocompass (Fig. 22).

The Dynamics of Automatic Control Systems

For the first and second systems (Figs. 18 and 19), completely 
different in their physical nature, there is a single structural scheme 
(Fig. 23). Here the sensitive element, 2 (centrifugal mechanism,

electromagnet), detects the undesired deviation of the regulated 
quantity (velocity o, voltage F) and shifts the control element, 3 
(slide valve, rheostat slider) to the corresponding side. This connects 
the motor, 4 (hydraulic, electric), which moves the regulating 
organ, 5 (slide valve in the pipe feeding the heat engine, rheostat 
slide in the dynamo field circuit). The regulating organ now acts 
on the regulated object, 1 (heat engine, dynamo), so as to eliminate 
the undesired deviation of the regulated quantity.



21Forms of Automatic Control Systems

The system for regulating the speed of the electric motor M  
(regulated object) shown in simplified form in Fig. 20 contains 
a tachometer T  (sensitive element), which gives a voltage V =  Vj^—Vt,

proportional to the deviation of angular velocity (i.e. regulated 
quantity). Further, the system contains a rotary amplifier (dynamo 
with longitudinal-transverse field) which, amplifying the signal V

s e l s y n  S e l a y n
d e t e c t o r
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fed to its field winding, gives a corresponding change of current 
in the armature circuit of the motor. The latter is the regulating 
action which eliminates the speed deviation tending to arise.
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In a servo-system (Fig. 21) the input angle of rotation y should 
be reproduced at the output in the form of the quantity x. The 
error detector, 3 (differential selsyn), gives a voltage V proportional 
to the error y — x. After amplification it is applied to the motor 
with gear box, rotating the controlled object, 1. The actual magnitude
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of the angle x  at the controlled object is detected by a selsyn trans
mitter, 2, and transferred to selsyn, 3, where it is subtracted from 
the input angle y. As a result the motor operates on the error in 
the direction of its elimination.

The radiocompass (Fig. 22), in essence, also constitutes an indirect- 
acting closed loop automatic system. The problem here consists
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in constantly training a loop antenna along a line indicating the 
direction to a given radio station. The deviation of the loop antenna 
(regulated object) from the required direction causes a change of 
signal phase at the output of the amplifier. This latter fed through 
a filter and control element, brings the drive of the loop antenna 
into rotation (regulating organ). The direction of rotation of the 
drive is defined by the sign of the above change of phase. As a result 
the drive rotates the loop antenna in the direction of reducing its 
deviation from the required direction.

We have discussed here the principle of indirect-acting systems 
by examples of the simplest isolated automatic regulation systems. 
In Chap. I l l  additional circuits will be introduced into these systems, 
improving their quality of operation.

4. Continuous and discontinuous (relay and pulse) systems

All automatic regulation systems and servomechanisms may be 
divided into continuous and discontinuous systems.

Continuous systems. A continuous system is an automatic system 
in which continuous variations of mechanical, electrical and other 
quantities in all circuits of the system correspond to a continuous 
variation of the regulated quantity.

Examples of continuous systems are the systems considered above: 
velocity regulation (Figs. 13, 18, 20); voltage regulation (Figs. 14, 
19); aircraft course regulator (Fig. 11); level regulator (Fig. 9); loop 
antenna position regulator (Fig. 22); and servomechanisms (Figs. 4,
5, 21).

Discontinuous systems. A discontinuous system is an automatic 
system in which in at least one circuit the continuous variation of
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mechanical, electrical or other quantities is violated. Discontinuous 
systems may be divided into two basic groups: relay systems and 
pulse systems.

Relay systems. A relay system is an automatic system having 
among its fundamental circuits at least one relay circuit. By relay 
circuit is understood a circuit of the system in which to a continuous 
variation of the input quantity there corresponds a discontinuous 
variation of the output quantity, appearing only at completely 
defined values of the input quantity.
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In  Fig. 24 are shown certain possible forms of dependence between 
the output and input quantities for relay circuits. These dependencies 
will be termed the characteristics of the relay circuits. Characteristics 
of the forms, 4, 5, 7 (Fig. 24) have, so to speak, a hysteresis loop.

For example, a simple electromagnetic relay has the well-known 
characteristic of form 4 (Fig. 24), if xt is the current in the control 
circuit of the relay, b2 and bx are the operating and release currents, 
x2 is the voltage in the control circuit. This is the essential difference 
between the present device and the otherwise similar ordinary 
electromagnet (2 in Fig. 14) with continuous characteristic.

In formulating the concept of the relay system the relay circuit 
was mentioned in particular as one of the fundamental units of 
the system. Generally speaking, in an automatic system there may 
be present various relays of an auxiliary character, the discontinuous 
variation of whose output quantities has no essential influence on 
the character of the process of varying the regulated quantity. Such 
systems may be considered continuous. We therefore define particu
larly only two types of relay systems, in which the relay circuit 
acts in an essential manner on the character of the processes of 
regulating and following:

1) when the regulating organ itself operates in a relay manner;
2) when the relay circuit is the control element of a motor moving 

the regulated organ or controlled object (system with constant 
velocity).
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Examples of relay systems of the first type are: systems for regu
lating electric motor velocity and the course of marine torpedoes [38]. 
They are shown in Fig6. 25 and 26.

In  both cases the sensitive element, 2 (centrifugal mechanism, 
gyroscope), is continuous, i.e. it acts continuously on the following 
circuit of the system (continuous shift of contact, 3 (Fig. 25), or 
gate valve (Fig. 26)). But this continuous action of the sensitive

element causes discontinuous action of the regulating organ (relay 
character). The latter is expressed in the instantaneous connection 
and disconnection of the series resistance Ra (Fig. 25) or in the 
instantaneous shifting of the rudder from one extreme position 
to the other (Fig. 26), as the piston of the pneumatic feed in this 
case practically instantaneously shifts from one extreme position 
to the other with the admission of compressed air on one or other 
side of the cylinder. In  the electric motor example the relay element 
has characteristic, 1 (Fig. 24), while in the marine torpedo example 
characteristic, 6 or 7 (Fig. 24).
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Relay systems of the first type are sometimes termed two-or 
three-position systems in dependence on the number of possible 
positions of the regulating organ. Two-position systems are fre
quently termed “yes-no” , “on-off” or “bang-bang” systems.

Examples of relay systems of the second type may be electro
mechanical temperature regulation systems with constant velocity 
motors (Fig. 27) and servomechanisms (Fig. 6a).

In  the first example (Fig. 27) with change in regulated quantity 
(temperature of the cooled portion of the heat engine, 1) a bimetallic 
plate, 2, bends. As a result current is turned on in one of the control 
windings of relay, 3. With continuous motion of the bimetallic plate, 2, 
the movable contacts of relay, 3, jump instantaneously to one or 
the other extreme position in accordance with a characteristic of 
form 6 or 7 (Fig. 24). First one, then the other, field winding of the 
constant velocity electric motor, 4, are connected (Fig. 27). As 
a result the regulating organ, 5, (radiator damper) moves to one or 
the other side to liquidate undesired temperature deviations in the 
regulated object, 1.

The automatic aircraft-course regulation system can operate 
completely analogously (Fig. 11) if plates and a relay are introduced 
in place of the bridge. The angle of deviation from course of the 
aircraft, 1, is measured by the gyroscope, 2, the continuous action 
of which leads to instantaneous connection through the relay of first 
one and then the other field winding of the electric motor and a corre
sponding motion of the rudder through the reduction gear.

A feature of these two systems, in contradistinction to the corre
sponding continuous systems considered previously, is the violation 
of continuity of motion in the control element by the drive and the 
absence from the drive of equipment for continuous measurement 
of the rate of turning.

A contact servomechanism (Fig. 6a) has the same property in 
contra distinction to a continuous servomechanism (Fig. 5). In  this 
case (Fig. 6a) connection of the drive is defined only by the sign 
of the error <pin—92, but not by its magnitude as in the continuous 
system. The control element characteristic has a form 6 (Fig. 24) or 
2 (taking into account the insensitive zones about the neutral

/ J
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positions), where the error quan tity  is plotted along the axis of 
abscissae.

We note tha t the relay system of Fig. 25 is a direct-acting system 
while the others (Fig. 26, 27, 6a) are indirect.

The basic advantage of a relay system is the simplicity of design 
and the ease of obtaining a high gain factor.

Discontinuity of operation may be here represented in the follow
ing manner. If we denote by x  the motion of the bimetallic plate, 2 
(Fig. 27), and by £ the motion of the regulating organ (damper),

with variation of the magnitude x, for example, in the form of 
Fig. 28a, the motion of the regulating organ in the firet rough approxi
mation will have the form of Fig. 28c (if we assume that when the 
motor is connected the regulating organ moves with constant velo
city £, while in the insensitive zone, where the motor is discon
nected, it remains in place). In  practice this pattern of motion of 
the regulating organ will be distorted through inertia of the field 
windings and the moving portions of the system.

For relay systems an essential circumstance is tha t the moments 
of connection and disconnection of various circuits of the system 
by the relay element are defined by the system itself, by the change 
in its dynamic state in the course of time (in distinction to forced 
connection and disconnection externally in the pulse systems con
sidered below).

Pulse systems. A pulse system of automatic regulation is one in 
which there is a pulse circuit transforming continuous input signals 
to a series of short pulses with defined repetition period. The pulse
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repetition period is given externally from an independent special 
device. In  works on this subject such systems are frequently termed 
discontinuous regulation systems.

We note three types of pulse circuits, differing in pulse form 
(rectangular pulses are assumed):

(a) the durations of all pulses are the same and their magnitudes 
vary in dependence on the value of the input quantity s at the 
corresponding moment of time (Fig. 29a);

(b) the pulse durations depend on the values of the input 
quantity s while the magnitude of the pulse is constant (Fig. 29&);

(c) The duration and magnitude of pulses is constant but their 
signs vary with change of sign of input quantity (Fig. 29c).

Pulse systems are frequently applied in practice for temperature 
regulation. In  addition, pulse automatic control systems find wide 
application in radio distance finders and other instruments.

An advantage of pulse systems is the simplicity of achieving 
multichannel circuits and the absence of prolonged loading of the 
sensitive element. In  particular, this permits being satisfied by a small 
output power of the sensitive element of the system and finer 
and more exact means of measuring the deviation of the regulated 
quantity may be used.

An example of a pulse regulation system occurs in temperature 
regulation, the block diagram of which is shown in Fig. 30.

Here, with variation of the regulated quantity (temperature of 
the regulated object) the resistance, 2 (resistance thermometer),, 
varies. As a result the balance of bridge, 3, is upset and in its diago-



nal, in which a galvanometer is connected, a current arises. Thus, 
continuous variation of the regulated temperature causes continuous 
motion s of the galvanometer pointer, 4. The latter is the input
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quantity for the pulse circuit, 5, which at equal intervals of time 
connects the supply of the motor, 6, in short pulses, moving the 
regulating organ.

Three examples of pulse devices in schematic form are shown 
separately in Fig. 31; they correspond to the three types of pulse 
shown in Fig. 29.

The idea of these pulse circuits is as follows: The current in the 
bridge diagonal, 3 (Fig. 30), depending on the deviation of the 
regulated temperature, passes through the galvanometer. The 
pointer, 4 (Fig. 30 and 31) of the galvanometer moves, as a result, 
by the magnitude s, dependent on the given deviation of the regulated 
quantity. Above the pointer is a “chopper bar” not connected with 
it, 7 (Fig. 31). By the aid of a special drive, 8, independent of the 
given system, the chopper bar oscillates at a pre-determined fre
quency co. During a long period the pointer, 4, of the galvanometer 
moves freely without any load. I t  is pressed to the resistance, 9 
(Figs. 316 and c) for short periods by the chopper bar when the latter 
is at the lowest point of its oscillation.

The dependence of the pulse magnitude on the deviation of the 
regulated quantity in the first case (Fig. 31a and 29a) is achieved 
by the voltage V  applied to the armature of the motor being pro-
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portional to the displacement of the pointer, 4, i.e.
V = Tcs, r  =  const, 

where t  is the pulse duration.
The dependence of the pulse diuation on the deviation of the 

regulated quantity in the second case (Fig. 31 b and 296) is brought 
about by a system of bevels on the lower surface of the chopper as 
a result of which we obtain

t  =  Tcs, V = const.
Finally, in the third case (Fig. 31c and 29c) we have the simplest 

device
v =  const, V = ±  C 

in dependence on the sign of s.
Obviously, transformation of the continuous action into pulses 

of these types may be accomplished by many other electromechanical 
and electronic devices which, consequently, also may serve as 
examples of pulse circuits in automatic regulation systems.

If the pulse circuit is designed as the type shown in Fig. 31a, the 
form of motion of the regulating organ may be represented approxi
mately by the graph of Fig. 32 with the assumption that during

the short pulses the regulating organ moves and in the interval 
between them (open circuit) it is motionless. The slopes of the 
segments of motion are determined by the velocity of the electric 
motor and the reduction drive ratio. Actually, this curve will be 
somewhat distorted by the motor field winding inductance and the 
moving portions connected with the motor shaft.



CHAPTER II

TRANSIENTS IN AUTOMATIC REGULATION SYSTEMS

5. Linear and non-linear systems

Let us employ the general circuit of a closed loop automatic system 
shown in Fig. 2. Let x  denote the regulated quantity or its deviation 
(error), y(t) the external driving force (variation of adjustment), 
/(t) the external perturbing force (load variation).

As has been shown by examples, each closed loop automatic 
system (both servomechanisms and regulation systems) consists of 
a number of different circuits (mechanical, electrical and others). 
There are always external perturbations /(<) and driving forces y{t) 
of arbitrary form, as a result of which the system operates con
tinuously in transient dynamic regimes. Consequently, we should 
consider each automatic regulation system and each servomechanism 
as a closed dynamic system with many degrees of freedom, which 
may take an arbitrary physical form and construction.

The dynamics of such a system will be described by some system 
of differential equations or a single high-order differential equation 
of arbitrary type

F t (x, dx 
dt ’

<rx\ _  I df <n. „ dy 
’ dtnr  ‘V ’ d i ’ ^ ’ d r ’ J ’ d t ’

The process of regulation or following is defined by the general 
solution x  =  x(t) of (5.1) for given external forces /(<) and y(t). For 
certain systems (5.1) may contain partial derivatives. Sometimes it 
may be written in an integro-differential form. In place of differential 
equations difference equations may sometimes be obtained.

The theory of ordinary linear differential equations with con
stant coefficients, is the most highly developed and the simplest 
practical calculations are connected with them. At the same time 
they cover the majority of practically important problems in the 
theory of automatic regulation. I t  is, therefore, very important to 
classify all automatic regulation systems (and also servomechanisms) 
from thi6 point of view. We shall divide them into three classes:

(1) ordinary linear systems,
(2) singular linear systems,
(3) non-linear systems.

30
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Ordinary linear systems. Ordinary linear systems are those whose 
dynamic processes are exclusively described by ordinary linear 
differential equations with constant coefficients. This requires all 
circuits of the system to be linear with lumped constants. The para
meters of the system are those physical quantities or their combi
nations entering into the coefficients of the differential (and other) 
equations describing the dynamics of the given system or any of 
its circuits. Such quantities are mass, moment of inertia, inductance, 
resistance, capacitance, gain factor, modulus of elasticity, “time 
constant” , etc., etc.

I t is important to bear in mind that the linearity of circuits is 
understood here in a limited sense, namely, by linear circuit is under
stood every circuit, the static characteristic* of which is represented 
by a straight line in the operating range of the given circuit in a given 
dynamic process. For example, the dependence between the angular 
velocity w of the shaft of an electric motor and the d.c. voltage V, 
applied to the armature circuit, may be curved (Fig. 33). However,

this electric motor, as a member of a system, will be linear if in the 
dynamic process investigated in the given system only that part 
of the characteristic A xOA is used which may be represented by 
a straight line to a sufficient precision for calculations. This substi
tution of a real characteristic by a linear one is termed linearisation 
(the general method of linearisation will be presented in Section 18).

The overwhelming majority of continuous automatic regulation 
systems and servo-systems belong to the class of ordinary linear 
systems as their real characteristics, always more or less non-linear, 
may frequently be linearised over definite limits.

The equation of motion for ordinary automatic regulation systems 
(and servomechanisms) has the general form

* The static characteristic of a circuit is the dependence between the output 
and input quantities in various stable states of the given circuit. Ordinarily it 
is represented graphically.
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a0
d t

+  ax
dtn~l

<r-1/
dtm~1

, dx  ,+  an_ i —— )- anx  — 
dt

df
+  bm-i — +  bmf  +  Co ~zz +  ci

dt dt'
a '- 'y
d f - 1 +

+  ••• +  c, dy 
1 dt +  Cv2/ , (5.2)

where n, m and v are arbitrary whole positive numbers (ordinarily) 
m <  n and v <  n, where the “less than” sign occurs more frequently); 
a0, al , an, b0, bx, ..., bm, c0, cx, ..., cv are constant coefficients de
fined by the parameters of the given system. We note that in general 
there need not be only a single perturbing force /(<), as here, but 
several.

For conciseness of notation we shall everywhere below employ 
the symbolic operational form of notation for differential equations, 
introducing the notation

dx d2x „ dnx=  px , —  — p2x . . . . .  —  ~  pnx  . 
dt2 dtndt

f xdt ==x
P f(J :dt\dt =  .p *

(5.3)

For example, the equation
d2x dx

dt
will be written in the form

c a0p2 + a1p + ai)x

a^x =  0

0 .

(5.4)

(5.5)

We shall not assign any further significance to the symbolic 
operational notation (5.5) in comparison with the ordinary form of 
notation (5.4), other than being a more concise method of denoting 
derivatives with regard to time (a different significance is assigned 
to the symbols in operational calculus, Section 74).

The differential equation of motion (5.2) of an ordinary linear 
system in operational notation, therefore, takes on the form

0a0pn + a1pn~1 + ... + an-1p + an)x  =
(b0pm + bx pm~x + ... +  bm_ i p + bm)f(t) + (5.6)

+  (c0pv +  Cj p'-1 + ... +  p +  cv) y (f) ,
or, still more concisely,

L[p)x = S(p)f(t) + N[p)y(t) ,  (5.7)

where L(p ) , S(p) and N(p)  are the abbreviated notations for the 
operational polynomials in (5.6) before the variables x, f(t) and y(t).
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Singular linear systems. Singular linear systems are automatic 
systems in which the dynamic processes are described by linear 
equations, but not all equations are ordinary differential equations 
with constant coefficients. The following forms of automatic systems 
are included in the class of singular linear systems:

1. Linear systems with variable parameters. These are automatic 
systems in which all circuits are described only by ordinary linear 
differential equations, where some of the coefficients in these equa
tions vary with time. Among these are certain continuous automatic 
systems where a portion of the parameters entering into the coef
ficients of the equations must be considered variable with time.

Systems with variable parameters will not be considered in detail 
in this book. We shall show only that the theorems of Liapunov’s 
direct method (Section 57) apply to the study of stability of such 
systems, and shall give a numerical-graphical method for plotting 
the regulation process in such systems (Section 72). There are analytic 
methods for certain systems with periodically varying parameters. 
When the parameters of the system vary relatively slowly, the 
entire process is divided into time intervals, within each of which 
the parameters are considered constant, but different in different 
intervals, and the process within each interval is considered as 
a process in an ordinary linear system.

2. Linear systems with distributed parameters. These are automatic 
systems where it is not possible to consider all parameters to be 
lumped. These occur, for example, in all cases where long pipes 
are present in a continuous automatic system, in which it is necessary 
to consider the wave processes, or a long line in which it is necessary 
to consider the effect of distributed capacitance or inductance along 
its length.

In these cases, together with ordinary differential equations 
(describing the dynamic processes in the remaining circuits of the 
system), there appear partial differential equations for the circuit 
with distributed parameters (Section 46).

In investigating systems of this form the overall characteristic 
equation is found to be transcendental in contradistinction to ordinary 
linear systems.

3. Linear systems with delay. In these one or several circuits have 
a time delay in transmitting the signal applied to the input of the 
circuit. In  a circuit with delay the process of variation of the output 
quantity begins only after a certain time interval t  following the start 
of variation of the input quantity (Section 45).

Methods of investigating linear systems with delay coincide with 
the methods of studying one of the classes of systems with distributed 
parameters.
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4. Linear pulse systems. These are automatic systems which consist 
only of linear circuits and include linear pulse circuits, i.e. circuits 
in which any of the pulse characteristics (magnitude or duration) 
varies proportionally to the input quantity. Examples of linear 
pulse circuits are given in diagrams a and b of Eig. 31, corresponding 
to the graphs of Eig. 29a and 296 (the diagram in Eig. 31c and the 
graph of Eig. 29c represent a non-linear pulse circuit, which will 
he discussed below).

5. Non-linear systems. Non-linear systems are automatic systems 
including, together with linear circuits, at least one non-linear 
circuit, i.e. a circuit with non-linear static characteristic or non
linearity of another type in the equation describing its dynamics. 
Above it was stated that the real characteristics of circuits are 
always more or less non-linear. Therefore, a non-linear circuit will 
be one for which the characteristics, for some reason, cannot be 
subjected to linearisation, i.e. they are, so to speak, essentially 
non-linear.

For example, if an electric motor with the characteristic repre
sented in Fig. 33 is employed, where not only the rectilinear segment 
A tOA takes part in the dynamic process investigated, as before, 
but the entire curved characteristic B fiB , then this electric motor 
will now represent a non-linear element. The system as a whole 
will be non-linear even if all remaining elements are linear.

Non-linear elements may have widely differing forms. We shall 
list the more important of them.

(a) A  non-linear relay-type circuit is one in which to a continuous 
variation of the input quantity ^  there corresponds a discon
tinuous variation of the output quantity x2 appearing only at 
defined values of the input quantity. Various forms of non-linear 
characteristics of relay type have been shown in Fig. 24. Some 
of them have hysteresis loops. Among the non-linear systems with 
this type of circuit are all relay automatic regulation systems (Sec
tion 4).

(b) A  non-linear circuit with piecewise linear characteristic is 
a circuit the characteristic of which a?2(*i) is continuous, but has 
the form of a broken line consisting of rectilinear segments (not 
having continuous derivatives). Various forms of piecewise-linear 
characteristics are shown in Eig. 34. This type of non-linear circuit 
will also include those which are described by linear differential 
equations of various forms in various parts of the operation.

The first two characteristics (Figs. 34a and b) may be termed 
limited linear characteristics while the first, a saturation charac
teristic (in dependence on whichever of these terms better corresponds
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to the physical significance of the process in the given circuit). 
A characteristic of form a (Fig. 34) is obtained, for example, for 
each mechanical regulating organ having stops in the limiting position 
(rudder, slide valve) or limited cross-sectional dimension (gate valve). 
This form of characteristic may be used, as simplified, for an electric 
motor in place of Fig. 33. The same relates to hydraulic and other 
motors, used in automatic systems.

/ —  (b)*
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y  (d) *
o _ A _/~x,

0 S 0 /-b
* z r 0

(e) — /  (g) *' (h)FT
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A 0 S 'a Z5y  X 0
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The third graph of Fig. 34c represents a characteristic with an 
insensitive zone or with a dead zone of width 2b.

The characteristic of Fig. 34d combines a dead zone and saturation 
(limitation of the linear part), while a hysteresis loop is added in 
Fig. 34c.

The characteristic of Fig. 34/ corresponds to a circuit for which 
the transfer factor (or gain factor) increases with increase in input 
magnitude x1 above a certain value x1 =  b. Sometimes this is necessary 
for strengthening the effect of the control system.

The characteristic of Fig. 340 is obtained in the presence of back
lash (free play) in the mechanical transmission of width 2b. This 
characteristic has a hysteresis loop. The characteristic for dry friction 
(Fig. 34Zi) also reduces in certain cases to the form 340, but not 
always (see Part IV).

(c) A non-linear circuit with curved characteristic may be directly 
considered. Its  characteristic may be approximated by a second 
curve more convenient for analytic investigation. This characteristic 
in individual cases may also be approximately substituted by 
a piecewise-linear or relay characteristic. Finally, it may frequently 
be substituted by a linear characteristic in a limited operating region, 
i.e. linearised. Curved characteristics may also have hysteresis 
loops.

This category also includes non-linear circuits the dynamics of 
which are described by non-linear equations containing the products
4
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of variables or their derivatives and various more complicated 
combinations. These equations may also frequently be linearised.

(d) A  non-linear circuit with delay is one in which together with 
non-linearity of any of the above forms there is also time delay t  
in the transmission of the signal arriving at the input of the circuit.

(e) A  non-linear pulse circuit is one in which the pulse characteristics 
(magnitude and duration) do not vary in direct proportion to the 
input quantity but according to one of the above forms of non
linearity. For example, the circuit of Fig. 31c and the graph of Fig. 29c 
represent a possible relay type non-linear pulse circuit since the 
magnitude and duration of pulses is constant but only the sign 
varies, as in the relay characteristic of type 6 in Fig. 24.

6. Processes in linear systems

We shall first define certain basic concepts to be employed in 
further discussion.

Regulation process, transient response and steady-state response. 
The differential equation of motion of an ordinary linear automatic 
regulation system has from (5.7) the form

L(p)x  =  8(p)f(t) + N{p)y(t),  (6.1)

where the coefficients of the operational polynomials are defined 
by the parameters of the system.

Let us introduce the notation

/(*) =  m  + A/(<), y(t) = m  + b  y{t), (6.2)

where f(t) is a perturbation the influence of which should be sup
pressed as completely as possible in the system, f°(t) is the funda
mental portion of the perturbation, according to which calculation 
of the given system is carried out, A/(/) is an additional pertur
bation which in one or another form always exists in reality, y°(t) is 
the input command on the regulator (servomechanism) which should 
be reproduced by the given Bystem, Ay(t) is noise applied to the 
system together with the input action.

The solution of the linear differential equation (with constant 
coefficients) will be

x  =  xt(t) +  afi(t) +  xA(t), (6.3)

where xt(t) is the general solution of the homogeneous equation 
L(p)x = 0, having the form

x, =  +  C2e*»‘ + ... +  CBeV, (6.4)

where C1} C2, ..., Cn are arbitrary constants defined from the given 
initial conditions of the process; zlt za, zn are the roots of the
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characteristic equation L(z) =  0, which from (5.2) has in expanded 
form

a0zn + a1zn~1 + ... +o„_1s +  o„ =  0 ; 
afi(t) is the particular solution corresponding to the basic term

S(_p)m+N<j>)y°(t)
in the right-hand side of the equation; xA{t) is the additional part 
of the solution, corresponding to the additional term

S(p)Af{t) + N(p)Ay(Jt) .

Expression (6.4) is written for the case where the characteristic 
equation does not have multiple or zero roots.

A complete solution of (6.3) describes the regulation process in 
the linear system (the general case of perturbed motion of the system).

The first portion of this solution xt(t) in the form of (6.4) represents 
a transient response (the characteristic motion of the system super
imposed on the forced motion defined by the remaining terms of 
the solution).

The particular fundamental solution x°(t) represents the steady- 
state response or the steady (equilibrium) state of the system.

The simplest cases of external driving forces are
1)  f °  —  const,
2) /° =  const,
3) f °  =  const,

4) /° =  const,
5) f °  =  asinco#,

y° — const; 
y° == cot;

eta
y« =  c o i+ 2-;
y° = a sin cot; 
y° - const,

where the symbol ‘const’ also includes zero.
The corresponding particular solutions will be
1) aP =  const,
2) aP =  b +  cojt,

3) ocP =  b +  cO|t -j— ,

4) a? =  fc+AySinfcot +  Pj,),
5) aP — b +  Aysinfcot +  (3/).

These forms of steady-state response are termed respectively: 
(1) equilibrium state, (2) following with constant velocity, (3) follow
ing with constant acceleration, (4) following a sinusoidal input 
force, (5) forced oscillations with sinusoidal perturbation. In  addition, 
it is also possible, of course, to have many other more complicated 
forms of steady-state response corresponding to more complicated 
input forces f°(t) and y°{t).
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In  Figs. 35, 36, 37 and 38 are presented the simplest examples 
of regulation (and following) processes, which are composed of 
steady-state and transient components. Thus, Fig. 35 illustrates 
the transition of a system in the regulation process from one equi

librium state to another with a  discontinuous change of load from 
some previous value /°° to a new one /°. In  Fig. 36 is shown the tran
sition of the system from the equilibrium state to a state of following 
with constant velocity and in Fig. 37 to; a state of following a sinu-
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soidal input force. In  Fig. 38 is shown a process with pulsed external 
perturbation. In  all cases the broken line shows the graph of the 
steady state response for the quantity x  and the difference between 
the ordinates of the full-line curve and the broken-line curve 
represents the transient response.

Defining in this way the regulation process consisting of steady- 
state and transient components, it is necessary to remember that 
in the real system there will always be an additional distortion of 
the process introduced by the additional input forces and noise
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Af(t) and Ay{t). These distortions are expressed in (6.3) in the form 
of an additional term x&(t). An example may be the process shown 
in Fig. 39.

I t  is necessary to consider the following important circumstance. 
The particular solution x°(t) consists of individual terms correspond
ing to the individual terms terms in the right-hand side of the differ
ential equation S(p)f°(t) and N(p)y°{t). If several perturbing forces

Ia)
,

i l l
v

t

act, there will correspondingly be several terms in the solution. 
Then each term of the particular solution x°{t) may be defined 
separately for each perturbation or driving force, independently of 
the other, and then they may be added. This is the so-called super
position principle. Consequently, if there exists a differential equation

L(P)x = /8x(p)/?w + /81(p )^ w + ^ r(p )y°(t),
the particular solution defining the steady-state response of the 
system will be

®°(<) =  #?(<) + ®2($) +  a£(«) ,
where each term may be defined individually as the particular 
solution of one of the equations

L{p)x  =  S o f f i t ) ,
L(p)x  =  S2(p)f2[t) ,
L(p)x  =  N(p)y°{t) .

The situation will be somewhat different with regard to the tran
sient response. In  the solution for the transient response

xt = C1eẑ 1 +  <72es2* + ... +  Cneznl
(which is superimposed on the steady-state response forming the 
total regulation process) the arbitrary constants Cx, C2, ..., C„ must 
be calculated from the initial conditions necessarily utilising the 
complete expression of the solution (6.3). Otherwise the initial
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conditions x0, xQ, £0, ®o"-1) should be transformed to x# =  x0—xl, 
Xgf =  x0—Xq, where ®J, a$ ,... are the values of ®°, ac°, ... of the par
ticular solution for t = 0. Consequently, the form of the transient 
response may substantially depend on the form of the driving force. 
In  other words (in the terminology of mechanics), the form of the 
characteristic motion of the system which is superimposed on the 
forced motion may depend substantially on the form of the latter 
(through the values of the arbitrary constants).

We shall explain the above by a simple example. Let the Bystem 
be described by the differential equation

{a0p2 + a1p + at)x =  f(t) (6.5)

with initial conditions: x  = x0 and x =  ®0 for t = 0. We shall first 
find the transient response in the system in the absence of the external 
force (/(*) =  0) as the solution of the homogeneous equation (a0pa+  
-t-fliP +  aj)® =  0. We obtain

where
x — xt =  -f C2e**‘ ,

— al ± V a l—ia,ta0 
2a0

( 6 .6 )

We shall assume that the roots are real. Determining the arbitrary 
constants from the initial conditions, we obtain

C,
X q Z 2~ X q  

z2 -* l ’
Q _ ®pgl ®Q

*1 zi
(6.7)

The solution of (6.6) is represented, let us assume, by the graph 
of Fig. 40a.

We shall now find the transient response in the same system 
for the same initial conditions, but in the presence of a perturbation 
f(t) =  asin(to< +  8). The particular solution of (6.5), defining the 
steady-state response, will be

where
®° =  J.sin(w< +  p) ,

A  = a
V W - a ^ f  + a W '

p =  S—tan -1 — — 
2&2 — AqO)

(6 .8 )

This is shown by the broken line in Fig. 406.
The transient response as the general solution of the homogeneous 

equation will be
xt = C ^ + C t e r t , (6.9)

where the arbitrary constants are defined from the initial conditions 
on the basis of the complete solution

x  =  x,(t) +  ®°(t) =  Cletlt + Crf**1 +  A  sin (co< +  p ) . (6 .10 )
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Their calculation gives

Ci
(x0— .dBinpig,— (x0—-dtocosp)

Ct = (a;0—-lain p)g1—(g0—J. to cos P) (6 .11)

The complete solution (6.10) is represented by the solid curve 
in Fig. 406. The transient component (transient response) of this 
solution Xt is represented by hatching in Fig. 406. I t  is shown sepa
rately in Fig. 40c.

From this it is evident tha t in the presence of an external force 
the transient responses, without regard to uniqueness of the general 
expressions (6.9) and (6.6) will differ, due to the essential differences 
in values of the arbitrary constants (6.11) and (6.7).

From this there follows a second conclusion. The formula for 
the arbitrary constants (6.11) may be obtained from (6.7) if in the 
latter we substitute the quantity x0 by x0—J.sinp and the quantity 
x0 by i 0-4 (iico s  p. But from (6.8) the quantities J.sinp and A  to cos p 
are the values of aP and x° at t = 0. Consequently, the transient 
response in the presence of f(t) in the given system can be calculated 
from the homogeneous differential equation, but it is first necessary 
to transform the initial conditions to the form

~  Xq Xq , Xgf — x„ xq at t ~  0 ,
where x% and x°0 are the values of afi and x° of the steady state com
ponents of the solution at t =  0. This is clearly shown in Fig. 40.
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I t  should be noted that in automatic regulation systems (and in 
servomechanisms) such a transformation of the initial conditions, 
necessary for determination of the transient response from the 
homogeneous differential equation, is more complicated. This is 
connected not only with the high order of the equations but also 
with the presence in the system equation (6.1) of an operational 
polynomial before the external forces /(f) and y{t). But even there 
it may be carried out.

Thus, in investigating the transient response of automatic regu
lation systems it is always necessary to define the corresponding 
external conditions, i.e. to assign /(f) and y[t).

If the transient response is sought as the solution of the homo
geneous equation L(j>)x = 0 for given initial conditions of the system, 
the result of such a solution corresponds to the absence of perturba
tions and input forces, where the system carries out a free motion 
from some shifted initial position. If the transient is a variation 
of external conditions (perturbing forces, variation of load, read
justment, change of following regime), then the transient response 
must be studied differently, by defining the arbitrary constants 
of the complete solution, including the steady-state component, 
or from the homogeneous equation with preliminary recalculation 
of the initial conditions. In  both cases the form of the force /(f) and 
the operational polynomial in front of it have critical significance.

I t  would be possible, without assigning specific /(f) and y(f), to 
assemble for each system a catalogue of transient responses de
termined from the homogeneous equation for all possible combina
tions of initial conditions. This would reflect, of course, all forms of 
transient response which could occur in the given system for various 
perturbing forces. But, firstly, for a high-order system the number 
of different combinations of initial conditions will be very great 
and, secondly, many of these combinations are excluded from the 
point of view of real operating conditions of the system. Therefore, 
it is more useful to assign certain typical external perturbations /(f) 
and y(t) which are either the most probable, the most difficult, or 
the most dangerous for the givens ystem. The transient responses 
should be determined for them.

In  the theory of automatic regulation either an instantaneous 
jump in the magnitude /  (or the quantity y) from one constant 
value f °  to another /° (Fig. 35) or an instantaneous impulse /  (Fig. 38) 
are most frequently taken as the typical external force, although 
it is equally important to study the transient responses in the transi
tion from one following regime to another (Figs. 36 and 37).

The typical step or impulse input forces are usually taken of 
unit magnitude (Fig. 41) since the solution obtained may then be
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multiplied by the actual magnitude of the jump or impulse to obtain 
the solution for a force not equal to unity. I t  is well known that 
it is possible to find the responses for any other forces (Section 74) 
from the reaction of the system to the unit pulse.

(a) /°ry (b) f
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o
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The unit step for perturbation / and input force y (Fig. 
conventionally written in the form

/ =  1 (<) and y = l{ t) ,
which in a more complete notation signifies

1 [t) = 0  with t <  0 and t =  — 0 , 1
1 (t) =  1 with t >  0 and t =  +  0 , J

where the instant t =  0 is divided into two, — 0 and + 0 , corre
sponding to approach to it from negative and positive values of t. 

The unit impulse is written in the form
1 =  l'(t) , (6.14)

where
l '( l ) =  lim /(*,&), (6.15)7lr-+0

if f(t, h) denotes the delta function represented in Fig. 416, i.e.

41a) is 

( 6.12)

(6.13)

f( t ,h ) =  0 with t <  0 and t > h ,

f ( t , J i )—^  with 0 <  i <  h.  (6.16)

This function has the property that its area is equal to unity for 
arbitrary h, including 6->0. Therefore, in passage to the limit in (6.15) 
there is obtained an instantaneous impulse (zero duration with 
infinite value /), but the magnitude of the impulse (area) is equal 
to unity.

From this there follows in particular that
+ oo +00 h
j 1 '{t)dt =  lim f  f( t ,h)dt  =  lim ( \dt  =  1 ,

x J h-+0 J ™0 0 0

where it is obvious that

/  !'(*)« =  0 .

(6.17)
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The integral of the unit impulse l'(t) is consequently a unit step 1(f) 
and signifies tha t the unit impulse which we denote by l'(f) is the 
time derivative of the unit step 1 (f).

An external force having the form of an instantaneous non-unit 
step of arbitrary magnitude f° and y° may be written in the form

/  =  /« l( f )  and y = y°-l(t) (6.18)
and the instantaneous impulse

f  = fi-l '(t) (6.19)
or, with regard to Fig. 38a

A step of the form of Fig. 35a may be written analogously in 
the form

f  = f °  + ( f ° - n •!(<)• (6-20)
The application of driving forces of type Fig. 36ft and Fig. 376 is 
written in the forms

V =  y00 +  wf • 1 (f) and y =  asinuf . 1 (f). (6.21)
respectively.

Thus, using functions of the form of the unit step it iB possible 
to describe the instantaneous application of arbitrary forces to the 
systems.

Initial conditions. If the differential equation of the system is 
given in the form (6.1), the initial conditions, as iB well known, 
should be given in the form

x  =  x,,, x =  *0, x  =  <B0, ..., =  &£»-*>, =  a£n-1)
at f =  0 , (6.22)

where n is the order of (6.1), i.e. the degree of the operational polyno
mial L(p)-, the indices (w—1), (n—2), ... here denote the time deriva
tives of corresponding order, while the index 0 denotes their 
values at t =  0. The physical significance of these initial conditions 
is clarified by dividing the general equation of the system (6.1) 
into a series of equations of the individual circuits of the given 
system, which may be done for each concrete system (e.g. Example 1 
at the end of this paragraph).

These initial conditions define the state of the system at t =  0, 
at which the examination of the process begins.

In those cases where a t t =  0 an input in the form of a step or 
impulse occurs, and in those cases where at t =  0 there occurs an 
instantaneous application of a force of any arbitrary form (e.g.
(6.18)-(6.21)), it is necessary to distinguish the instants / =  — 0 
and t =  +  0.
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This division of the time t =  0 has a definite physical significance. 
In  essence, in nature there cannot actually be “pure” instantaneous 
steps, pulses and applications of forces, but only relatively fast 
variations taking place during such short time intervals as may 
be neglected in comparison with the duration of the process studied 
in the system. Therefore, actual steps, impulses and applications 
of arbitrary forces, for example, in passage from one following regime 
to another, will occur over some small time interval from t = —e 
to t = +  e (where e is some positive quantity). Neglecting the magni
tude of this interval (e->-0), we obtain the moments of time t =  — 0 
and t =  + 0  for the start and finish respectively of the step (or 
impulse or application of arbitrary force). They actually correspond 
to two different states of the system, which are very close to each other 
in time, but may differ from each other by relatively large differ
ences in the magnitudes of the coordinates, velocities and other 
variable quantities. Thus, for example, it is familiar from mechanics 
that application of an “instantaneous” impulse (shock) to a mass 
causes “instantaneous” change in its velocity by a definite finite 
quantity. The term “ instantaneous” is understood in the sense of 
“during the time: —e < t <  + e ” or, according to the above con
vention, from t =  — 0 to t =  + 0  (as e->-0).

From this it follows that in all cases where for t =  0 there occurs 
a step, impulse or instantaneous application of arbitrary force, it 
is necessary clearly to distinguish what is actually meant by the 
initial conditions of the process: the state of the system at the instant 
t =  — 0 (directly before the step) or the instant t =  + 0  (immediately 
after the step). Both of these have their significance. In  the former, 
the step itself is included in the process considered by us, while 
in the latter the process in the system after the step has already 
occurred is considered.

The initial conditions written for t =  — 0 correspond to the state 
of the system before the step. For example, for the processes shown 
in Figs. 35, 36, 37, 38 and 39, we have

x = aP°, x = x  = ... =  x(n-v  =  0 at t = — 0 .
The initial conditions written for t =  -f0:

x = x0, x  =  £„, x  =  #0, ..., x(n~l) =  Xon~1} at t =  +  0 ,
express the instantaneous change of the corresponding quantities, 
occuring during the step. Therefore, in Figs. 35-39, where x =  0 
at t = — 0, in general, we may obtain x0 ^  0 at t =  + 0, i.e. there 
may occur a break in the curve a t the point t =  0.

From the above there follows the necessity of having formulae 
for transforming the given initial conditions for t =  — 0, expressing 
the state of the system before the jump, to the initial conditions
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for t =  +  0, defining the initial data of the required course of the 
process immediately after the step.

The derivation of these formulae is easily carried out using opera
tional calculus which gives: 1) the application of the step itself 
and the state of the process under consideration employing the 
initial conditions for t = — 0 ; 2) consideration of the process after 
the jump with initial conditions for t =  +  0. By comparison of these 
two forms the initial conditions for t = + 0 are defined through the 
conditions for t = — 0. This will be proved in Section 74 (p. 737). 
Here we give only the final formulae for calculating the initial con
ditions. The value of x  and its derivatives for t =  — 0 (before the 
jump) will be given the index — 0, while for t =  + 0  (after the jump), 
the index + 0.

When a unit step of the variable / acts (Fig. 41a) we have the 
following formulae for transforming the initial conditions:

3/+0 — 0, 3C-M>= i_ 0, .. (n—m—1) (n—m—1).. , it/-1-0 -- *4' —0 J
(n—m) ■t'-i-o —a —o a0

(n-m+l) (»—m+1 .*/-(-0 ‘*'—0 - h . i .
«o

(n-m + 2) (n-m + 2) ■*' + 0 •*'—0 - ^ { x % m)- x {2om)) -
*0 d0

— — (x+^m+1) — a?(”<rm+1)) ,U>Q

„(»-*) (»-l) _  bm- 1 am- 1 / (n-m) (n-m)v
' ^ + 0  — ^ - 0  —  -------------- • i - -------------------------- V &  +  0  — • * '— 0  ) — • • •  —(Iq

#0

where m and n are the degrees of the operational polynomials in 
the differential equation of the given system (5.6), m  <  w; a0, a^, 
..., b0, blf ... are the coefficients of these equations defined by the 
parameters of the system.

In these formulae the operator 1 has the dimensions of the 
quantity f. If the force is applied in the form of a step, not equal 
to unity, in place of 1 the magnitude of the step should be substituted.

With a force in the form of a unit step of the variable y we obtain 
from (6.23) formulae for transformation of the initial conditions by 
substitution of the quantity m by v and the quantities b0,b lf ... 
by c0, e1, ... from the differential equation (5.6) of the system.

From formulae (6.23) it is evident that for equality of the degrees 
of the operational polynomials in the right and left sides of the
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differential equations of this system (m =  n or v =  n) the step at 
the point t =  0 will occur not only for the derivatives in x  but also 
for x  itself, namely, x+0—x-0 — b0[a0-1.

Formulae (6.23) also show that if m  =  0, i.e. if the operational
polynomial for f(t) is absent and the equation of the system has
the form

L(p)x  =  b0f(t) , (6.24)
for a step of the variable /, the initial conditions for t =  + 0  are 
equal to the initial conditions for t =  — 0. The same occurs for a step 
of the variable y  in the equation

L{p)x  =  c0y(t) . (6.25)
If in the equation of the system for /(<) there is an operational 

polynomial b0p +  with a step in the variable /, the initial conditions 
for t =  + 0  and t =  — 0 will differ only in the values of the (» — l)s t 
derivative. The higher the degree of the operational polynomial 
S(p) for /(<), the more derivatives in the initial conditions will change 
discontinuously at the step /. In  this case, when the degree of S(p) 
in (5.7) is one less that the degree of L(p), for a step in /, there will 
necessarily be a discontinuity in the first derivative, i.e. a break 
in the curve of the process x{t).

Formulae (6.23) may be transformed also with regard to a force 
in the form of a unit impulse in /. Having in view that the impulse 
is the derivative of the step with regard to time, for the unit impulse 
f(t) =  l'(t) in (5.7) the expression S(j>)l'{t) may be substituted by 
$(p)pl(<). This signifies tha t in formulae (6.23) it is necessary to 
replace m  by ra+ 1  and put bm+1 =  0. As a result we obtain the 
following formulae for calculating the initial conditions under a unit 
impulse of the variable /, when in (5.6) m < n:

x+o — X-o, x+o — * -0) •••) x+o
(n-m-l) (n—m-1) _  b0X + o —̂ -0 — — ' 1 ja0

_  (n—m—2)— X-0 >

,(»—m) ( n - m .)+0 --X—o

(n-m+i) (71—7/1+1)«̂ + 0 —*4/—o

h
ag

h
&Q

a0

a0 (6.26)

,(n—1) (Ti-l) + 0 —*-0 — (a?(+^m-1)_x(ngm~1̂)a0

^ ( 4 V 2)— X(71 —2) \—0 ) }
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where 1 has the dimensions of the impulse in /, i.e. the dimensions 
of /  multiplied by time. If the force is applied in the form of a non
unit impulse, it is necessary to substitute in place of 1 in these 
formulae the given magnitude of the impulse f{.

As is evident from (6.26), with the input in the form of an impulse, 
in contradistinction to a step, equality of the initial conditions for 
t =  + 0  and t =  — 0 will not occur, even in the case (6.24), since 
there will be a discontinuity in the value of the (n ~  l ) s t  derivative. 
The discontinuity of the first derivative x  (i.e. a break in the curve) 
will already occur for m —  n —2 , and a discontinuity in the magnitude 
of x  itself for m  =  ft—1.

On the form of the equation for the transient process. Let the 
differential equation of the system have the form

L(p)x  =  S(jp)f(t) (6.27)
and let it be required to find the transient response with input in 
the form of a step f(t) — f°° + l(t), if before this the system was 
in equilibrium with x  =  const =  as00. The differential equation of 
the system (6.27) will be

L(p)x = S ( p ) [ f « >  + 1(*)] (6.28)
with initial conditions

x  =  <£°°, x  =  x = ... = r<n_1> =  0 at t =  — 0 . (6.29)
If these initial conditions are reduced by means of formulae (6.23) 

to the instant t = +  0, the Btep itself is eliminated from consideration 
and in place of (6.28) the differential equation of the system takes 
the form

L(p)x = bm- ( r  + 1), (6.30)
where bm iB the free term of the polynomial S{t), while 1 has the 
dimensions of /.

Old steady 
state

X°°

Nee steady 
state

T
x°
h

F ig . 42

In this caBe, the system passes from one steady state (“old” , 
Pig.42) to another, a “new” one. The values of x  for them as particular 
solutions are defined by

K
«n

z00 xP = — (f° + 1) = r ° ° + ^ 2 - l  ,b» (6.31)
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respectively, where is the constant term of the polynomial L(p). 
The solution of (6.30) will be

X = x,{t) + ofi = C + C2e»* + ... +  Cne‘J  +  +  — • 1 , (6.32)
an

where the arbitrary constants Cx, C2, ..., Cn are defined from the 
initial conditions for f =  + 0 , obtained from (6.29) by means of 
formulae (6.23). The solution of (6.28) with initial conditions for 
t =  — 0 may be found by the operational method without preliminary 
transformation of the initial conditions (Section 74). The result in 
both cases will be, of course, the same.

The transient response is represented by vertical hatching in Fig. 42. 
Its  ordinates, as always, are subtracted from the new steady state 
of the system. I t  may be found as the solution to the homogeneous 
equation L{p)xt =  0, i.e.

x, - +  C2ert + ... +  ,

if in the initial conditions transformed by formulae (6.23) we take

xot = af»-af> = - * ^ 1  . (6.33)
«»

Sometimes the variable x  is read from the old steady-Btate, and 
the solution takes the form (6.32) without the quantity ctP0, while 
the initial conditions will contain x0 = 0.

This relates also to the equation

L(p)x  =  N(p)y(t)

with the input force in the form of a unit step y(t) = y°° + l(t), 
with the difference only that from (5.6) it is necessary to substitute cv 
in place of bm in expressions (6.30)-(6.33).

Similarly, for a force in the form of a unit impulse, in place of 
the equation

L(p)x  =  S(p)l'{t) (6.34)

with initial conditions at t = —0 it is possible to solve the homo
geneous differential equation L(p)xt =  0, but with other initial 
conditions for / =  +  0, calculated from (6.26)*.

Let us consider the example of determining the transient response 
of an automatic regulation system by solution of the homogeneous 
equation, and alBO of examples of transformation of the initial condi
tions.

* It should be noted that a similar transformation of the initial conditions 
to determine the transient response from the homogeneous equation is possible 
for various other types of external forces on the system.
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Example 1. Let us find the transient response in the absence 
of perturbations in an automatic frequency control system, the 
schematic diagram of which is represented in Fig. 43.

The regulated object is a vacuum tube oscillator consisting of the 
triode T  and the tuned circuit LC. The regulated quantity is the 
frequency of oscillation co.

F ig . 43

The sensitive element of the regulator is a coil M  with phase 
discriminator N. The voltage induced in the coil M  is applied to 
the phase discriminator N. At the output of the latter a d.c. voltage V 
is obtained which is proportional to the deviation Aco of the oscilla
tion frequency to.

The voltage V is then amplified in the d.c. amplifier A  and is applied 
to the electric motor M  which rotates the variable capacitor C' 
through a reduction gear with damper C. The capacitor is the regu
lating organ acting on the object for the purpose of eliminating 
the undersired deviation in frequency tending to arise in it.

Let the deviation of the regulated quantity (frequency), in the 
absence of perturbations, be expressed as a function of the angle 
of rotation of the capacitor by the equation (the equation of the 
regulated object)

TxAcb +  Aco =  — Tctx , (6.35)

where Tl and kx are given constants, a is the angle of rotation of 
the capacitor axis, Aco is the deviation of the regulated quantity co.

The equation of the sensitive element will be

V  =  ft,Aco . (6.36)

The equation of the amplifier, motor and transmission to the 
capacitor C  will be

Ja  =  CjF—c2« , (6.37)

where J  is the moment of inertia of the entire rotating mass re
duced to the axis of the capacitor and c^F and og« are the torque and 
damping moment reduced to the same axi6.
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Eliminating from these three equations a and V, we obtain a single 
equation for the closed system in the form

Ao) -f- fljAd) -f =  0 j (6.38)
where

J  -}-c%Ti cg
ai =  ~ 7 t T~ ’ 0,2 ~ J T l ’ ~  7 T T '

The characteristic equation will be
2s +  a +  && +  <*a =  0 . (6.39)

Let ub first find the real roots (there is at least one such root in 
an equation of third degree). Eor this we construct the graph of 
the function

f{Z) =  2s +  OjZa +  022 +  08
in the interval — M  < z < — to, where M  and to are the minimum 
and maximum of the numbers*

J  +  CyTi C% Ci&i&2
J T i * J  -\-ciT1 * c2

The point of intersection (Fig. 44a) gives an approximate value 
of the root which may be made more exact by interpolation. If all 
three roots of (6.39) are real, the curve f[z) will have three points 
of intersection (broken line in Fig. 44a) and thus all three roots 
will be found.

If there is a single point of intersection (2X), the remaining two 
roots are complex. To determine them we have the quadratic equation

22 +  2&,2 +  b%2 =  0 ,

5

* See Section 39.
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obtained by dividing the polynomial (6.39) by (z—z,). The complex 
roots of the cubic equation (6.39), consequently, will be

Zgtg =    by i  i -- by .

As a result we obtain the equation of the curve of the transient 
response as a solution of (6.38) in the form

Aco =  Cxe r^+  C2e-^‘ + CBe~ẑ  , (6.40)

when all roots are real and distinct, and

Ato =  C1e-*i< +  J.e-*i<sin(l/6!!— 6?< +  p) , (6.41)

when two roots are complex. Here Clt C2, Ca, A ,  (3 are arbitrary 
constants defined by the initial conditions and by the parameters 
of the system in the following manner.

Let us next assign the initial conditions for t  =  0. For example:

Ato =  Ato0, a =  otj , a =  Oq .

On the basis of the circuit equations (6.35)-(6.37) we obtain for 
t =  0

=  _  Aq)„ +  fci<Xo Aw =  -  At!>» +  M »  =  Atop+lqtixo—TtOp)
° Ty ’ 0 Ty Z*

When all three rootB of the characteristic equation are real and 
distinct, from the general solution (6.40) we have

Atb =  — CyZyC-*'*— C&tp-**1— Ofoe-rt ,

Adi =  Cyzle-rt+Citsle-rt+Czzte-** .

Substituting in (6.40) and from there the initial conditions, we 
obtain

Ato0 =  Cy +  C2 +  Ca ,

A^ - l—  = CyZy + CsZ2+CaZa ,

Ato„+ t . K - f .j . ) =  c ^ + CtZi + c ^  m 
Ty

From this we find the arbitrary constants

Q _ (^ lga--^-){TyZa-- l)AcO„ (TyZa-\-TyZa l)fc10Co Tyky&Q
Ty(z2--Zy) (z3 —Zy)

Q _  {%'yZa--l)(TyZy--1) A(O0— (TyZa-\-TyZy--1)^1 «Q--  Tyky&yy
T\{za- z a)(Zy-za)

Q _  (TyZy 1 ){TyZa 1)A(00  (TyZy+TyZj 1)^1 <*Q — TylCy Op
T\{zy-za)(za- z a)
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Calculating in this way the arbitrary constants for the case (6.40), 
and analogously for (6.41), we obtain the corresponding curves of 
the transient process (Fig. 446 and 44c) in the given automatic 
regulation system.

A solution of this example by the operational method is given 
on p. 742.

Example 2. Given the differential equation of an automatic regu
lation system

(_a0p* + a1p3^-a2p2 + a3p + ai)x =  — (,b0p2 + btp + b2)f(t) . (6.42)

I t  is required to find the initial conditions a t t = + 0  and the transient 
response (Fig. 45a) from the homogeneous differential equation

(a0p4 +  a1p8-f a ^  + anp + a jx ,  =  0 , (6.43)

/
/ y

V \ < t /  t
0 0 0

( o )  n ( b) ( c )

if it is given tha t at t =  0 the load /  on the object changes discon- 
tinuously from zero to a given value /°, and that before the step the 
system was in the steady state

(x = x = x  = x  = 0 a t /  =  /  =  0 with t <  — 0) .

From (6.23) and (6.33), noting tha t in the right-hand side of (6.42), 
in contradistinction to the general formula (5.6), there is a minus 
sign before all coefficients, with n =  4 and m  =  2, we obtain the 
required initial conditions for t =  -f 0 :

xo = ~ f ° ,  *o =  0 , =

®o 0q \ a0 A© /
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These initial conditions permit solving the homogeneous equation 
(6.43), in place of the equation

a0pi + a1p3 + a2pi + a3p + al)x = - { b 0pt + b1p + b2)f°-l(t) ,

having zero initial values before the step.
Analogously, in the case of an instantaneous impulse /,• (Pig. 45ft), 

to be able to solve in place of the equation

(a0p4 + a1p3 + a2p3 + a3p + at)x = — (ft„p2 +  ft,p +  ft2)/,-l'(<) , 

the homogeneous equation (6.43), we find from (6.26) the following
initial conditions for t = +  0 :

II © o 11 bQ,- ji > = - f t - ■ X0 -- ( - ha0 «0 a0 \ a0 at /

- b2 . a2 . ai* / h i ®2fto , a, ft. «lM  4X0 — )i-----xo- — iV0 — -f  2 ^ 2 8 ) *O/Q a0 «0 \ «0 a0 ao a0 1

Example 3. Given the differential equation of a servomechanism

(aapt + a ^  + aip + a j x  =  ( c ^  + c ^  + c2)y , (6.44)

where the external applied force y  takes the form of a unit step, 
before which the system was in equilibrium with x  =  x  =  x  =  0, 
y =  y =  0. I t  is required to find again the initial conditions so that 
to obtain the transient response (Fig. 45c), in place of equation

(a0p3 +  axp2 +  a2p +  a3)x = (cap2 + cxp + c2)-l{t) ,

it would be possible to solve the following equation (after the step):

(a0p3 + a1p2 + a2p + a3)x =  c2,

where x  is read from the old steady state. For this we calculate 
from (6.23) the initial conditions for t =  + 0 :

* ci ai 4.j Xq — ——  xia0 a0 a0
(in this example, in accordance with (6.44), the symbols 6 in formulae 
(6.23) are replaced by c).

7. Stability and errors of linear systems

The complete solution (6.3) of the differential equation of motion 
of the linear automatic regulation system (6.1) includes, firstly, the 
useful portion, i.e. the reproduction of the input force, and, secondly, 
an entire complex of additional terms constituting the error of the 
given system. Let us now consider this question.
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Stability of a linear system. First of all it is necessary to note 
that the general solution of the homogeneous equation (6.4) may be 
divergent, i.e. xt^ o o  as t->oo. Then the system will not be useful 
since it will diverge from the steady state defined by the particular 
solution ofi{t). In this case the system is termed unstable; in general 
it will not reproduce the input signal. Therefore, it is first necessary 
to consider this undesirable property of the transient response.

The transient response (6.4) has the form
xt =  C1̂ t+C 2e^t + ... + Cne ^ , (7.1)

where C2, C2, ..., Gn are arbitrary constants defined by the initial 
conditions; zlf z2, ..., zn are the roots of the characteristic equation 
of the given system

dtfP +  axzn~l + ... +  * +  an =  0 (7.2)
(the form (7.1) is valid when all roots are distinct).

The roots zlf z2, z n may be both real and complex conjugate. 
We assume for concreteness tha t the first two roots are complex, 
the third and nth real and all remaining roots may be either complex 
or real in arbitrary order. In accordance with this we write

^1,2 =  a l  , Z 3 =  K g  , ..., zn =  x n  .
Then the solution of (7.1) is

x  =  J.eai‘sin(w1f +  P) +  C3eXat + ... + Cne*nt,
where A  and (3 are real arbitrary constants replacing Gx and C2, 
which, with complex roots, will also be complex.

If ax <  0, the first term of the solution J-W sinfo^+p) will tend 
to zero as f ->oo, i.e. it will be attenuated (Fig. 46a). If ax >  0, how
ever, this term will be divergent (Fig. 466).

The second term of the solution, i.e. G2ea’1, will be attenuated 
for a3 <  0 but divergent for as >  0 (Fig. 46c).

The same conclusion relates to all remaining roots of the charac
teristic equation.

Thus, the transient response (7.1) will be attenuated only when 
all real parts* of the roots of the characteristic equation (7.2)

* By the term “real part of a root” we mean also real roots, which are con
sidered as particular cases of complex roots when the imaginary part vanishes.
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are negative, independently of the valueB of the arbitrary constants, 
i.e. independently of which initial conditions and external forces 
on the system occur in the given transient. If a t least one of the 
roots has a positive real part, the corresponding term of the solu
tion (7.1) will be divergent. In  this case the entire process, regardless 
of attenuation of the remaining terms of the solution, will obviously 
be divergent. This conclusion remains valid in the presence of multiple 
roots in the characteristic equation. For example, for a root z =  a 
having a multiplicity Jc, the solution is obtained in the form (Cx +  C2t +  
+... +C)ctk~1)&tt, and if a <  0, the quantity e®* will tend to zero 
more rapidly as i-»oo than the factor in parentheses tends to infinity; 
thus, the general expression will tend to zero when t->oo.

We have not discussed zero, infinite and purely imaginary roots. 
They represent special cases. We remark tha t to a pair of imaginary 
roots z =  ±ico there corresponds a term of the solution Asin(w< -f (3), 
which represents a harmonic oscillation with constant amplitude 
(Fig. 46d). These cases will not be specially considered below but 
it will be assumed th a t a zero root represents the boundary between 
positive and negative real roots, a purely imaginary root the boundary 
between complex roots with positive and negative real parts, and 
an infinite root the limiting case for w =  a. I t  thus follows that in 
a linear system, excluding the limiting case, the transient response 
may either attenuate to zero for arbitrary initial conditions and 
external forces or diverge to infinity*. Therefore, defining the 
concept of stability for linear systems is very simple.

A linear system in which a transient attenuates, i.e. xt(t)-*0 as 
t —>oo, is termed stable. If the linear system has a divergent transient 
response, it is termed unstable.

From the above, there follows the following requirement on the 
roots of the characteristic equation of the system.

For stability of a linear automatic regulation system it is necessary 
and sufficient that all roots of the characteristic equation of the 
given system have negative real parts t-

If there is a zero or infinite root, or a pair of purely imaginary 
roots, while all remaining roots have negative real parts, the system 
is a t the limit of stability. In  the presence of a zero root (and all

* As a result of addition of several attenuating exponents and several at
tenuating sinusoids in the curve of the process x t(t) , the attenuation of the process 
as a whole may not occur immediately from the time t  =  0 hut after some finite 
interval of time. This also relates to the divergent process.

t  As was mentioned in Section 5, all real systems are more or less non-linear 
systems, hut are linearized to assist calculation. The validity of the above condition 
regarding the roots of the characteristic equation for a linearised system was 
proved by A. M. Liapunov, as will be considered in Section 18.
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remaining roots with negative real parts) the system is termed 
neutral, since with this there is observed an “indifference” of the 
system to the value of the regulated quantity (the external force 
may change it in arbitrary manner).

Let us introduce a geometric interpretation of the above require
ment on the roots of the characteristic equation.

In  the complex plane (a, ito) each root corresponds to a definite 
point. We shall mark them by crosses (Pig. 47). This plane is termed 
the root plane.

\
1 f 3  I

IUJ
i

1 o
I "hZ*
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From the above, it is obvious that for stability of a linear auto
matic regulation system, it is necessary and sufficient tha t all roots 
of the characteristic equation of the given system lie in the root 
plane to the left of the imaginary axis.

The imaginary axis in the root plane corresponds to the limit 
of stability; on it are located all purely imaginary roots of the charac
teristic equation as well as the zero root (<o =  0) and the root at 
infinity (co =  oo).

A similar concept of stability is introduced for the class of singular 
linear systems. However, the characteristic equation obtained here 
is different (see Part III).

Quality of the transient response and the transient dynamic error. 
The concept of stability and instability of linear systems relates 
only to the presence or absence of attenuation of a transient in 
the system. Obviously, stability of an automatic system is the first 
(but by no means sufficient) requirement.

I t  is necessary to design an automatic system and select the para
meters (masses, resistances, capacitances, etc.) entering into the 
coefficients of the equation so tha t the system will be first of all 
stable. But not every stable system (i.e. a system with attenuated 
transient response) will be good. Attenuation may occur rapidly 
or slowly, with large or small deviations the transient response 
may be oscillatory or monotonic, etc. All these factors are various 
aspects of the so-called quality of the transient response and require 
special investigation.

In  the full solution (6.3) of the differential equation of motion 
of a linear system (6.1), the useful part, defining the reproduction
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of the input action, enters into the particular solution There
fore, the entire transient component xt(t) is an error of the system. 
In  distinction to other errors of a stationary and dynamic character, 
it is termed the transient dynamic error:

Au = x,(t) • (7-3)

I t  is represented, for example, in the form of hatching in Pig. 42 
and Fig. 40 and in the form of the difference between the full curve 
and the broken-line curve in Figs. 36c and 38c. Consequently, the 
study of the quality of the transient response of an automatic Bystem 
involves the determination of its transient dynamic error Aid. The 
most important factors here are the attenuation time, maximum devia
tion and shape of transient curve.

Theoretically, a transient in a linear system, as mentioned above, 
may attenuate completely only at infinity: x(t) ->-0 as *->• oo. Practi
cally, the attenuation time of the transient is considered finite. 
As the magnitude of the attenuation time (duration) of the transient, 
tha t time interval ^  is taken after which the deviation of the regulated 
quantity x(t) in the process becomes and remains in absolute value 
less than some preaBsigned positive quantity e (Fig. 48). In  each 
concrete problem the quantity e is assigned so tha t itjm ay be con
sidered negligibly small in calculating the given system.

The maximum deviations in the transient process Xt(t) in both 
directions ( a w i  and x^^o . Fig. 48) constitute the maximum values 
of the transient dynamic error. Ordinarily, their relative values 
are of interest:

A It max % =  —  100 % , (7.4)

where x°n is some nominal value of the regulated quantity. The 
m axim um  deviation in the transient response in a direction opposed 
to the initial deviation, i.e. the magnitude xmai2 in Fig. 48, is termed 
the overshoot.

One of the problems in the rational design of an automatic regula
tion system and of its parameters is ensuring tha t the attenuation
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time of a transient and the maximum value of the transient dynamic 
error do not exceed pre-assigned limits.

In  addition, it is important to ensure satisfaction of additional 
requirements on the form of the transient curve (monotonicity of 
the process, defined character of transient oscillations with the 
absence of undesired frequencies, etc.).

The concept of stationary errors. The above-considered concepts 
of system stability and quality of transient response relate to the 
first component xt(t) of the complete solution (6.3). We now turn  
to the second component x°(t), which represents the particular 
solution of the differential equation of motion of the system

L(p)x  =  S(p)f°(t) + N(p)y°(t) . (7.5)

As discussed above, the particular solution <c°(t) contains the 
useful part a£(t), constituting the reproduction of the input signal 
y°(t). The difference

Aad = x°(t)-x°n(t) (7.6)

is termed the steady-state dynamic error of the system. The quantity 
Xn(t) may be termed the nominal value.

In  the usual automatic regulation problem x°n is that value of the 
regulated quantity which must be maintained constant in the given 
system. The regulator is adjusted to it initially (i.e. the appropriate 
y° =  const is set) in some nominal stationary regime of the given 
system corresponding to constant nominal value /* of the load or 
other external forces on the regulated object. Actually, the system 
will operate at loads (or other forces) /(t) differing more or less on 
either side from the adopted nominal value f„. The automatic regula
tion system is intended to overcome the effects of these large devia
tions of the load on the variation of the regulated quantity. In  this 
case, if the expanded expression for N(p) (5.2) is taken into account, 
the differential equation (7.5) takes the form

L(p)x = S(p)f°(t)+c,y° (y° =  const) . (7.7)

By finding the particular solution xP (t) of this equation for various 
forms of variation of f°(t), it is possible to determine from (7.6) the 
stationary dynamic errors

Asd = x°(t)-x°n . (7.8)

Most frequently, we are concerned with cases where f°(t) has a discon
tinuous pulse or oscillatory character In  the latter case, the stationary 
error A9d represents a forced oscillation.

In  particular, if /° is a constant quantity (different from the nomi
nal fn), the particular solution will be xP =  const and the stationary
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error (7.8) becomes constant. In  this case it is termed the static 
error:

o_ 0
= x° — Xn =  const or As(% = ---- g—1-100% ; (7.9)

xn
which is also sometimes termed the residual error of the regulated 
quantity.

For programmed regulation systems and servo-systems it is 
necessary to use the general formula for the stationary dynamic 
error (7.6). With programmed regulation the expression x„(t) in 
this formula denotes the required form of variation of the regulated 
quantity. For servo-systems, for the same scale and the same physical 
character of input and output quantities of the system, the quantity 
x„(t) in (7.6) will be

«£(0 = y\t) , f7.io)
and in the contrary case

x°n(t) = Tc0y°(t) . (7.11)

This also relates to measuring devices operating on the compensa
tion principle.

If the stationary dynamic error of a computer is investigated, 
we have for its differential equation in (7.6)

4 « )  =  ^ ;  (7.12)

for an integrating device:
i

*£(*) =  J V  (*)<#; (7.13)
0

Xn(t) is written analogously for devices carrying out other mathe
matical operations.

For servo-systems and computers the typical input functions 
are the following: (1) constant value of y°; (2) a change with constant 
velocity y0 = at or, with constant acceleration, y° = etaf2; (3) an 
oscillation y° =  asin or more complicated functions. All these 
typical forces may be connected with simultaneous variation of 
load f°(t) at the output of the system. But most frequently such 
perturbations are either neglected or considered constant in magni
tude (for example, a constant load f° at the output of the system). 
Then, if the significance of the expression S(p) in (5.2) is taken 
into account, the differential equation of the system, in place of (7.5) 
is written in the form

L(p)x  = bmf> + N(p)y°(t) (/» =  const). (7.14)
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For constant value of y° the stationary dynamic error in this 
case becomes the static error.

In  the present section, the determination of the static error as 
well as the stationary dynamic errors in following regimes with 
constant velocity and constant acceleration will be investigated. 
The determination of the stationary dynamic errors of forced oscilla
tions in regulating systems and stationary dynamic errors of follow
ing with oscillatory input will be given in Section 8.

Static error, residual deviation. In  the case of constant values 
of the external forces /° (constant load) and y° (constant adjustment) 
the differential equation both for a regulating system (7.7) and for 
a servomechanism (7.14) takes the form

aP =  <Pi +  .
Therefore, for a regulating system, we obtain from (5.2) the particular 
solution

an
(7.15)

and calculate from (7.9) the static error, or residual deviation of 
the regulated quantity

A = or ASi% =  • 100 % . (7.16)
«n °n  X n

For servomechanisms, with the problem stated in the form (7.11) 
we require =  Jc0y°. Therefore, from (7.9) the static error is as 
follows:

Ag< =  ~  /° +  (“  — 2/° • (7.17)
®» \®n 1

However, a servomechanism always satisfies
cv =  Tc0an , (7.18)

which will be termed the fundamental relationship. In  particular, 
for k0 =  1, i.e. with statement of the problem in the form (7.10), 
which is frequently encountered in practice, the fundamental re
lationship (7.18) for a servo-system takes the form

cv — an (7.19)

Therefore, in place of (7.17), the static error of the servomechanism 
will be

A* < = — /° (7.20)

The stationary dynamic error in following with constant velocity. 
Given the input force

y° = <? o+<■><. (7.21)



62 The Dynamics of Automatic Control Systems

The servomechanism must satisfy (7.11), and we require

x°n =  k0y° =  Avpo+  &<!“ * • (7.22)
Given, further, tha t the load fl at the output of the system is 

constant. Substituting (7.22) and / =  const in the right-hand side 
of the differential equation (5.2) let us seek a particular solution 
in the form

=  cpi +  .

Equation (5.2) now takes the form

a n - l  +  ® n ( ? l  +  w l4 )  =  b m p  +  c v - i w  +  Cv (? 0  +  “ #) j

from which the quantities cpj and cox are found by equating coef
ficients of t in both parts of the given expression. As a result we 
obtain the required particular solution

af> = ^ /» + f » ( p 0+ f e _ ? t l £ s \ a , +  ^ wf .
P‘71 \

From this, (7.6), (7.22) and the fundamental relationship (7.18), 
we find the stationary dynamic error

A ^a  b m  Cv_, TCffln-1 \rrr n o \id = oP -xn =  — /°H----------------<■>. (7.23)

Consequently, in following with constant velocity, there is a constant 
error proportional to the velocity. I t  is not difficult to verify that 
without the fundamental relationship (7.18) there would be an 
error which increased with time. To eliminate the error proportional 
to the velocity of following co (for co =  const) it is necessary to design 
the servomechanism so that, aside from the fundamental relation
ship (7.18), there would be satisfied a further relationship

V i  =  ■ (7.24)

Stationary dynamic error in  following with constant acceleration. 
Given

y° =  9o +  +  ~ 2  (7*25)

and required
o o £t2xn =  Tcq y - 7cq9o -j- h0ut ) ~ Jĉ ^  .

With
f  — P — const.

Substituting the given function y° in the differential equation 
of the system (5.2) and seeking a particular solution in the form

ocP =  tpi +  cô  +  -  ê 2 ,
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analogously to the above we obtain in the result 

a* =  f -  f°+  -  9o +  -  **=&) * +\Otn Q/n \ dn Qtn }

+  P * - ®7l-lCv

+ w _|_ f e y - l   ® n - i c v\

®7i \ un an J

+

t + - — zt2 
2 On

If the servomechanism satisfies the fundamental relationship (7.18), 
the stationary dynamic error from this will be

A O 09d — & ^m 4Q , ^o^n-l ,— / -j----------------- uj -f-an an

+ Cv - 2  &o®n-2 ® n - j  ® v -i ^ o ® n - l~ ^0®TO-l\  ( 

® »  /

+  (7.26)

i.e., it will increase with time. If, in addition to (7.18), the supple
mentary relationship (7.24) is satisfied, the stationary dynamic 
error in the process of following with constant acceleration will be 
constant and proportional to the magnitude of acceleration

A^ =  ^ / 0+ Cv-2-M n - i j£ (7.27)
dn dn

Additional dynamic errors. In  addition to the errors considered 
above, defined by the terms ®<(t) and afi{t) in the complete solution 
of (6.3), there are additional distortions of the regulation process 
due to the fact that in a real system perturbations f[t) and input 
forces y(t) do not ideally follow the assumed forms of variation 
f°(t) and y°{t), but contain additional perturbations Af(t) and noise 
Ay(t), i.e.

f{t) =  f°(t) + Af(t) , y(t) =  y°(t) +  Ay(t) .
As a result of this, an additional dynamic error is obtained defined 

by the differential equation
U p )  A*  =  S(p)Af(t) +  N{p)Ay{t) . (7.28)

A/(<) and Ay (t) are frequently random functions arising from external 
fluctuations: they cannot be given as defined functions of time but 
may be characterised in one of the following ways:

(1) the functions Af{t) and Ay(t) take on arbitrary values, whose 
moduli do not exceed definite assigned positive quantities 9 and t), i.e.

|A/(*)|<<p and |Ay(*)|<ij; (7.29)

(2) the functions Af(t) and Ay(t) are defined by their probability 
distributions.
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In  the former case, it is possible to carry out a rough evaluation 
and define a positive quantity e which the additional dynamic 
error of the system does not exceed in absolute value:

M  <  e . (7.30)
In  the latter case it is possible to carry out a more detailed sta

tistical calculation.
Both of these methods may sometimes be required for estimation 

not only of the additional dynamic error but for the sum of all forms 
of system errors.

Total system error. The total error of an automatic system is 
thus composed of three parts:

A =  A w +  A** +  Aaj (7.31)

where Aw is the transient dynamic error, A*j is the stationary dy
namic error (which, in particular, may be a static error Aai) and A^ 
is the additional dynamic error.

We remark tha t if, after a certain period of time, the total error A 
of a given system should become, and then remain, smaller than some 
prescribed small quantity for defined bounds on the initial conditions 
and the perturbing forces, this is sometimes termed “technical 
stability” . In  the present discussion, however, this term will not 
be employed.

All concepts considered in the present section may be extended 
to singular linear systems, since the principle of superposition of 
individual solutions remains in force, and only the form of the 
equations of the dynamic system is changed.

8. Forced osciUations and frequency characteristics of linear systems

The steady-state process of forced oscillations in a linear system 
is defined by the particular solution of the equation of motion of 
the system (5.6) or (5.7) corresponding to a periodic right-hand side, 
namely, to an oscillatory perturbation /  on the regulated object 
or an oscillatory input signal y to the regulator or the controlled 
system. Let the oscillatory force on the system be sinusoidal:

/  =  asintdt or y =  asin<ot, (8.1)

where the amplitude a of this oscillation is taken equal to unity, 
or, more exactly, as the unit of measurement of all other amplitudes 
which appear in the system as a result of this oscillatory force.

In  the first case, the forced oscillations of the regulated quantity 
from (5.7) are defined by the particular solution of the differential 
equation

L{p)x = S{p)f(t) , ( 8 .2 )
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and in the second case
L(p)x  =  N(p)y ( t ) . (8.3)

The particular solution (form of forced oscillations) is sought in 
the form x  =  a sin (to* +  (3), where Aa  is the amplitude of the forced 
oscillation*, p the phase. To distinguish between the perturbing (/) 
and input (y ) forces, the particular solutions of (8.2) and (8.3) are 
respectively

x  =  J./<*sin(tof +  P/) and x  =  A y a sm ^ t  +  (3V) . (8.4)
The usual method of finding a particular solution iB to substitute 

the given function (8.1) and the required solution (8.4) in (8.2) or (8.3), 
after which the unknown constants A f and (3/ (or A v and (3„) are 
determined by equating the coefficients of sin to* and cos cot in the 
left- and right-hand sides of the equation. However, for a high-order 
system thiB method is cumbersome. We shall describe a second 
method widely used in the theory of automatic regulation.

Transfer function of the system. The operational differential equa
tions (8.2) and (8.3) may be conventionally re-written in the form

x S(p) 
f ~ M p )

and x _ N ( p )  
y ~  L(p)  •

(8.5)

This new operational notation will not represent anything new 
in comparison with (8.2) and (8.3) or with the ordinary form of 
the differential equation (5.2). From (8.5) it is easy to pass to (8.2), 
(8.3) and (5.2) or vice versa.

In  (8.5) we have, as it were, the ratio of the result x  (“output 
quantity” ) to the force /  or y  (to the “input quantity” ), written in 
symbolio operational form. This ratio is termed the transfer func
tion of the system. We denote it by

and Wv(p) Nip)
L{p) ( 8 .6 )

respectively.
Complex transfer factor (complex gain factor). Let us now write 

the harmonic oscillations (8.1) and (8.4) in complex form, recalling 
the relationship

«*■>< =  cos to*+ i sin tof (i =  ]/—l) . (8.7)
Geometrically (Fig. 49), this is a unit vector in the complex plane, 

rotating counter-clockwise with angular velocity to. Its projection 
on the imaginary axis represents the harmonic oscillation (8.1), and 
its projection on the real axis gives at the same time the other possible 
harmonic oscillation in the form cos to*. In  analytic notation we have

sinto* =  Im ew  , cos to* =  Bee*"*.

A  denotes the ratio of amplitudes.
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Considering the above, we shall write the harmonic oscillation (8.1) 
in complex form, as is frequently done, omitting the symbol Im:

/  =  a e and y — a e , (8.8)

and the particular solution (8.4), i.e. the forced oscillation of the 
regulated quantity in the same complex form:

x  = \ 4./0«<(“i+p/) and x  =  A vaei(at+&v).

If we take the ratios of these “output” quantities to the “input” 
(8.8), we obtain

-  =  A fe{ti' and -  =  A yei&v .
f y

respectively.
This ratio of steady-state forced harmonic oscillations of the 

linear system to the external harmonic force on the system written 
in complex form is termed the complex transfer factor of the system 
or, which is the same, the complex gain factor of the system. We 
denote it by

K,  =  Aftfh and K v =  A^ > . (8.9)

This is a complex number, the modulus A  of which represents 
the amplitude of the output quantity (more exactly, the] ratio of 
amplitudes of output and input oscillations), while the argument 3 
is the phase (more exactly, the difference of phase of output and 
input oscillations). Thus, the complex transfer factor K  gives directly 
a complete characteristic of the forced oscillations in the given 
linear system.

We shall prove that the complex transfer factor of the system 
may be calculated by substituting ico in place of p in the expression 
for the transfer function of the system (8.6), i.e. we shall prove that

Kf =  W/(tco) =  

K y = W„(ico) =

S(i<a)
ZfaT) ’
N (ico) 
L(iu>)

(8 .10)
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In  fact, let there be given, for example the differential equation 
of the system in the form

<Px cPx dx , dPf . df , , ....
a° w  + a iW  + a tM + a^  = boW*+ bld i+bif{t) ( 8. 11)

We shall rewrite this in symbolic operational form

(a0p2 + a1p/2 + aS:p + a3)x = {b0p2 +  bxp +  b2)f (t) .

Consequently, the transfer function of the system will be
b0pi + b1p + b2W,{p) =  

The external force is
«oPs +  °iP2 +  «2P +  «3 

/  =  ae^1,

(8 ,12)

while the particular solution (forced oscillation) is sought in the form 

* =  A faei(at+&/) =  K fae^ 1.
We employ the usual method of finding the particular solution, 

i.e. we substitute /  and x  in (8.11). WTe obtain

a<tKi{iv>)3aeiat - f  axKf{i(^)2ae'at - f  ajtfitoae™1 - f  aJTiae{'*1 =

b0(iu>)2aeiat +  bii<Aaeia>t +  b2aeiat.
whence

K f = &Q(ito)2 -|- biioi -J- b% 
a^im)2 -}- a^ito)2 -f- a^ca -{- a2

From comparison of the result obtained with (8.12) the validity 
of (8.10) follows (although this has been demonstrated for an equation 
of third order, the same result can clearly be obtained for an equation 
of arbitrary order).

We thus arrive at the following simple method of calculating 
the steady-state forced harmonic oscillations in a linear system of 
arbitrary order. If the differential equation of the system (5.2) is 
given, it is necessary to write it in operational form (5.6) or (5.7) 
and then as a transfer function (8.6). In  the latter p must everywhere 
be replaced by iu>.

As a result a certain complex number (8.10) is obtained, the 
modulus of which gives A , the ratio of amplitudes of oscillations 
in the system, and the argument gives the phase (the true amplitude 
will be equal to Aa).

If we denote the modulus and argument of the complex number 
in the denominator Z(ico) of (8.10) by A L, fiL, and the modulus and 
argument of the numerator $(iw) by As , ps , the required amplitude 
and phase will be, by the rule of division of complex numbers,

A, A s  
A l ’

6

(3/ =  P s - p r , (8.13)
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and, correspondingly, for the second of the expressions (8.10)

Aj, = ,  Pi/=  Pjv — Pr, • (8.14)

The amplitude-phase frequency characteristics of the system. I t  
is well known that the amplitude and phase of forced oscillations in 
a given linear system depend on the frequency to of the external 
force or, which is the same thing, on the frequency of forced oscilla
tions. Therefore, in the complex transfer factor K  =  W(ico) the 
modulus and argument are functions of frequency to, i.e.

K  = TF(ico) =  A(to)e*p(<,>) (8.15)

(we omit here for conciseness the indices /  and y, which should be 
used in specific calculations).

In  the complex plane W  (Fig. 60) this will be a vector of length A  
with angle of inclination p to the abscissae. In  Fig. 50 the angle p 
is shown negative (clockwise), as forced oscillations in real systems 
are usually delayed in phase (i.e. the phase is usually negative).

Since to differing frequencies to there correspond differing ampli
tudes A  and phases p, with variation of frequency to the tip of the 
vector (Fig. 50) describes a certain curve, each point of which corre
sponds to a definite frequency to and indicates the value of the 
amplitude A  and the phase p obtained a t tha t frequency. Conse
quently, the curve W(ito) gives a complete characterisation of the 
properties of the steady-state forced harmonic oscillations in the 
given linear system for arbitrary frequency. This curve is termed 
the amplitude-phase frequency characteristic (the word “frequency” 
is usually omitted for conciseness.

We have constructed the amplitude-phase characteristic W(ico) 
of the system in polar coordinates A  and p. But frequently it is more 
convenient to calculate its rectangular coordinates U , iV. In  this 
case, obtaining from the differential equation of system the ex-
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pression for the complex transfer factor (8.10), we separate it into 
real and imaginary parts, i.e. we represent it in the form

K  =  TF(ico) =  U ((o)+  (to) . (8.16)

If in expression (8.10) we denote by Ul , iVl  the real and imaginary 
parts of the denominator L fa ) ,  and by Us, iVs the numerator 
S{ia),  we obtain

r, w ,-  , Us + iVs Us UL+VsVL + i(Vs UL-U s V L)Kt = rV/Uo) = ----------- = ------------------ 5----- 5---------------- .
1 UL + iVL u l + v l

From this we obtain for the amplitude-phase characteristic W  (io) 
the real and imaginary parts

U fa) Us Ul + V sVl
Ul + v l

V fa )  = Vs Ul -  UsVl 
Ul + v l

(8.17)

and analogously for the amplitude-phase characteristic Wy[i<&), 
with substitution of the index 8  by N.

Thus, in example (8.12):

from which:

Wf{iu>) — b0 6)2 +  bjioi +  b2 
— a0ia 3 — atio2 +  a2ioi +  a3 ’

Us =  &2—&06)2, Fs =  61g), Ul =  a3 — a^ 2 , VL =  0 (03—OqG)2) .

If we wish to construct the amplitude-phase characteristic in the 
rectangular coordinates (17, iV), it is necessary to substitute 
Us, Vg, UL, Vl from (8.17) and, assigning various values of g>, to 
plot the curve point by point (Fig. 50). If the amplitude-phase 
characteristic should be plotted in polar coordinates (A , (3), it is 
necessary to find first the moduli and arguments of the numerator 
and denominator

A a = Vv%+V%, (3S =  tan -1 —

a l = V u l + v l , VTPi =  tan -1

and then, employing (8.13) and substituting various values of g), 
to plot the curve (Fig. 50) point by point. The result will, of course, 
be the same in both cases.

The amplitude-phase characteristics of the system may also be 
obtained experimentally. Applying to the system harmonic oscil
lations (8.1) of defined frequency g) and with unit amplitude, we 
record, oscillographically, the steady state oscillation of the regulated 
quantity x. From the oscillograms we find the amplitude A  and 
the phase (3 for the given frequency g) .  This gives one point of graph.
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Carrying out similar measurements at other frequencies, we obtain 
several points which are then joined by a smooth curve (Fig. 50).

In  determining the amplitude-phase characteristic the amplitude 
of the input quantity has been taken as unity. If this amplitude 
has some other magnitude a the amplitude of output oscillations 
will be Aa, where the quantity A  is taken from the amplitude- 
phase characteristic (Fig. 50).

Other frequency characteristics. Above were obtained the relation
ships

A(co) ,  (3(g > )  , U{to) , F(to)

which in concrete calculations will have indices /  or y depending 
on whether the forced oscillations of the system arise from pertur
bations /  in the regulated object or from the input force y on the 
regulator. These relationships may also be separately represented. 
(Fig. 51). The first is termed the amplitude-frequency characteristic

or resonance curve, the second the phase-frequency characteristic, 
the third the real frequency characteristic and the fourth the imagi
nary frequency characteristic. They are also used in the theory of 
regulation.

These frequency characteristics (Fig. 51) express individual pro
perties of the steady-state forced harmonic oscillations of the system 
while the amplitude-phase characteristic (Fig. 50) joins them all 
in a single graph.

In  a number of calculations the logarithmic frequency character
istic, which represents the same graphs of dependencies A (to) and 
(3 (to) as before, but in a logarithmic scale, is employed. This gives 
a certain computational convenience (Section 20). Here the quantity 
log to is always taken as the abscissa. Along the axis of ordinates 
in the phase-frequency characteristic the phase [3 is plotted in degrees 
or in radians, while along the axis of ordinates of the amplitude- 
frequency characteristic the quantity 20 log A is plotted, the unit 
of which is termed the “decibel” (dB).
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Stationary error of a system with sinusoidal force. For a pertur
bation /  =  asinwt the stationary dynamic error of the system will be

Â  = 4 /a8in(w*+ fy ) ,

where A / and [3/ are defined from the corresponding amplitude-phase 
characteristic of the given closed loop regulation system.

For an input force y — asinwf to be reproduced by the system 
in the form xn =  fc0asin u>t (frequently fc0 =  1), the stationary dy
namic error will be

Aed — A ya sin (co< +  $u) — &0«sin vA ,

where for convenience of calculation this is characterised by both 
error in amplitude and the error in phase

Aa = - V ^-0100 % and AB =  p„,
*0

where A y and p„ are defined from the amplitude-phase characteristic 
of the given closed system.

Forced oscillations of a system with arbitrary external periodic force. 
An arbitrary (single-valued and piecewise continuous) periodic 
function f(t) may be expanded in the Fourier series

oo oo

f{t) = a 0 + S  o*cosfta>oM- ^fejiSinZtcoof, (8.19)
* - l  k - 1

where <o0 is the frequency of the fundamental harmonic and a0, ak, bk 
are Fourier coefficients

«0

Zrt

ak =
too

— f(t)cosko>0t d t , 
0

2 7t 
too

bk =  — J  f(t)&mk<j>(jtd t. 
0

( 8 .20)

Using (8.7), we pass to the complex notation for harmonic oscilla
tions (8.8) and thus in place of (8.19) and (8.20), obtain the complex 
form of the Fourier series

where

+ oo
fit) =  £  Fkeik“>«',

fc--0O

Fk

2t t

(Oo
^  j  Ht)e~ik̂ d t

( 8 .21)

( 8 .22)
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Let this expansion be given so that E k and <o0 are known for 
an external periodic force /  and a given amplitude-phase charac
teristic of the system Wy(ico) (Fig. 50). Then, if the system is stable, 
the steady-state forced oscillations “at the output” of the system 
for the input component E keikt̂ 1 will be W'y(ifc<i30)F7fce,'ft“®i. Conse
quently, in the total steady-state forced oscillations at the output 
of the system there will be

+ 00

x  =  ^  E kWf(iTeu>0)eikoioli (8.23)
— 00

the amplitude A k and phase of each component is found, as shown 
in Fig. 50, at corresponding points to =  ifcto0, where the value of 
the amplitude A , taken from the graph, should be multiplied each 
time by the corresponding value of the coefficient E k . Since in Fig. 50 
as to —+oo (i.e. k->oo) we have A-+0, it is frequently possible in 
practice to take a small number of terms in (8.21) and (8.23). To 
negative values of to there correspond the same amplitudes A, as 
for positive to, but with opposite sign of phase p.

9. Non-linear systems

Let the motion of a closed loop automatic system be described 
by a non-linear differential equation of general form (5.1). I t  is well 
known that individual solutions of non-linear equations do not have 
the superposition property. Therefore, it is not possible here to add 
the particular solutions of the inhomogeneous equation to each other 
and they cannot be added to the solution of the homogeneous equation 
as was done for the linear systems. Thus, for each form of the right- 
hand side it is necessary to solve a new (5.1).

Regulation process for f =  const and y = const. Let us consider 
the simplest case when the external conditions (perturbations and 
input force) are characterised by constant values f  = f° (constant 
load) and y =  y° (constant adjustment). Then all derivatives of / 
and y with regard to time will vanish and the differential equation 
of motion (5.1) takes the form

F k [x,  - ,  = F 2(/», 0 , . . . ,0 ;  y ° ,0 , . . . ,0 ) .  (9.1)

The solution x(t) of this equation defines the regulation process 
f0 =  const and y =  const. I t  may also be divided into steady state 
x{t) and transient xt(t) components. The steady state response «°(t) 
is defined as the solution of differential equation (9.1) for such 
specially selected initial conditions which give the solution defined 
stationary properties. Such a solution, in contrast to the solution
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of the same equation for arbitrary initial conditions, is termed the 
particular solution of the non-linear equation. After this the transient 
response xt(t) is defined as the difference

xt = (i) = x(t) — sP(t) . (9.2)

The steady-state response is thus defined (in the above sense) 
as a particular solution of the non-linear differential equation of 
motion of the system. The steady-state response in non-linear systems 
has a number of specific properties in comparison with linear systems- 
In  the linear system under the condition / =  const and y =  const 
the steady-state response is defined by a constant value aP by (7.15), 
where to each pair of values /°, y° there corresponds a completely 
defined unique value of the regulated quantity xP. In contradistinction 
to this in the non-linear system there may occur multi-valued 
steady-states.

Firstly, to each pair of constant values /°, y° there may correspond 
not only one but two or several or even a whole region of constant 
values f° of the regulated quantity. In  other words, the non-linear 
system may have not one but a whole region of possible equilibrium 
states. Secondly, for constant values f° and y° it is possible, in addi
tion, to have a periodic solution aP(t) of the non-linear differential 
equation (9.1), i.e. for constant external conditions /  =  const and 
y = const the non-linear system may have an oscillatory steady- 
state xP(t) with constant frequency and constant amplitude, where 
it is possible to have a constant component in this process, i.e.

®V) =  »2+  »*(«), (9-3)

where x° is the constant and x°k{t) the oscillatory periodic solution.
Of course, these properties will not occur in every non-linear 

system, but they are possible only in non-linear systems. Since 
these properties are encountered in practice in real automatic 
regulation systems, it is not possible in practical calculations to 
remain within the limits of the linear theory of regulation since 
the latter is not capable of determining these important properties-

Both cases noted, aP = const and xP = xP(t), will be considered 
in detail separately for / =  const and y =  const.

Steady state with constant value of regulated quantity (equilibrium 
state). To determine the possible steady-state values of the regu
lated quantity x° for given / “ and y° we shall write (9.1) in the 
form

Fi{xP, 0, ..., 0) = F 2(f°, 0, ..., 0; y°, 0, ..., 0) . (9.4)

This is an algebraic equation. I t  is well known that to the extent 
that it is not linear it may have not one but a large number of solu-
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tions for ®°. But we are not interested in all solutions, only in real 
ones. If (9.4) has several real solutions then, consequently, in general, 
several equilibrium states are possible in the given system. Which 
of them will really exist depends on their stability and on the width 
of the band of values a? which may actually occur in the given system.

Most frequently for concrete objects and regulation systems 
relationship (9.4) is not given analytically but in the form of graphs 
of various static load and other characteristics which do not alter 
the matter essentially.

The magnitude of the static error of a non-linear system is defined 
by the difference

Ast = x°-x°n (9.5)

where x°n is the nominal value of the regulated quantity which is 
to be realised in the given system.

If in the non-linear system the characteristic of any non-linear 
branch circuit has a zone of insensitivity ±  b (Fig. 34, c, d, e, g and 
curves 2 and 5 in Fig. 24), this circuit does not transfer the signal 
applied to it as long as it does not exceed the value b in absolute 
magnitude. Consequently, in such non-linear systems there exists 
a certain zone of possible steady-state values of the regulated 
quantity ctP. The regulator will be in equilibrium when the regulated 
quantity takes on any value inside this zone. The presence of dry 
friction has an analogous effect. This situation introduces an addi
tional static error. In  this case we have

Ast = a0—x„ + Ax°, (9.6)

where sfi is the steady-state value of regulated quantity calculated 
for the mean position of the system within the zone of equilibrium 
states, while AaP is an arbitrary deviation from this value (positive 
or negative) in the limits of this zone.

Periodic solution, self-oscillation, transients. If the steady-state 
response is defined by a certain constant value of the regulated 
quantity a? for constant f° and y°, then, substituting in (9.1) x = 0°+ 
+ Xt{t) and subtracting from it termwise (9.4), we obtain a homo
geneous non-linear equation

F\ x t  + & , . , - ^ ) - F 1(® » ,0 ,. . . ,0 )= 0 , (9.7)

defining the transient Xt{t), where the quantity afi is considered already 
known from (9.4). For this and the initial conditions we should 
from (9.2) assume xot =  x0—x%.
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If a steady-state oscillatory process (9.3) is possible in the system 
for constant f° and y°, it is defined from (9.1) by the differential 
equation

ri /_o , o dx%I1 “t" Xc 7 ^  >•"»
dnx l
d f

=  W S  0 , . . . , 0 ;  1 /0 ,0 , . . . ,0 ) ,  (9.8)

where the constant component x°c by analogy with (9.4) may be 
defined by the equation

F^x*, 0, ..., 0) =  F 2(/°, 0, ..., 0; y°, 0, ..., 0) . (9.9)
Subtracting this from (9.8), we obtain the homogeneous differential 
equation for determining the periodic solution in the form

F ^ x l  + x l ,  ^ ) - J ’l(* 2 ,0 ,...,0 ) =  0 , (9.10)
\ at at I

where x°c is defined from (9.9).
From a comparison of (9.10) and (9.7) it is evident that the steady- 

state periodic response in the non-linear system for constant /° and y° 
may be defined as the particular solution of the equation of the 
transient response (9.7). I t  is therefore expedient to  proceed as 
follows: on the basis of (9.4) find the equilibrium state and obtain 
the equation of the transient response, (9.7), and then determine 
the possibility of a periodic solution x°k(t) of this equation.

If a periodic steady state process Xc+xl{t) is found, the transient 
of its establishment will be xt(t) = x(t) — x \—x°k{t), where x(t) is 
a solution of (9.1) for arbitrary initial conditions.

In  all cases the transient includes the transient dynamic error 
of the system

Aid =  xt{t) , (9.11)
while the steady-state periodic process contains the stationary 
dynamic error of the system

Asd =  x\ + x°k(t) -  x°n . (9.12)
In  linear systems the steady-state periodic response was possible 

only in the presence of an external periodic force f(t) or y(t)-t the 
stationary periodic dynamic error was related to this and undamped 
self-oscillations with constant amplitude were possible only as the 
limit of stability of the system, Section 7.

In  non-linear systems a stable periodic process is possible—a stable 
oscillation of the system with defined amplitude in the absence of 
external periodic forces (/ =  const and y =  const). Such oscillations 
are termed self-oscillations. In  a number of non-linear systems, 
most frequently of relay type, the self-oscillatory regime is the 
fundamental steady-state operating condition of the system. Such 
systems are termed self-oscillatory systems. The frequency and



76 The Dynamics of Automatic Control Systems

amplitude of self-oscillation are determined by the parameters of 
the system. They may also depend on the magnitudes of f° and y°.

The possibility of self-oscillations is one of the important prop
erties of processes in non-linear systems (in distinction from linear), 
which are widely utilised in engineering. Transients in non-linear 
systems may differ very strongly from those in linear. I t  is important 
tha t here the general character of the process (its convergence and 
divergence, monotonicity and oscillatory character) may depend 
to a strong degree on the initial conditions, where the frequency

of attenuated or increasing oscillations varies with amplitude. Conse
quently, a case may occur where for small initial deviations the 
transient process diverges, while for large, converges (Fig. 52a), 
or vice versa (Fig. 52ft), remaining always oscillatory. Cases may be 
encountered where for some initial conditions the process is oscilla
tory, while for others monotonic (Fig. 52c). The pattern shown in 
Fig. 52d is also possible; here for small initial deviations the process 
converges, for “medium” diverges and for large again converges. 
More complicated cases may occur of substantial variation of the 
character of the transient response with change in magnitude of 
deviation.

In  addition, there may exist so-called almost-periodic processes, 
which are undamped but do not have a defined period.

Processes with variable external forces. We have considered above 
processes for constant values of f° and y°. Even these are quite varied 
in non-linear systems. I t  is natural to expect tha t the possible types 
of processes will be even more varied in the presence of variable 
external forces f(t) and y(t), for example, forced oscillations of the 
system with perturbations /°(<) =  a sin <ot, following with constant
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velocity or with constant acceleration for input forces y°(t) =  at for 
y°(t) =  e<2/2 respectively, following a sinusoidal input force y°(t) 
- osintot.
In  these cases the general process of regulation x{t) is defined 

by the solution of a non-linear equation of type (5.1) with corre
sponding substitution of the given /  =  f°(t) and y = y°(t). The steady- 
state response f°(t) is defined as the solution of the same equation 
for those specially selected initial conditions which lead to a solution 
having a definite stationary property (particular solution of the 
non-linear equation). The transient response is defined as the differ
ence xt(t) = x(t)~~jf(t). Here, as before, there will exist transient 
Atd =  xt(t) and stationary Aad = x°(t) — Xn(t) dynamic errors of the 
system. However in their definition more detailed account must be 
taken of the possible characteristics of the processes.

For a given variable force f°(t) or y°{t), as in the case of constant 
forces, a non-unique steady-state process is possible, i.e. for a given 
input perturbation function the non-linear differential equation may 
have several steady-state solutions ofl(t) (for example, several periodic 
solutions and almost-periodic solutions). Self-oscillations of the 
system may also be superimposed on the process of following with 
constant velocity. For change in initial conditions as well as in 
change of amplitude of the external force on the system it may 
pass discontinuously from one oscillation frequency to another and 
in an even more substantial form change the general character of 
the response.

All the above circumstances should be considered in investigating 
non-linear systems. But this does not mean that all non-linear 
systems must have all these properties. A number of non-linear sys
tems of automatic regulation have for defined conditions proper
ties close to linear, differing from them only quantitatively.

Finally, it is necessary to remark that in non-linear systems, as 
in linear, there occurs an additional dynamic error of a random 
character Aad as a result of additional perturbations Af(t) and noise 
A y(t).

Stability of non-linear systems. In  connection with the above 
characteristics of non-linear systems the concept of stability cannot 
here be defined as simply as was done for linear systems (Section 7). 
In  purely linear systems a transient either attenuates to zero or 
diverges to infinity for arbitrary initial conditions (excluding the 
boundary of stability itself); therefore, the question of stability was 
solved by considering only the signs of the real parts of the roots 
of the characteristic equation, i.e. by a relationship among the 
parameters of the system, independently of the initial conditions 
and the external forces.
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In  non-linear systems the existence of attenuation or divergence 
of the process depends, firstly, on the initial conditions as well as 
on the parameters of the system. Secondly, the process may not 
attenuate to zero or not diverge to infinity, but may be accompanied 
by a complex variation of the general character of the process. 
Thirdly, non-uniqueness of the steady-state may occur both in the 
absence of external forces and in their presence.

I t  is necessary to distinguish asymptotic and non-asymptotic 
stability*. In  further discussion we shall employ the following 
concepts.

Asymptotic stability is a case where for initial conditions lying 
in a certain region (#<* <  yj0, i*  <  < t)2> ...» <  ?)n-i)
a transient attenuates to zero: a?<(f)-^0 as i->oo.

If under initial conditions lying in a certain region the transient 
does not attenuate to zero but the deviation remains for all time 
sufficiently small xt(t) <  e for t0 <  t <  oo non-asymptotic stability 
in an infinite time interval occurs.

Finally, if for initial conditions lying in a certain region, it is 
established tha t the transient has the property xt(i) <  e for t0 <  t <  fx, 
this is a non-asymptotic stability in a finite time interval.

Let us consider certain illustrations.
If the response of the system has the form shown in Fig. 52a 

the equilibrium state (afi = 0) may be considered unstable, or non- 
asymptotically stable if the quantity a is sufficiently small. In  
this case, when both oscillations shown in Fig. 52a asymptotically 
tend to the same amplitude and to the same frequency, the system 
will have two steady states: (1) a constant value of the regulated 
quantity {afi =  0); (2) self-oscillatory with amplitude a. The former 
is unstable (the transient response about it diverges), while the 
latter is stable (the transient response converges from both sides 
to a self-oscillation with amplitude a).

In  Figs. 52b and c we have cases -where the equilibrium state 
(®° =  0) of the system is stable “in small” , i.e. for initial condi
tions not taking the deviation in the transient beyond the magni
tude a, and unstable “in large” , i.e. with initial conditions taking 
the deviation and the transient beyond the limits of the magni
tude a. Here the limit, may be a periodic self-oscillation of the system 
with amplitude a. However, here it is unstable, since the transient 
response about it diverges on both sides (in distinction to the stable 
self-oscillations in Fig. 52a).

In  Fig. 52<Z three possible steady-state cases are shown: (1) an 
equilibrium state (a?0 =  0); (2) oscillation with constant amplitude ax;

* Liapunov’s definition of stability will be given in Section 10.
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(3) oscillation with constant amplitude a2. Then the oscillations 
with amplitude a, are unstable. As a result the system will be stable 
“in small” with regard to the equilibrium state cfi = 0, while “in 
large” the system has a stable self-oscillation with amplitude Oj.

To the extent that non-linear theory considers large deviations 
of the variables and that real systems are always non-linear it is 
particularly important here to emphasise the following circumstance. 
In  theory, certain non-linear equations and the properties of their 
solutions are studied for defined non-linearities. But these equations 
themselves are always composed with certain assumptions idealising 
the actual system. Therefore, the results obtained from non-linear 
theory will be valid not for arbitrarily great deviations but for 
definite bounds within which the equations of the systems are valid 
and only to the extent that the real character of non-linearity is 
fully reflected in them. To this is frequently added a necessary 
incompleteness of solution due to the difficulty of solving non
linear problems.

Linearised systems. As already noted, all real automatic systems 
are more or less non-linear as it is difficult to imagine a system 
in which the characteristics of all circuits in all states of operation 
of the system will be ideally linear. But the calculation of a linear 
system is always substantially simpler than non-linear. Therefore, 
in all cases where it is practically possible, we try  to substitute for 
a non-linear differential equation of a real system (5.1) an approxi
mately linear one (5.6)*.

Such linearisation of the non-linear equations of the system assumes 
that in the given concrete process to be calculated all variables in 
all circuits of the system vary in such manner tha t the operating 
portions of the characteristics of each circuit may be substituted 
by an approximately straight line. Of course, this is not always 
possible.

For the majority of real automatic systems it is found tha t calcula
tions of the steady-state must be carried out in non-linear form, 
as described in this section, taking fully into account the real non
linear characteristics (at least for the regulated object)t-

The calculations of transient responses and dynamic errors may 
frequently, but not always, be carried out on the linearised differen
tial equations of the system since they usually include small sections 
of the characteristics. However, certain automatic systems (for 
example of relay type or with dry friction, saturation, hysteresis, 
etc.) should be considered as non-linear even in the transient.

* A detailed discussion of this operation will be given in Chapters V and VI.
t  See examples in Chapter VI.
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Example. Let us examine the transient response and self-oscilla
tions in the relay system for automatic temperature regulation, 
shown in Fig. 27. For this, we first construct the equations of the 
regulated object and the regulator.

Let the regulated object be some chamber of mass m and specific 
heat c, the surface area of the chamber S  and the coefficient of 
heat emissivity a. The equation of thermal balance at an arbitrary 
moment of time with heating power q will be

mcdQ + SaQdt = q d t , (9.13)

where 0 is the deviation of the chamber temperature from some 
nominal value. The heating power q depends, firstly, on the position 
of the regulating organ £ (for example, the damper) and, secondly, 
on various external thermal forces on the chamber f(t) independent 
of the system considered, i.e.

q = - k l  + f(t) .  (9.11)
Substituting this in (9.13) and dividing through by Sxdt, we 

obtain the equation of the regulated object in the form

where we put
Ti™ + o  = - * i i + m ,

, _  me Jl
S ol’

(9.15)

(9.16)

With movement of the tip of the bimetallic plate [2] (sensitive ele
ment of the regulator, Fig. 27) the control circuit of one of the relays [3] 
is closed, applying d.c. voltage to one of the field windings of the 
electric motor [4]. Taking into account some delay in this switching 
process we obtain here a relay characteristic of form 7 (Fig. 24). 
Further, considering roughly that the motion of the end of the 
bimetallic plate [2] is proportional to the deviation of the object 
temperature 0, while the velocity £ of motion of the damper [5] 
(regulating organ) is proportional to the voltage on the field windings 
of the electric motor [4], we may in this case consider the output 
quantity in the given relay characteristic proportional to % while 
the input to 0 (Fig. 53a). The origin of coordinates of the characteristic 
0 =  0 corresponds to some nominal temperature of the object for 
which the bimetallic plate is in the neutral position.

This relay characteristic determines in the first rough approxi
mation the operation of the given regulator. In  particular, for arbi
trary  oscillations of object temperature (Fig. 536) the regulator will 
switch the rate of motion of the damper i; for deviation of tempera
ture 0 =  — 6 when the temperature is reduced, and for 0 =  +  6 
when it is increased (Fig. 53c and 6), where the quantity 6 is given
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by the characteristic (Fig. 53a). Consequently, the equation of the 
regulator is written:

oT* i
*

II 
II

1 
+

 
ft 

ft with
with

0 >  +b \
0 <  + H  ’

when V o (9.17)

i  =  + c  
i  =  —c

with
with

1 
1 

A 
V

®
 <X> when 6 <  o . (9.18)

If we consider the transient and the self-oscillations of the system 
for constant value of external force (/t =  0), the equation of the 
regulated object (9.15) becomes'

2 ^  +  0 =  - * ^ .  (9.19)

Consider two arbitrary sections of the transient process in the 
given system (sections A B  and BD  in Fig. 536).

In  section A B  the equation of the regulator in accordance with 
Fig. 53c will be £ =  +c. Differentiating (9.19) with respect to t and 
substituting £ = c, we obtain the following equations of the regula
tion system in the section AB:

Ti -  +  6 =  -fc1c , (9.20)

Similarly, for section BD

T ^ + b  = +klC- (9,21)

The solution of (9.20) will be
_ t_

6 =  C,e -  lCjC , (9.22)
from which we obtain

0 =  -  TxCxe Ti -  kjpt + C2. (9.23)

We shall agree for the sake of simplicity to read time t from the 
origin of section A B  (Fig. 54a). Then the initial conditions will bo

0 =  +  b , 6 =  6^ at t =  0 ,
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where 0^ is as yet unknown. Employing the initial conditions, we 
find the arbitrary constants for (9.23)

Cx =  + kjc , C2 = b + TlC1 . (9.24)

Similarly, for the section BD  from (9.21), also reading the time t 
from the start of this segment (Fig. 546), we obtain the solution

_  i_
6 =  C[e Tl +  ifc,c ,

Q = - T 1C le~ ^ + k1ct + Ca, (9-25)
<71 =  bB-JciC,  <7a =  — 6 +  TXC[.

All remaining sections of the curves of the transient response 
obviously will be defined by the same solutions as (9.22)-(9.25), 
but only with other numerical values of the quantities Clt C2, fU, 
C'i, C2, &b. We note tha t the quantities 0^ and 6b , necessary to 
determine the arbitrary constants, are found as values of 6 at the 
ends of the preceding sections. Therefore, if the value of 0 be given 
at the initial point of the first section of the process, the entire above- 
described solution for the transient response of the system will be 
defined. Such a method of solving the problem is termed the method 
of matching solutions.

We shall now determine whether self-oscillation is possible in 
the given system, i.e. a stable periodic solution. For this it is neces
sary, obviously, that at the end D of the first period of oscillation 
(Fig. 536) there be obtained exactly such values of 0 and 0 as existed 
at its start A. I t  is easy to see from symmetry that then both half- 
periods (AB  and BD) should be the same (Fig. 53a). Therefore, to 
determine self-oscillation it is sufficient to consider only a single 
segment A B  and require that

=  -  0^ . (9.26)

Denoting the period of the self-oscillations sought by 2T and the 
duration of the segment AB, consequently, by T , from (9.22) we find

_ T _

0B =  Cxe Tl — kxc .
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Substituting in this (9.26) and remarking that from (9.24) 6^ =  CV— 
— kxc, we obtain the expression

_T_

Cx(l +  c T') = 2he ,  (9.27)
in which there are two unknowns, Cv and T. The quantity T  (duration 
of the segment AB)  may be expressed from (9.23), since it is known 
that at the end of the segment 0 =  - J .  From (9.23) and (9.24) 
we find

_ T _

TyCA 1 - e  T') =  \ c T - 2 b  .
Substituting in this the value of Cl from (9.27), we obtain the 

equation for determining the half-period of self-oscillation
T

1 — e Tl T
Z Z = 2T1

1+e Ti

b
Tclc l \

or

tanfa 2T[ ~
T

2Tl
_ b_
TixcTi (9.28)

This transcendental equation for T  is easily solved graphically 
(Fig. 55) by the intersection of the two curves

TVi = ta n h  —
and

_  T b 
V i ~ 2 T 1 hjcTi'

The fact that we have found a real positive value for T  indicates 
the presence of a periodic solution in the given system. To prove 
that this corresponds to self-oscillation it is necessary to investigate 
its stability, i.e. to prove that the system responds to the transient 
as shown in Fig. 52a but not as in Fig. 526. This will be proved 
below in Section 10.

The amplitude of the non-linear self-oscillation is defined as 0max 
on the section A B  (Fig. 54a) by testing the function (9.23) for a maxi
mum in the usual manner.
7



84 The Dynamics of Automatic Control Systems

10. Representation of responses using phase trajectories

I t  is well known that the nth-order differential equation (6.1) 
may be transformed to a system of n first-order differential equations 
of the form

^  > ® » , / >  y ) )

" i r  =  ®2 > f t  y )  >
( 10.1 )

dXn
dt X21 y )

with initial conditions

®1 — ®10 J ®2 — ®20 > ■ • • ) ®» — ® » 0  3it t — 0  ,

where ®x,£r2, . . . ,  x n are variables constituting required functions of 
time, and x1 may denote the regulated quantity, while x2, ..., Xa 
are auxiliary variables and /  and y are the perturbation and input 
forces.

An nth-order linear equation (6.2) is similarly transformed to 
a system of n first-order linear differential equations of the form

(2*2/
-jj£ =  <h i® i +  <*u«a +  . . . + « i » * »  +  ? i ( / >  y ) ,
cZiZ/—  =  an x1 + atix2 + ...+ a2nxn + 'pi( f , y ) , 

^  =  « n l® l  +  « » 2 ® 2  +  ... +  « n » ® »  +  <?«( / ,  y )  ■

(10.2 )

I t  is possible to return to the previous equations (5.1) and (6.2) by 
elimination of the variables x 2 , . . . ,  x n from (10.1) or (10.2) respectively.

To obtain the equation of the transient in a linear automatic 
regulation system *«(<) =  ®i(*) — ®?(*) (* =  1, 2 ,. . . ,  n) for given 
/  =  f i t )  and y  =  y°(t), we write the equations of the steady-state

dx\ o o ,—  anxi 4- a 12x 2 + . . +  ® ln® n +  ? l ( / >  y )  y

dxl
dt —  ®21®1 “I” ®22®2 " f  T  &2»®7» 4 “ *P2( /»  y )  y

dt an\ ®l 4“ an2 ®2 + 4 “ ®7in®n 4 -  ( / y y )



Transients in Automatic Regulation Systems 85

and subtract them from (10.2). As a result we obtain homogeneous 
differential equations of the transient in the form

 ̂— ai1a5it +  ffl12a?2*+ ... +  <*in®ni ,

dx3i 
dt <*2l®ll +  0,22X21 + ... +  o,2nxnt ,

(10.3)

dXnt
dt <*nl®l< +  <*712 X2t +  ... +  «jm Xjii .

We proceed similarly when obtaining homogeneous equations of 
the transient response of the non-linear system, which gives

dXll -p- .
—j j j j -  — J L i ( X u ,  xst, . . . , X „ t )  ,

dX2t \ r  I \j ,  — A2\X\tj a?2<, •••, xni) , (10.4)

^  — -^»(®il, ®2l, •••» ®nl) ,
where

JT<(® it ,  X u ,  -  , x „ i )  =  4><(®u +  * ; ,  x n  +  x °  . . .

. . . , X n ,  + x°, f ,  y0)-<J>{(x1, x\, ...,x°n} f ,  y°) (t =  1, 2, ..., n ) .
In  all cases the initial conditions should simultaneously be trans

formed as well
_ 0   0 0

%10t — ®io ® 1 0 , ® 20( •— X20 X2 0 , , Xnot — Xno .

Phase space. For example, in (10.3) or (10.4) let n  =  3 (a third- 
order system). The variables ®n,®2i»®3i here may have arbitrary

F ig . 56

physical significance. But it is possible to conceive them con
ventionally as rectangular coordinates of some point M  (Fig. 56a).

In  a real regulation process at each moment of time the quantities 
&u, x31 have completely defined values. These correspond to
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a fully defined position of the point M  in space (Fig. 56a). In  the 
course of time in a real process the quantities xu, x<u, x« vary in 
a definite manner. This corresponds to a defined motion of the 
point M  in the space over a defined trajectory. Consequently, the 
trajectory of the point M  may serve as a convenient geometric 
illustration of the dynamic behaviour of the system in the transient 
process.

The point M  is termed the generating point, its trajectory is 
termed the phase trajectory and the space (xu, is termed
the phase space.

Since the derivatives with regard to time of the coordinates of 
the point represent the projections of its velocity on the coordinate 
axes, the  differential equations of a system in the forms (10.3) and
(10.4) represent the expressions for projections of the velocity v 
of the generating point M  (Fig. 56a) on the coordinate axis. Conse
quently, from the values of the right-hand sides of (10.3) or (10.4) 
it is possible at each time to determine the direction of motion of 
the generating point M  and together with this the behaviour of 
the corresponding real system in the transient process.

The initial conditions of the process (x10t, X201, x3oi) define the 
coordinates of the initial point of the phase trajectory M 0 (Fig. 56a).

If there are only two variables X lt and X n (a second order system), 
in (10.3) or (10.4), the generating point will not move in a volume 
but in a phase plane.

If there is an arbitrary number of variables n >  3 (an nth-order 
system the phase space will not be three-dimensional but n-dimen- 
sional.

Thus, the phase space and phase trajectory represent only a geo
metric image of the dynamic processes occuring in the system. 
In  this geometric representation the coordinates take part, while 
time is eliminated. The phase trajectory itself is only a qualitative 
representation of the behaviour of the system. To determine a quanti
tative position of the generating point (and thus the state of the 
system) at an arbitrary moment of time, it is necessary to find 
the solution of the given differential equations (10.3) or (10.4) with 
regard to time.

The steady-state of the system is characterised by values xu =  x^ 
— ... =  xnt =  0. Consequently, the image of the steady-state is 
the origin of coordinates of the phase space.

From this it follows that the phase trajectory of a stable linear 
system will asymptotically approach the origin of coordinates with 
unlimited increase in time. The phase trajectory of an unstable 
linear system will diverge without limit from the origin of coordi
nates.
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For a non-linear system, as a result of a number of the properties 
noted in Section 9, the phase trajectories may take on the most 
varied patterns. If there exists asymptotic stability for a definite 
circle of initial conditions, all phase trajectories which begin within 
the defined region rj surrounding the origin of coordinates of the 
phase space (Fig. 566) will asymptotically approach the origin of 
coordinates. If the stability is non-asymptotic, the phase trajectories 
beginning within a defined region 7) about the origin of coordinates 
of the phase space may have arbitrary patterns but will not emerge 
beyond the limits of some defined region s, surrounding the origin 
of coordinates (Fig. 566).

Formulation of Liapunov's concept of stability. An unperturbed 
motion (in our terminology a steady-state process) is termed stable 
if for a given arbitrarily small region e (Fig. 566) it is possible to 
find such a region t] tha t for initial conditions located within these 
regions the perturbed motion (here, the transient response) will 
be such tha t the generating point does not emerge from the region e 
for arbitrarily large value of time t.

In  analytic notation the formulation of Liapunov’s stability 
concept will be as follows. The unperturbed or steady-state motion 
will be stable, if for a given positive arbitrarily small number e 
it is possible to find such a positive number yj (dependent on the 
given e), tha t with initial conditions

|®iot| <  -n (i = 1 ,2 ,  ...,» ) (10.5)

the solutions of the differential equations of perturbed motion 
(transient process) (10.4) will satisfy the inequalities

|® «(0 |<e (i =  1, 2, ..., n)

for arbitrarily large t.
For this analytic statement let us consider a geometric image 

in the phase space. I t  is obvious that limiting the initial conditions 
in each coordinate by inequalities (10.5), we obtain a cube with 
side 2t), within which should lie the initial point of the phase tra 
jectory M0(XiQ[, x-m, ..., Xnot)- I t  is easy to imagine such a cube in 
a three-dimensional space (n =  3); this term “cube” is extended to 
w-dimensional space; in the phase plane [n =  2) it becomes a square. 
Similarly, the other inequalities denote geometrically tha t the 
phase trajectories should not emerge from the cube with side 2e. 
Consequently, for the analytic notation of Liapunov’s stability 
concept the regions rj and e in Fig. 566 have the forms of cubes.

Liapunov’s formulation includes the requirement of an arbitrary 
smallness of these regions. However, in practice this definition and
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Liapunov’s theorems, which we shall encounter in Section 67, are 
applicable even when these regions have defined finite dimensions.

We not9 tha t in Liapunov’s theory the deviations of all variables 
in the transient regime are termed “perturbations” while their 
initial values x{ot are “initial perturbations” . In  the present book, 
however, these terms will not be used to avoid confusing them 
with the perturbations acting on the system /(<).

Phase trajectories for ordinary linear systems. To obtain a clear 
general concept of the description of the behaviour of an automatic 
regulation system using phase trajectories, let us plot them first 
for ordinary second-order linear systems, the general properties of 
which are widely known. This background will also permit a more 
extensive description of the properties of behaviour of non-linear 
automatic regulation systems.

Let there be given some system, the transient response of which 
is described by a second-order equation

;r +  a1i  +  a2® =  0 , (10.6)

The Dynamics of Automatic Control Systems

where x  is the deviation of the regulated quantity in the transient 
and and a2 constant coefficients expressed through the para
meters of the system (mass, inductance, resistance, gain factors, 
transfer factors, etc.).

Let us introduce the notation for the rate of change of deviation 
of the regulated quantity y =  x. Then the equation of the system 
(10.6) is represented in the form

dy
M = ~ aiy~ a **’ 
dx 
dtm = v

(10.7)

(this operation is equivalent to transformation of (5.2) to the 
form (10.2)).

Let us eliminate the time t from (10.7), dividing the first of them 
by the second. We obtain

dy
dx

x— «!— a2-
y

( 10 .8 )

The solution y =  9 (x) of this differential equation with a single 
arbitrary constant defines a certain family of so-called integral 
curves in the phase plane (x,y),  each of which corresponds to a single 
defined value of the arbitrary constant.

The solutions x  =  x{t) and y = y(t) of the differential equations 
(10.7) defining the transient response of the given automatic regula-
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tion system may be considered as the parametric equations of the 
same integral curves in the phase plane {x, y) with parameter I.

The initial conditions of the transient in the system: x  =  x0, 
y — y0 =  x0 a t t =  0 are defined by the initial position of the gener
ating point M 0{x0, y0) in the phase plane.

That integral curve which passes through this point M 0 will be 
the phase trajectory representing the course of the transient process 
in the automatic regulation system for the given initial conditions.

The entire set of integral curves represents all possible phase 
trajectories, including all possible forms of the transient response 
in the given automatic regulation system for arbitrary initial condi
tions.

Let us consider the various cases individually. To (10.6) correspond 
the roots of the characteristic equation

z1.2 2 >

where six cases are possible:
(1) the roots are purely imaginary, with ^  =  0, a2 >  0 (limiting 

stability of the linear system);
(2) the roots are complex and have negative real parts with 

a? <  4a2, «i >  0, a2 >  0 (stable linear system);
(3) the roots are complex and have positive real parts with 

a? <  4a2, ax <  0, a2 >  0 (unstable linear system);
(4) the roots are real and negative with a? >  4a2, ^  >  0, a2 >  0 

(stable linear system);
(5) the roots are real and positive with a\ > 4a2, <  0, a2 >  0

(unstable linear system);
(6) the roots are real and have opposing signs for o2 <  0 (unstable 

linear system), in particular one of the roots will vanish at o2 =  0 
(limiting stability of linear system).

Case 1. In  the first case, as is well known, undamped oscillations 
are obtained.

x  =  j4biu(co< +  |3) , \> oj =  \  a2 
y = x = taA cos (cot +  (3) , J

(10.9)

with constant amplitude A  and initial phase p, dependent on the 
initial conditions. Equation (10.9) represents the parametric equation 
of an ellipse with semi-axes A  and taA (Fig. 57a), where from the 
initial conditions (x = x0, y  =  y0 =  x0 at t =  0) we have

it  = 1 /* 5  +  4 ,  3= tau ->  =r to2 1 y0
To different values of the constant A  there uniquely correspond 

different ellipses in the phase plane {x, y), as shown in Fig. 57a;

t a x .
^  (y0 = *«,)
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to differing values of (3 correspond various initial positions of the 
generating point M0(x0, y0) on a given ellipse. Then, with increase 
in time t, the generating point M  will move continuously over 
a given ellipse, which corresponds to an oscillatory process in time 
(Fig. 576). In  this it passes over the entire ellipse, returning to the 
previous position M 0 during a single period T  =  2nfa.

Let us find the equations of the phase trajectories by elimination 
of the time t. In the given case where al =  0 and a2 >  0, from (10.8), 
substituting a2 =  co2, we have

or

which gives

dy
dx cy x

y

2 ydy = — u>22 xdx  , 

y2 - - — u>2(st?—A 2) ,
where A 2 is an arbitrary constant. This may be rewritten in the form

x2
A 2

V2 
(u ^ )2=  1 , ( 10. 10)

which represents the family of ellipses shown in Fig. 57a.
The entire set of these ellipses (with 0 <  A  <  oo) corresponds 

to all possible phase trajectories in the given system. Which of 
them will occur in reality is defined by the initial conditions, i.e. 
the initial position of the generating point M 0(x0, y0). In  particular, 
for initial conditions x0 =  0, y0 =  0 the generating point coincides 
with the origin of coordinates 0 of the phase plane (Fig. 57a) and 
it remains there for all time. This corresponds to a stable state of 
the system.

Let us determine the velocity v of motion of the generating 
point M  over the phase trajectory. Obviously, its projection on the 
coordinate axes will be

dx _ dy
( 10 . 11)
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and the modulus

- v l f F d ) ' -
In this case, when al =  0, a2 =  a>2, from (10.7) and (10.9) we have 

vx =  y =  coAcos(cof +  (3) ,
vy =  — =  — oyMsin (u>t +  (3) , (10.13)
v =  J/2/a +  co4#2 =  ]/x2 +  w4a;2 .

Thus, to a periodic oscillation of the system (Fig. 57b) there corre
sponds a motion of the generating point over a closed curve (Fig. 57a) 
with periodically varying velocity.

Case 2. In  this case (complex roots with negative real parts), 
as is well known, there occur damped oscillations

x  =  Ae_a<sin(cof-f (3) , 
y =  x = Y-4.e-a ,cos(co£-{-(3+S) ,

where

y = \/a2,

40 “  ] / aa~  (y )  »

8 =  tan-1 —, <0

(10.15)

(10.14)

and the arbitrary constants A  and (3 are determined from the initial 
conditions: x  =  x0, y =  y0 =  x0 at t — 0.

The values of x  and y = x do not return after a period of oscillation 
to the previous values, but become smaller. This gives a curve 
(Fig. 585) in the phase plane (x, y) which does not return to the 
previous point M0 in a single revolution, but comes closer to the 
origin of coordinates. Equations (10.14) are thus the parametric 
equations of a family of spirals, asymptotically approaching the 
origin of coordinates (Fig. 58c), where to each value of the constant A  
there uniquely corresponds a defined spiral, while the constant (3 
corresponds to the initial position of the generating point M0{x0, y0) 
on the given spiral. Assignment of initial conditions (x0, y0) defines, 
consequently, the initial point M 0, after which the generating point M  
with increase in time t moves continuously over a given spiral as 
shown by the arrows in Fig. 58c, asymptotically approaching the 
origin of coordinates 0.

Thus, to damped oscillations of the system (Fig. 58a) there corre
spond phase trajectories in the form of spirals, over which the gener
ating point approaches the origin of coordinates (Fig. 58c).

The velocity v of motion of the generating point I f  over the phase 
trajectory is defined by the same general formulae (10.11) and
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(10.12) where in the present case from (10.7) and (10.14) we have

» * = ^ r  =  y» Vv =  =  -2«y-Y*® . (10.16)

Case 3. This case (complex roots with positive real parts) corre
sponds to divergent oscillations (Fig. 59a). Proceeding as above, we 
obtain the set of all possible phase trajectories also in the form

of a family of spirals, as in Pig. 58c, but the generating point will 
not move over them in the direction of the origin of coordinates 
but away from it (Fig. 596).

Thus, to divergent oscillations of the system (Fig. 59a) there 
correspond phase trajectories in the form of spirals over which 
the generating point diverges from the origin of coordinates.

Case 4. This case (real negative roots) corresponds to an aperiodic 
process

x  =  C\e~ait +  C2e~a*1, 
y =  x — — « — «2C2c~a!(,

where

(10.17)
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In  Fig. 60a are shown two possible types (curves 1 and 2) of the 
course of this process. I t  is easy to see tha t in the phase plane ($, y) 
this is represented by curves 1 and 2 respectively (Fig. 606), since 
in the first variant for all time * >  0 and y <  0, while in the Becond

variant the signs of x  and y each change once. The boundaries of 
regions 1 and 2 are the lines y  =  — x  and y =  — acg* obtained 
from (10.17) with a* =  0 and a, =  0 respectively (vanishing of one 
of the roots).

In  contrast to the above, here all phase trajectories merge directly 
in the origin of coordinates 0 of the phase plane. However, the gener
ating point M  does not arrive at the origin of coordinates in a finite 
time, as from (10.11) and (10.7) its velocity

vx = y ,  vv = —aly — a&,  (10.18)

and the coordinates x  and y themselves (10.17) decrease, asymptoti
cally approaching zero.

Thus, to attenuated aperiodic responses in the system there 
correspond phase trajectories merging at the origin of coordinates.
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Case 5. This case (real positive roots) also corresponds to an 
aperiodic response defined by the same equations (10.17) but with 
ax <  0 and a2 <  0. Similarly we obtain the curves of the response 
and phase trajectories represented in Fig. 61.

Case 6. In  this case (real roots with differing signs) there also 
occurs an aperiodic response (10.17), where oq and a2 have opposing 
signs, but the pattern of phase trajectories is different here. Since 
a2 <  0, we substitute

a2 =  — a2 ,

where for simplicity of construction we consider the case al =  0, 
which from (10.6) corresponds to an equation of the system

x— a?x =  0

and from (10.8) to an equation of phase trajectories
dy , oc-5-  =  <x2 -  . ax y

Integration of the latter analogously to Case 1 gives

a? y2 
C ~ l ^ C f  = ^ ,

(10.19)

i.e. the family of hyperbolae represented in Fig. 62a. The velocity 
of the generating point (10.18) in this case will be

vx =  y , vy = 9?x. (10.20)

The directions of motion of the generating point M  over the 
phase trajectories, shown in Fig. 62a, are easily defined in each 
quadrant of the plane from the signs of vx and vy, since from (10.20)
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the projections of the velocities vx have the same signs as the coordi
nate y while the projections of vv the same signs as the coordinate x. 
The phase trajectory with initial position M 0(x0, y0), shown in Fig. 62a, 
corresponds to an aperiodic response of the system, represented in 
Fig. 626.

Analogous patterns of phase trajectories are obtained in the 
given case for at =£ 0.

F ig . 62

Thus, to divergent aperiodic responses in a system there corre
spond phase trajectories of the type of Fig. 616 or the type of Fig. 62a, 
where the generating point moving over them eventually diverges 
from the origin of coordinates.
Singular points and singular lines. At points which correspond to 
stable states, we obtain from (10.8) the indeterminate expression

dy
dx

0a1 aa —,

i.e. indeterminate direction of the tangents to the integral curves 
(phase trajectories). Such points are termed singular points, classi
fied as follows:

(a) singular points of the type of point 0  in Fig. 57a are termed 
centres;

(b) singular points of type Fig. 58c are termed stable foci;
(c) singular points of the type of Fig. 596 are termed unstable 

foci;
(d) singular points of the type of Fig. 606 are termed stable nodes;
(e) singular points of the type Fig. 616 are termed unstable nodes;
(f) singular points of the type of Fig. 62a are termed saddles 

(saddles are always unstable).
Aside from the concept of singular points there exists the concept 

of singular lines. This is important for non-linear systems.
As has already been mentioned, real automatic regulation systems 

may be considered linear most frequently under the assumption 
of smallness of deviation of the variables from their values in a def-
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inite stable state. In  such cases the patterns of phase trajectories 
for linear systems constructed above with regard to real automatic 
regulation systems have force only within a defined bounded region 
about the singular point 0  (Figs. 57-62), corresponding to the stable 
states of operation of the automatic regulation system. The dimensions 
of this region are determined by the largest value of deviation x  
of the regulated quantity from its steady-state value for which 
the characteristics of all circuits of the given system still remain 
sufficiently close to linear. This may be determined in practice for 
each concrete system, having given the characteristics of its circuits.

Beyond the limits of this region, as a result of substantial deviation 
of the characteristics from linear, the pattern of phase trajectories 
may vary strongly and take on qualitatively different character.

In  particular, if from the linear theory the system is unstable 
and the process begins to diverge, it may be found that due to actual 
non-linearity of the characteristics it will not diverge without limit. 
The amplitude of divergent oscillations may increase only to a de
fined value and then remain constant, i.e. an unstable linear auto
matic system changes to a stable non-linear self-oscillatory system 
(the system “generates” stable oscillations of a  definite form).

The pattern of phase trajectories for such a system is represented 
in Fig. 63a. Here, close to the origin of coordinates, spirals are ob
tained as in the unstable linear system (Fig. 596), but remote from 
it diverge not to infinity but approach asymptotically to some 
closed contour of bounded dimensions, as shown in Fig. 63a. To 
it also approach all spirals located outside the contour. This corre
sponds to the pattern of processes in time represented in Fig. 52a. 
Such a closed contour representing the most important case of 
singular lines in the phase plane in regulation theory, is termed 
a stable limiting cycle.

A stable limiting cycle corresponds to a self-oscillatory system. 
The dimensions of the limiting cycle A  and B  (Fig. 63a) represent 
the amplitude of oscillation of the quantity x  and the velocity of 
its variation y =  x. To determine the period of oscillation it is neces
sary to solve the equation with respect to time.

To the case of a system stable “in small” and unstable “in large” 
(Fig. 526) there corresponds the pattern of phase trajectories shown 
in Fig. 636. The limit of initial conditions at which the system is 
stable most frequently has the form of an unstable limiting cycle 
in the phase plane (Fig. 636), from which on both sides the spiral 
phase trajectories diverge. This, the second important type of singular 
line, defines a system stable “in small” and unstable “in large” .

We note that in this case it is also possible to have a still more 
remote stable limiting cycle (Fig. 63c), corresponding to self-oscilla-
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tions of large amplitude. This corresponds to the time processes 
shown in Fig. 62d. These fundamental qualitative changes in the 
pattern of phase trajectories for sufficiently large deviations may 
he observed for aperiodic processes (Figs. 616 and 62a), including

their transformation into oscillatory and vice versa. For example, 
to the pattern of processes in time shown in Fig. 52c there corresponds 
the pattern of phase trajectories, Fig. 63/.

Similarly, for systems existing, in accordance with linear theory, 
a t the limit of stability (with purely imaginary roots), the pattern 
of phase trajectories shown in Fig. 57a may occur only close to the 
steady-state regime 0. For large deviations, if the linearity of the 
characteristics of the system circuits is disturbed, the pattern of
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phase trajectories will differ. One of the possible forms of variation 
of large deviation phase trajectories in this case is shown in Fig. 63d. 
Here, in addition to the singular point 0  of the type of a centre, 
there appear two saddles Cx and C2, which leads, in fact, to instability 
of the system. But a stable limiting cycle can also occur. The singular 
lines of such types as and C^A^Ci (Fig. 63d) in the phase
plane are termed separatrices (third type of singular line). Singular 
lines of more complicated form will not be considered*.

Thus far we have discussed systems which for small deviations 
are considered as linear. But patterns are obtained in a completely 
analogous manner even for other non-linear automatic regulation 
systems, which even “in small” cannot be considered as linear. 
Examples are provided by types of relay and other systems with 
insensitive zones, hysteresis loops, dry friction or backlash. I t  is 
interesting to note that certain of these systems may approximate 
linearity rather in “large” than in “small” since the zone of insensi
tivity or the backlash is then small in comparison with the magnitude 
of deviation x.

In  systems with insensitive zones and with dry friction there exist 
dead regions where, to the steady-state, for given external condi
tions (given load), there corresponds not a single point but an entire 
region of possible equilibrium states of the system. In  the phase 
plane this is expressed by the singular point being drawn out into 
a singular segment (Fig. 63e).

We note, finally, th a t the coordinates (x, y) of the phase plane 
need not necessarily indicate the deviation of the regulated quantity 
and its velocity, as was done above. For this purpose any two arbi
trary variables uniquely characterising the state of a second-order 
system at an arbitrary moment of time may be taken.

Example. Let us represent in the phase plane the transient 
response and self-oscillation in the automatic temperature regula
tion system considered in Section 9. The coordinates of the phase 
plane will be

x  =  6 and y =  6 . (10.21)
To values 6 >  0 there corresponds the upper half-plane (Fig. 64), 

and to 6 <  0, the lower. If 0 >  0, from (9.17) and Fig. 53a, the regu
lator is switched at 0 =  +b  (line EF  in Fig. 64), if 6 <  0, then at 
6 =  — b (line GH). To the right of the switching line EFGE  the 
system equation (9.20) is valid, to the left (9.21).

Equation (9.20) in the notation of (10.21) takes the form
dx
dt T ' T t +V

* See A. A. Andronov and S. E. Khaikin [7].
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from which we obtain the differential equation of the phase tra 
jectories

dy 1 kjC
d x ~  Tj Tty ' (10.22)

Integration gives

x = \c T x \n \y - \ - T c x c \ - +  Ci., (10.23)

where is an arbitrary constant. To each concrete value C there 
corresponds a definite curve in the phase plane. The family of curves

corresponding to various values of Ox is shown in Fig. 64 to the 
right of the line EFOE. These curves have asymptote y — — Tĉ c. 
The direction of motion of the generating point over them, indicated 
by arrows, is determined from the condition y = dxfdt, i.e. x  increases 
for y >  0 and decreases for y < 0.

Equation (9.21) in the notation of (10.21) will be

dy _  1 \ c
d i - ~ T 1+ Wj) '

which has the solution

(10.24)

x =  — ftxcTiln |y — kjcl—T ^  -f C2, (10.25)

in accordance with which the family of phase trajectories to the left 
of the line EFGE  is plotted (Fig. 64).

As a result it is found tha t all phase trajectories diverge from the 
origin of coordinates and converge from infinity, i.e. a case similar 
to Fig. 63a occurs which signifies that there should be some stable 
limiting cycle. I t  is denoted by the thick line in Fig. 64.

There will thus be observed in the given automatic regulation 
system a stable oscillation to which the transient converges from
8
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both sides, i.e. for arbitrary initial conditions. Self oscillation is 
the only possible form of steady-state here, strict maintenance of 
constant temperature (0 =  0) is impossible. The amplitude of temper
ature oscillations in the given regulation system is represented in 
Fig. 64 by the segment a. The period of oscillation is found only by 
solving the equations with regard to time (Section 9). The halves A B  
and BD  (Fig. 64) of the limiting cycle correspond to half-periods 
of oscillation A B  and BD  (Fig. 536).

The segment g (Fig. 64) represents the magnitude of the rate 
of temperature-change with oscillation; it is the magnitude (9.26). 
I t  is obvious that g < \o .



CHAPTER III

METHODS OF IMPROVING THE REGULATION
PROCESS

11. Static, astatic and oscillatory systems. Redaction of static and station
ary dynamic errors

A discussion of various forms of errors in automatic regulation 
systems has been given previously; in this chapter we shall consider 
methods of reducing these errors.

Static systems. An automatic regulation system (stable with 
regard to the steady-state with constant value of the regulated 
quantity) is termed static when in principle it does not permit 
maintaining a single value of the regulated quantity in all steady-

states, corresponding to various constant values of external per
turbation /° on the regulated object (with constant adjustment y° 
of the regulator). In  other words, a static system is a system which 
according to its operating principle has a definite static error.

Static systems are thus characterised by the fact th a t the right- 
hand side of steady-state equality (7.15) or (9.4) for such systems 
contains the quantity /°, as a result of which a definite relation 
between the steady-state value of the regulated quantity and 
the load /° is obtained (for example, in the form of the curve in 
Fig. 65).

An example of a static system is the Bystem for regulating engine 
velocity by direct action of a centrifugal regulator shown in Fig. 13.

101
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In this case, the greater the steady state moment of the load 
on the engine shaft 1, the greater will be the required supply of 
energy, i.e. the slide valve 3 must open more.

Consequently,
?  =  h(M°i). (11.1)

But then the coordinate rt of the position of the coupling of the 
centrifugal mechanism 2 must change since it is rigidly related to 
the coordinate !; (with the arm), namely:

7]° =  Yc? . (11.2)

This in turn may occur only when the weights 2 are lower, i.e. 
the angular velocity to0 becomes smaller, since

=  /2(<*>#) • (11.3)
From (11.1), (11-2) and (11.3) we obtain:

o° =  u m ) . (n .4 )

This means tha t the regulated quantity <a cannot in principle 
have a single value for all steady-state regimes of operation of this 
system; it will decrease with increase of the load moment Jf?.

Thus, the regulation system shown in Fig. 13 is static and has 
a characteristic of the type of Fig. 65, where xr — to, /  =  Mt. The 
parameters of the centrifugal regulator should be here chosen so 
that the static error of the system

o o  o o
Ai = ------5----  and A2 = ----- -----

<*>„

does not exceed the permissible magnitude where is the required 
nominal value.

The same result is obtained in the direct-acting rheostatic voltage 
regulator (Fig. 14) and Polzunov’s regulator (Fig. 9). In  both these 
cases to steady-state values of the load 2? (load current, steam 
consumption) there correspond differing steady-state currents I? 
(field current, water feed), i.e. there exists a definite relationship

I? =  /,(/?) • (11.5)

This is provided by varying the steady-state positions 5;° of the 
regulating organ (rheostat contact, valve), i.e.

n  =  u i ° ) . ( n .6)
However in order that the regulating organ occupy differing steady- 
state positions, in Polzunov’s regulator (Fig. 9) differing positions 
of the float are required, and so differing steady-state values of
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the regulated quantity H°. In the voltage regulator (Fig. 14) various 
steady-state values of tractive force of the electromagnet Fl are 
required for this purpose, since in the equilibrium state

n = t f + F w , (n .7 )

where Ft , F e, Fw are respectively the forces of the electromagnet,
spring and weight. The first depends on the voltage V  and the position 
of the armature £, while the second is proportional to the spring 
extension (Fa =  c£). Therefore (11.7) may be written in the form

F t(V°, V) <?S° +FW (Fw =  const) , (11.8)

from which by virtue of (11.5) and (11.6) we again obtain:

V° = U {It) ,  (11.9)

which defines this system as static with a characteristic of the type 
of Fig. 65, where xr =  7 , /  =  I v 

The system for regulating electric motor velocity with a rotary 
amplifier (Fig. 20) is also static since for large steady-state load 
on the motor shaft a large torque is required which requires a larger 
current in the armature circuit, i.e.

I°a = /i( Jf?) •
But this may be provided only by a greater magnitude V° in the 
excitation circuit of the rotary amplifier, i.e.

I°a = / a ( 0  .

Then we obtain a smaller value of V° since 7? =  7 j—7°. Considering 
the voltage of the tachometer, 7? =  Tco0, we find on the basis of 
the preceding relationship

<o° =  f3(Mi) , (11.10)
which is the criterion of a static system.

Astatic systems. Automatic regulation systems (servo-systems) 
are termed astatic when in operating principle they permit maintain
ing single values of the regulated quantity at all steady-states of 
the system, corresponding to different constant values of external 
perturbation (load) f° on the regulated object (with constant adjust
ment y° of the regulator). In  other words, in an astatic system there 
is no static error connected with the magnitude of the load however 
there may of course occur additional static error caused by non
linearity in the form of zones of instability or dry friction.

Consequently, an astatic system should not have a dependence 
of the type of (11.10) or (11.9) between the regulated quantity and 
in the steady-state.
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For this the right-hand side of the steady-state equation (7.15) 
or (9.4) should not contain the quantity /°. In  particular, the equations 
of the linear system (5.2) should not contain in the right-hand side 
a for f(t), i.e. we require bm =  0.

There exist various methods of making a system astatic. We shall 
demonstrate here in simplified form four possible means using the 
examples of the rheostatic voltage regulator and centrifugal velocity 
regulator, two further methods will be given below, in Section 12 
and Section 14, and similar methods can be adopted in other systems.

1. The method of matching of characteristics of the tractive 
force of the electromagnet 2 and the resisting force of the spring 4

(Fig. 14). I t  is possible to select a curve of tractive force of the electro
magnet F t as a function of the armature position  ̂ for constant 
voltage F°, on the one hand, and the stiffness of the spring, on the 
other, such th a t in the required region the difference of the forces 
will be approximately constant and equal to the weight (Fig. 66). 
For this we require, firstly, equality of forces in some single posi
tion, for example

F ^ 3,V 0 )= F b(^ )+ F w ,

and, secondly, equality of the slopes of the characteristics Ft(Z) 
and F 2(£) for V  =  const =  F°, i.e.

- ( f L . - f - ' - ” ' rith  (11.11)

In  this case in place of dependency (11.9) we obtain:

F° =  const with 5i <  £° <  >

i.e. the regulated voltage F° will be constant for various positions 
of the contact i;0, corresponding to various loads

2. The method of removing the spring 4 (Fig. 14), and establishing 
static conditions in which the tractive force F a is practically inde-
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pendent of the deflection £. In  this case, ■without the spring equation
(11.7) takes the form

F(V°) = Fw — const and V° =  const. (11.12)

3. The method of connecting one of the ends of the spring 4 through 
a damper (Fig. 67). This is termed an isodromic system (comp. 
Fig. 14). In  this case, again, in the steady-state regime we obtain 
equality (11.12). However the transient responses of these two 
systems differ very substantially.

4. The method of connecting an integrator for which instead of 
the deflection the velocity depends on the magnitude of the input 
force* (Figs. 18 and 19), i.e. when in the transient

§ - m  or §  =  ■>.., (11.13)

where t, is the deflection of the regulating organ and s is the de
flection of the control element while F(s) has the usual form, rep
resented in Fig. 33. Then the steady-state, connected in the given 
case with absence of motion of the drive (5 =  const =  £°), may occur 
only for s =  0, as follows from expression (11.13) and Fig. 33. But 
to the value s =  0 there corresponds a completely defined state of 
the sensitive element 2 (Figs. 18 and 19), which implies a completely 
defined value of the regulating quantity, the same for all steady- 
state positions of the regulating organ and external load.

All four types of astatic systems described above are equivalent 
with respect to the absence of static error. They are characterised 
by the graph of Fig. 68 in place of the previous graph of Fig. 65. 
However these systems differ in their dynamic properties. We shall 
demonstrate this difference for the present in a first coarse approxi
mation.

For this we construct the equations of the transient first for the 
slider of the rheostat 3, considering tha t the resisting force against

* Then the deflection will be the integral of the input force.
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its motion is proportional to the velocity while the force of the 
spring is proportional to the deflection.

For a static system (Fig. 14) we obtain:

m i +c£ +e£  =  fcA7 , (11.14)

where m is the mass of the moving part, c2|  is the force resisting 
the motion, cti  is the change of spring force, &AF is the change in 
electromagnet force (subtracting the initial extension of the spring 
and the weight of the moving parts).

P i g . 68

For an astatic system, designed according to either of the first 
two methods (matching of characteristics, removal of spring), we 
will have:

m i+ c£  =  JcAV . (11.15)

For an astatic system designed according to the circuit of Fig. 67, 
we obtain two equations

m i +c2i  +c3( i -  vj) =  JcAV , \  ,
t i  - \  I ( 1 1 . 1 6 )

(here the damper force is proportional to the difference of velocities 
of its piston and body and is equal to the spring force). Eliminating kj,  

we come to the equation

C3W?+(c1m +c2C3) |+ c 1(c2+c3)4 =  cJcAV+cJtAV (11.17)

Finally, for an astatic system designed according to the circuit 
of Fig. 19, equation (11.14) must be applied to the deflection s and 
equation (11.13) added, specifically:

whence

m s  +c2s +<?!« =  J c A V  , 1
i  =  o , s . )

m i + c 2i  +cx|  =  c J c A V  .

(11.18)

(11.19)

Let us assume further tha t in the first linear approximation the 
regulated object (dynamo) is described by the equation

Ay =  - \ i - m , (11.20)
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where AF is the deviation of voltage from the required constant 
value, — k £  is the reduction of voltage with introduction of the 
regulating rheostat 5 (Fig. 19) and — f(t) is the reduction of voltage 
with increase in load in the system and angular velocity of the dynamo 
armature.

Then, assuming that the mass of the rheostat slider is negligible 
(to «s 0), we obtain the equation of the transient response for a static 
regulation system (Fig. 11) from (11.14) and (11.20) (after elimina
tion of £) in the form

c2AF +(cj +kkt)AV = - c f o f - e j  . (11.21)

The static error of the system is:

AFS< ci
c, -j-kkx

The equation of the transient process for the first two cases of 
the astatic system from (11.15) and (11.20) will take on the form

caAF -f fcfcjAF =  - c j , (11.22)

while for the astatic system with isodrome (Fig. 67) from (11.17) 
and (11.20) we have:

c2c3 AF+(c2c, +c3cl +c3fcfcl)AF +clkklAV =
—W —cl(c ■̂cs)/• (11.23)

For an astatic system of the time shown in Fig. 19, from (11.19) 
and (11.20) we find:

c2AF +c1A*F+eikk1AV = —c j —c j  . (11.24)

From equations (11.22), (11.23) and (11.24) we 6ee th a t actually 
in all these astatic systems the static error is equal to zero, since 
the load /  itself does not enter into the right side of the equations, 
but only its time derivatives. 1 

A solution of equations (11.21) and (11.22) without the right- 
hand side, i.e. the curve of the transient response with constant load 
(/ =  0), has the form

AF =  Cxe T ,

where C, is the integration constant and the magnitudes of T  for 
the cases (11.21) and (11.22) are determined respectively from the 
formulae
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Since the quantity T  in the second case is larger, the transient 
(Pig. 69a) will attenuate more slowly. Prom formulae (11.25) it is 
evident tha t the cause of this is the absence of the spring (ct =  0) 
or matching of the characteristics. The quantity T, indicating to 
a certain degree the duration of the transient, is termed the time 
constant.

From this there follows the conclusion: an astatic system designed 
according to one of the first two methods, although distinguished

from a static system (Fig. 14) by the absence of statio error, has 
a poorer attenuation of the transient, which may become unacceptably 
slow.

In  the case of (11.23) the solution takes the form
_t _t_

AF =  C1e T' + Cte T», (11.26)

where Ct and Ca are constants of integration, 

m _. 2 c2c8
CjCg ""I" C f J c J C i  i  ] / (CiC2"f

In  degree of damping this solution takes an intermediate position 
among the solutions (11.25) (see broken-lines in Pig. 69a). Therefore 
in the astatic system shown in Pig. 67 the absence of static error 
is combined with a better degree of damping of the transient than 
in the preceding cases. Such an astatic system, with an isodromio 
device, is frequently termed an isodromic regulation system or 
a system with transient Btatism, as a t the start of the transient 
for high velocities of the slider 3 the damper ca (Fig. 67) does not 
operate and moves almost as a rigid body. Therefore initially the 
system operates almost as a static one (Fig. 14), with good damping. 
Then at the end of the transient, when the slider moves slowly, 
the body of the damper shifts more substantially with regard to
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its piston, which eliminates the static error occuring in the system 
of Fig. 14 (in the graph of Fig. 69a only the transient responses are 
compared in the three systems without regard to the static error of 
the first system).

Finally, for the astatic system represented in Fig. 19 and similarly 
in Fig. 18), the curve of the transient response as a solution of 
equation (11.24) will have the form (Fig. 696)

if the roots of the characteristic equation are complex. Here A  
and p are arbitrary constants,

In  such a system the damping of the transient usually occurs 
more pcorly than in a static one (Fig. 14), which is evident from 
comparison of the magnitudes of time constants T  in the first of 
formulae (11.25) and in (11.28). Naturally, such an indirect-acting 
astatic system (Fig. 19), from energy considerations (Section 3), cannot 
replace the better direct-acting astatic system (Fig. 67), as was done 
with the system of Fig. 14. Improvement of the quality of an indirect- 
acting system requires the introduction of special auxiliary devices 
which will be considered separately in Section 12 and Section 15.

We remark tha t the oscillation of the regulated quantity in the 
transient as shown in Fig. 696 for the latter system is possible, gener
ally speaking, also in the systems previously considered, if the 
dynamic properties of the regulated object itself are taken into 
consideration in greater detail (sect. 24). However in the system 
shown in Fig. 19 it is usually more clearly expressed than in those 
considered previously.

In  these examples the equations of the astatic regulators (11.15), 
(11.17), (11.19) differ from the static (11.14) in the absence of a term 
with the coordinates of the regulated organ. In  addition, comparing 
these equations, it is evident that equation (11.17) of the astatic 
regulator with isodromic device (Fig. 67) differs from the others 
(astatic), by the presence of an additional term in the right side 
with the time derivative of the regulated quantity, which is the 
cause of improvement of the transient response of the given system. 
The design realisations of these conclusions, leading to astaticity 
of the system, may be very varied.

Self-oscillatory systems. An automatic regulation system (and 
servcmechanism) is termed self-oscillatory if under stationary 
external conditions defined by the values f° =  const and y° =  const,

AF =  Ae ^ s i n ^ + p ) , (11.27)

(11.28)
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it has a stable oscillatory process, which is the steady-state operating 
regime of the given system.

An example of such a system may be the temperature regulation 
system, shown in Fig. 27, where self-oscillations were found in the 
examples of Section 9 and Section 10. Another form of self-oscillatory 
system is the vibrator voltage regulator (Section 56).

If self-oscillations are admissible in the system, its parameters 
are selected so that the amplitude and frequency of oscillation will 
have practical values for the given system. If oscillations are not 
permissible, it is necessary either to change the parameters of 
the system to pass out of the region of oscillation or, when this is 
not possible, to change the structure of the system or introduce 
special external periodic forces (Section 13).

Self-oscillations represent a periodic stationary error of the system 
in addition to the static error, which may occur here as before.

Reduction of the stationary dynamic errors of the system. To 
reduce the stationary dynamic error, in the process of following 
with constant velocity (for constant load /° =  const), from (7.23) 
we require, if the system is static, reduction of the coefficient 6„ 
and increase of an but, in addition, it is always necessary to minimise 
the difference ft0on_x where k0 is a given scale coefficient relating
the output and input quantities of the given servo-system. Here 
it is assumed that the basic relationship cv =  Tc0an (7.18) is satisfied 
exactly. If the system is so designed that in the equation of motion 
of the system (7.14) we have bm = 0 (astatic system) and, in addition, 
also cv_! =  Tc0an- i ,  then the stationary dynamic error is eliminated 
in the constant velocity regime.

When the given system is oscillatory there remains a periodic 
stationary error as a result of superposition of oscillation on the 
steady-state constant-velocity motion.

If more stringent requirements are placed on the automatic system— 
to ensure the minimum stationary dynamic error in the process of 
following with constant acceleration then, from (7.27), to the previous 
conditions is added a new one: it is necessary in the equation of 
motion of the system (7.14) to make the difference cv_2— k0an- 2 as 
small as possible. For complete elimination of the stationary error 
we require, consequently, bm =  0, cv_x =  kQan-i,  c„_2 =  k0an- 2 (in 
addition to the fundamental relationship cv =  k0an).

The technical realisation of all these recommendations will be 
clear from the following, when in assembling the equations these 
coefficients will be expressed through the system parameters.

We note, finally, the requirements on an automatic system permit
ting reduction of the stationary dynamic error with sinusoidal input 
to the system.
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Let it be required that an automatic regulator maintain constant 
the value of the regulated quantity (for example, a ship’s course) 
with oscillatory perturbations f(t) on the object (for example, due to 
a regular wave). Then by constructing the amplitude-phase charac
teristic Wf(io>) for the given closed regulation system (ship-regulator) 
it is possible to find what amplitude Aa will be attained by the 
ship’s course for the given wave amplitude a and frequency w. The 
circuit and parameters of the system are chosen so that the amplitude- 
phase characteristic of the system (Fig. 50 or 51a) in a defined 
frequency band co of possible wave frequencies would give an ampli
tude Aa  not exceeding a permissible magnitude.

If there is an automatic servomechanism which should reproduce 
a given sinusoidal oscillation y(t) = asincoi, then, by constructing 
the amplitude-phase characteristic Wy{ia) it is possible to determine 
the stationary dynamic error of reproduction of this input in amplitude 
and in phase at a given frequency co. In  this case it is required that 
in a given band of possible frequencies of the external input force, co, 
the amplitude-phase characteristic (Fig. 50) would have the magni
tude A, as close as possible to unity or to an arbitrary desired 
value 7c0, while the quantity p as close as possible to zero or to some 
required phase value.

These requirements are sometimes conveniently analysed from 
other frequency characteristics (Fig. 51). For example, closeness of 
the amplitude A  to the required scale coefficient 1c0 in the interval 
of frequencies 0 <  co <  coc is easily studied by construction of the 
amplitude frequency characteristic (Fig. 70). The band of frequencies 
0 <  co <  coc in which the value A  is not permitted below some given 
value is termed the passband of the given system; coc is the cut-off 
frequency.

I t  is also possible to estimate the stationary dynamic errors of 
the system for arbitrary periodic perturbations and input forces 
from the amplitude-phase characteristics in accordance with the 
discussion at the end of Section 8. Finally, it is usually important to 
investigate the system for dynamic errors of a random character, 
which will not be considered here.

F ig . 70
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12. Auxiliary feedback in linear systems

Feedback is one of the most powerful means of decreasing dynamic 
errors of all types and to a lesser extent this also applies to 6tatic 
errors.

Feedback is the term for a branch of the system which connects 
some subsequent circuit with a preceding one, forming a closed 
circuit (Fig. 71a or Fig. 716).

( a )
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Automatic regulation systems and mechanisms, as we already 
know, always have a closed loop (Figs. 10, 21, 23). From this point 
of view they already always contain feedback. But, in addition, 
in automatic regulations systems and servomechanisms auxiliary 
feedback is employed which establishes in the system additional 
closed loops (Fig. 72). Frequently they are simply termed 
feedback, eliminating the word “auxiliary” , as self-understood, since 
one closed circuit is always present in the system.

Positive and negative feedback. In  general, feedback may be posi
tive or negative. Feedback is termed positive when the variables Xp, 
and x  (Fig. 72) enter with the same sign into the equation of that 
loop of the system at the input of which it is applied. If the signs 
of the variables X& and x  are opposed, the feedback is termed nega
tive (this occurs also in Fig. 3, where x, =  y—x2). Negative feedbacks 
of various forms have obtained wide application in automatic regula
tion systems and servomechanisms.

Positive feedback is usually applied to increase the gain factor 
of one or another circuit of the basic network. Negative feedback 
usually has as its purpose “stabilisation” of the system, i.e. trans
forming an unstable system into a stable one or increasing the rate 
of attenuation of the transient process in a stable system. We shall 
explain this by simple examples.

Let circuit 1 (Fig. 73), taken individually, be described by the 
equation

Tlx2+x2 =  , (12.1)
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where \  is the gain factor of the circuit. We shall apply feedback 2 
to it with the equation

x1b =  • (12.2)

( a )
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Then in the case of positive feedback equation (12.1) should be 
rewritten in accordance with the circuit (Fig. 73) in the form

+a>2 =  Ic^X! +Xfl, ) , (12.3)

F ig . 73

From which, with regard to (12.2), we obtain: 

T1i a+(1—kjh^Xa =
or

T&z+Xz = k^ct , (12.4)
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where
T,

1 -Tc^kf ’ JCa -- *1
®/6 1 tcJCfb

The new gain factor Tc2 is greater than fcj, since

h

(12.5)

1 h-JCjb>  fcj (with 0 <  Ttjkfb <  1) ,

which was to be proved (for kjtp, >  1 we obtain instability). 
Now let the circuit 1 be unstable (Fig. 73) with equation

Txx2—x2 = k1xl . (12.6)

We include it in feedback equation (12.2). If this feedback is negative, 
then equation (12.6) is rewritten in the form

T \ X 2 X2 — ^fb) , (12.7)

which, because of (12.2), gives:

Txx2+(k1kfb—l)x js = \ x x , (12.8)

i.e. for the case kykp, >  1 the introduction of negative feedback 
transforms the unstable circuit into a stable one.

Stiff and transient feedback. The term “feedback” shall below, 
unless otherwise stated, always mean only auxiliary negative 
feedback.

Stiff feedback is feedback which is characterised in the Bteady- 
state by the following equation (direct dependence):

*/6 =  xibx°i (12.9)
or more generally

x% = /(a?) , (12.10)

where and Xp, denote the input and output quantities of the 
circuit, playing the role of feedback. The index “0” above, as always, 
denotes steady-state quantities; in the transient process a further 
derivative of these quantities with respect to time may be added 
to the feedback equation.

Transient feedback is feedback in which the output quantity xfb 
does not depend directly on the input quantity x( but is expressed 
through its derivative with respect to time (velocity). Therefore 
transient feedback may involve the same value of the output 
quantity x% for various steady-state values of the input quantity 
transient feedback is often termed velocity feedback.

Examples of automatic regulation systems with stiff feedback 
are: the velocity regulation system (Fig. 74) and voltage regulation 
system (Fig. 75). The structural diagram of these systems is shown
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in Fig. 72a (compare the circuits of Figs. 74 and 75 with the circuits 
of Figs. 18 and 19).

In  the first example (Fig. 74) stiff feedback is realised by the 
rigid mechanical transmission 6 from the output of the hydraulic

drive to the input of the control element i.e., the slide valve 3, 
through the arm ABC. Here the feedback causes displacement of 
the gate valve, opposite to its displacement by the sensitive element 2.

In  the second example (Fig. 75) the role of stiff feedback is carried 
out by the auxiliary winding 6 of the electromagnet, excited by 
the voltage V ib, obtained from the regulating rheostat 5. In this 
case a change of the total tractive force of the electromagnet takes 
place due to the change in current in the feedback circuit while the 
latter depends “directly” on the magnitude of displacement \  of 
the slider of rheostat 5. Winding 6 is connected to oppose the winding 
of the sensitive element 2.

In  both examples the effect of stiff feedback may be roughly 
considered as an anticipatory disconnection of the drive of the
o
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regulating organ with succeeding reduction of the approach velocity 
of the system to steady-state.

In  essence, in the absence of feedback the control element 3 (Figs. 18 
and 19) disconnects the drive only when the sensitive element 2 places 
it in the neutral position. If the sensitive element 2 were ideal, then, 
as is evident from the circuit, the neutral position of the control 
element 3 (without feedback) will occur only when the regulated 
quantity (co or V) returns to the required value, i.e. when the devia
tion of the regulated quantity—to, AF reduces to zero (point A  in 
Fig. 76).

But such a disconnection of the drive is too late since because of 
the inertia of the system the regulated quantity will continue to 
decrease further (curve A B  Fig. 76). This phenomenon is termed

overshoot. Then the control element connects the drive 4 of the 
regulating organ 5 on the opposite side. Everything is repeated: 
the drive is disconnected at point 0; as a result of the system of 
inertia the regulated quantity increases, etc. As a result in a regu
lation system with this type of control of the drive the oscillations 
are attenuated either unacceptably slowly or even not a t all.

To prevent overshoot A B  (Fig. 76), it is obviously necessary 
to disconnect the drive of the regulating organ before the regulated 
quantity returns to the required, i.e. earlier than the point A  and 
“brake” reduction in the regulated quantity. The role of such a “cut
off” and “brake” is played by negative feedback. In  particular, 
when an increase Aw of the regulated quantity w appears in the 
circuit of Fig. 74, the weights of the sensitive element 2 shift the 
position of the gate valve 3 from the neutral position upwards. 
Meanwhile the piston of the drive 4 moves upwards and shifts the 
regulating organ 5 downwards, reducing the supply of energy to the 
regulated object or engine. Simultaneously with this the feedback 6 
shifts the point A  of the arm A B  upwards, covering the gate valve 3. 
As a result the drive disconnection occurs not at point A  as before, 
but at some point D  (Fig. 76), after which the drive switches to 
motion in the reverse direction, playing the role of a brake. As 
a  result of this the curve of variation of the regulated quantity
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takes the form DR. Consequently, in this case the introduction 
of stiff feedback as a drive cut-off gives a more rapid attenuation 
of the transient and eliminates undesired oscillations of the regulated 
quantity. The same occurs in the other example (Fig. 75).

However stiff feedback, together with this basic property of 
forming a stable system and reducing the dynamic errors, has one 
defect, namely tha t it introduces a static error into the system.

Thus, in the present example the velocity regulation in the absence 
of feedback (Fig. 18) gave an astatic system (Section 11). We shall 
show that with introduction of the stiff feedback (Fig. 74) a static 
system is obtained. In  fact, the steady-state of the system is possible 
only at a neutral position of the gate valve since otherwise the regu
lation organ 5 will move. This corresponds to a definite position 
of the point C on the arm ABC. But for various steady-states involv
ing constant values of the load torque on the shaft we should have 
differing positions of the regulating organ 5 meaning, in view of 
the rigid coupling, various positions of the point A  of the arm ABC. 
This requires th a t the point B  should be located correspondingly 
in differing positions for constant position C. Consequently various 
positions of the weights 2 are obtained, and thus various steady- 
state values of the regulated quantity w, the angular velocity of the 
engine.

Thus in the present case the introduction of direct feedback 
transforms the astatic characteristic of the system (Fig. 68) to statio 
(Fig. 65).

The second example (Fig. 75) behaves analogously. If in the 
first linear approximation it is assumed that variation of tractive 
force of electromagnet as a result of feedback 6 will be proportional 
to the displacement of the rheostat 5, i.e.

AF,b «  -T tf i l , (12.11)

then in place of the equations of the transient process of the system
(11.19) and (11.20) here in the presence of direct feedback in ac
cordance with Fig. 75 and (12.11) we obtain, neglecting the mass m :

<&+<& =  cATcAV-kflZ), 1 
A7 =  —Tt^—k i f , J

or, eliminating £.

c2AF -KiAT Jrci(kfb+kkl)AV = — c2fc2/—c^kj— cjc^k^f . (12.13)

From (12.12) it is evident that the term kfb%, introduced by the 
feedback, if it is shifted to the left, is just such a term which previ
ously distinguished a static regulator (11.14) from an astatic one
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(11.15), (11.17) and. (11.19). The static error of the system here
will be:

A V*

in the absence of feedback (kfb =  0) it will be zero.
The attem pt to employ the valuable dynamic properties of a system 

with feedback without introducing static error leads to the applica- 
tion of transient feedback. Examples of systems of automatic regula

tion with transient feedback may be voltage regulation systems 
(Figt 77) and velocity regulation systems (Fig. 78). The block 
diagrams remain as before (Fig. 72a).

In  the first example (Fig. 77) a direct dependence (12.11) is absent 
from the feedback, which is attained by introduction of a trans

former 7-8 into its circuit. In  this case in the feedback secondary 
circuit 8, containing the winding 6, there will be induced currents 
only in the dynamic state, when a change of current in the primary 
circuit 7 occurs. Then in the first approximation it is possible to 
write:

dl.
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or, passing to the change of tractive force of the electromagnet,

AF1b *  , (12-14)

which replaces the previous relationship (12.11).
In place of (12.12) we obtain:

+c£  =  Ci(k&V-lcfbi) , AV = -TtZ-TcJ , (12.15)
or

c2A V +(c1+c4fc/6)AF +cikklAV =
—c ^ f —ic i+ c jc ^ k j .  (12.16)

In the present case the system remains astatic as it was without 
feedback ((11.19) and (11.24)), but only because the feedback increases 
the coefficient cr for the first derivative by the magnitude cjc1b. 
This, as is evident from (11.18), reduces the time constant T  to the 
value

T 2 c2
C| +  Cjkfb (12.17)

and reduction of T  signifies more rapid attenuation of the transient 
(Figs. 79 and 696).

In  the second example (Fig. 78) a transient isodromic feedback 
is shown, consisting of the damper D and the spring 8. The equation

of motion of the damper piston (and the point A  at the output of 
the feedback) will be:

where
m z  =  A F S — F d ,

AFs =  CjZ , Fd = c2(z—u) ,

and z and u are the displacements of the piston and cylinder, (z—u) 
their relative velocity. From this, neglecting the mass m, we obtain:

CzZ+CjZ — c2u . (12.18)

Dividing this by c, and noting that the displacement u of the feedback 
cylinder I) is proportional to the displacement x  of the regulating 
organ 5, (12.18) may be written in the form

T/t)z +z =  Tcjbx . (12.19)
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This formula, just as (12.14), states tha t the output quantity is 
not directly dependent on the input quantity of the feedback circuit, 
but on its rate of change. This also provides more rapid attenuation 
of the transient than without feedback (Fig. 79), preserving the 
absence of static error in the system. The feedback described by an 
equation of type (12.19), in distinction to (12.14), and termed 
transient isodromic feedback, provides better and more rapid atten
uation of the transient process.

Finally, consider the circuit of a servo mechanism with auxiliary 
transient feedback (Fig. 80). In  this the feedback is supplied by the

x
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tachometer Tm, which produces a voltage proportional to the angular 
velocity of the output shaft of the system, i.e.

Vft, — Tcfbx , ( 12.20)

where x  is the angle of rotation of the .output shaft (regulated 
quantity).

In  this example the feedback output V#, is applied to the input 
of the amplifier. The fundamental action V  from the control element 
(Fig. 80), proportional to the error x1 (i.e. the difference in angles 
of rotation of the input and output shafts), which is processed by 
the error detector, designed, for example, in the form of a mechanical 
differential, is also applied to this point. The effect of the feedback V» 
is subtracted from the effect of the control element V.

We remark that the introduction of various forms of feedback 
does not have the same effect in all systems. Therefore in each 
concrete case it is necessary to analyse it with the aid of stability 
and quality criteria taking into account the calculated static and 
dynamic errors.

13. Auxiliary feedback in non-linear systems

Practical methods of linearisation.
In  non-linear systems feedback carries out the same functions 

as in linear (Section 12), but here there appear new properties: 
(1) suppression of oscillations and (2) linearisation of the system 
which, to avoid repetition, we shall just touch on in the present
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paragraph. Here we shall also discuss practical methods of linearisa
tion for non-linear vibrating systems.

Suppression of oscillation. As an example let ns take a tempera
ture regulation system (Fig. 27) and introduce auxiliary stiff feedback 
into it in the form of a mechanical transmission from the drive 
shaft of the regulating organ to the contact panel 7 (Fig. 81). As

a result we obtain an angle of rotation a?/& of the panel proportional 
to the displacement of the regulating organ (x/b =  &/&£). We Bhall 
construct this transmission so tha t the rotation of the panel 7 under 
the action of feedback would occur on the same side as the deviation 
of the sensitive element of the regulator—the bimetallic plate 2. 
Then the relative displacement s of the bimetallic plate 2 and the 
contact plate 7 will be equal to the difference of effects of the sen
sitive element and the feedback, i.e. we obtain negative feedback.

In  the example in Section 10 we have seen th a t without feedback 
in this system with a relay characteristic of the form of Fig. 53a 
the only possible steady-state process in the system was oscillatory 
and a constant value of the regulated quantity could not be estab
lished. Feedback 6, acting in the presence of these oscillations 
approximately as described in Section 12 (Fig. 76), will either sub
stantially reduce the amplitude of oscillations or completely eliminate 
oscillation and make the system 6table with regard to the steady- 
state process with constant value of the regulated quantity. In  the 
latter case a neutral position of the relay on an insensitive zone 
is necessary.

As will be explained later (Part IV), the presence of a sufficiently 
wide insensitive zone of the relay may eliminate oscillation by itself 
without the introduction of feedback. But then there will also appear 
a static regulation error due to the insensitive zone. This measure 
is less effective. To suppress oscillation it is also possible to introduce 
the derivative into the regulation formula (Section 15).

Linearisation with the use of feedback. We shall now explain how 
feedback in a non-linear system may linearise it.
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Consider, for example, a system for regulating the course of a marine 
torpedo (Pig. 26). Here, with continuous deviation of the torpedo 
from the course ^  the gyroscope 2 shifts the gate valve (angle of 
rotation 9), opening the compressed-air feed in the cylinder 3 of 
the rudder drive. As a result of this the piston and the rudder to 
gether with it shifts from one extreme position to the other. There
fore the characteristic of the rudder drive has a clearly non-linear 
form (Pig. 82a). The loop in the characteristic is explained by the

fact that before opening the air inlet in one of the channels passing 
to the cylinder, the gate valve, as is evident from Pig. 26, turns 
by some angle, termed the angle of overlap.

Now let us introduce stiff feedback as shown in Fig. 82ft; in particu
lar, we shall place the inlets of the air channels leading to the cylinder 
on a movable block 5, joining the latter by a linkage mechanism 
with the piston of the rudder drive 3. Then with reversal of the 
gate valve (by the gyroscope), for example clockwise, the air inlet 
in the right chamber of cylinder 3 is opened and the piston moves 
to the left. Simultaneously with this the feedback arm (fb) will move 
the block 5 to the left, keeping it always under the gate valve and 
by this blocking further air admission to the cylinder. As a result, 
to each steady-state position of the gate valve 9 there will corre
spond a definite position of the coupling rod of the rudder drive tj, 
where the quantity yj will be proportional to the angle 9 in view 
of the stiffness of the feedback.

Thus, the characteristic of the rudder drive has, with feedback, 
become linear (Fig. 82c). However as a result of the presence of the 
angle of overlap of the gate valve, the piston with the feedback 
may for some given 9 not settle in an exactly defined position t] 
but in some zone about it. The characteristic of the rudder drive 
will therefore be somewhat diffuse, which is shown by the broken 
line in Pig. 82c.

In the present case the rudder drive becomes a closed loop servo
mechanism included in turn as a circuit of the closed loop torpedo-
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course regulation system. This servomechanism is non-linear from 
the point of view of its internal processes but has an approximately 
linear character as a whole. Therefore in studying the entire present 
regulation system it is possible to consider the rudder drive with 
feedback as a single linear circuit without regard to its internal 
processes.

The particular role of feedback in non-linear systems consists in 
the following two important additional properties.
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Linearisation employing vibration. Here we shall discuss a further 
practical method of linearising non-linear circuits of automatic 
systems—the generation of supplementary vibration at relatively 
high frequencies using an external periodic force.

As the first example consider non-linearity in the form of dry 
friction when the friction force F f is approximately constant in 
magnitude and changes its sign with change of sign of the velocity v 
of the relative motion of the rubbing parts (Fig. 83a). I t  is well 
known that if the foundation of a mechanism in which dry friction 
occurs is caused to vibrate by an external force at sufficiently high 
frequency (several times the natural frequency of the mechanism), 
the mechanism will operate as if the non-linear dry friction has been 
replaced by approximately linear friction, proportional to the velocity. 
This is explained by the fact that with application of the vibration 
X  = asinwtf, a vibration velocity Va = aw cos ot, is superimposed 
on the velocity V of relative motion of the rubbing part (Fig. 83c); 
and if

au>> v 1 (13.1)



124 The Dynamics of Automatic Control Systems

the dry friction force -will change sign (Fig. 83d); the mean friction 
force in a single period will be:

= - c T t +  cT2 
T

From the segment of the curve DE  we have v =  aw sin w^ or

Consequently,

, 1 . . vt , =  — sin-1 — . w aw

T, = |  + 2tx = -  + -  —  , T2 =  | - - 8in-1 —2 2 Co Aco 2 co do
Therefore, considering that T  =  2n:/w, we obtain:

xr 2c . , vFav =>----- sin-1 — ,7t aw ’
which is represented by the broken line in Fig. 836 for the condition 
v <  aw (13.1). Determining the slope of the tangent, a t the origin 
of coordinates (full line in Fig. 836), we obtain:

2cF f —c2v , where ca = ------. (13.2)

This is approximately valid only under the condition (13.1), which 
is realised through a high frequency w with sufficiently small oscilla
tion amplitude a, which will not disturb the functions of the given 
mechanism in the automatic regulation system.

A second example is an electromagnetic relay operating as a vibra
tor. Let its characteristic without vibration have the form of Fig. 84a, 
where I  is the current in the control circuit, V  is the voltage in the 
control circuit, I 0 is the current at which the relay switches. On the 
constant input current I  wo superimpose from outside an additional 
oscillation of such amplitude and frequency that the relay armature 
vibrates continuously, closing and opening the control circuit (output 
voltage V).

Then, if the input current I  (constant component) is equal to zero 
(Fig. 846), the relay will vibrate about a mean position and therefore 
the mean value of the output voltage V will be zero. If the input 
current I  has some non-zero constant value, for example positive, 
the vibration then will occur about this positive value (Fig. 84c) 
and therefore the relay will be connected to the positive side for 
a greater portion Ta of the oscillation period T  and for a smaller 
portion Tx of the period T  to the negative side.

As a result we obtain at the output

Vav = t 2- t x
T c 1 (13.3)
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Thus, to each value of the constant component of the input 
current I  will correspond a definite mean value of the output 
voltage V, which is represented by a continuous characteristic 
(Fig. 84d) replacing the previous relay characteristic (Fig. 84a). 
This effect is maintained when I  varies at a substantially slower 
rate than the superimposed sinusoidal current. In  order for the 
whole automatic system of which the given relay is a part to operate 
on the mean value of the voltage and not to reproduce the external 
vibration, it iB necessary that the frequency of the latter should 
be several times the natural frequency of the system. All this is 
valid, as is evident from Fig. 84c, with

I  < A .  (13.5)
The characteristic obtained (Fig. 84d) may be considered linear 

in its initial portion with
V ft* k l  , k =  — r . (13.6)

IT A
If the sinusoidal curve of current variation in Fig. 84c be replaced 

by a triangular or a sawtooth curve the segment E E  will be recti-
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linear with some definite slope angle.Therefore we obtain

Ti =  -  + 2 /c o ta  , Tt = — —27cot a ,

where cota is measured in seconds per ampere or milliampere. Con
sequently, expression (13.3) takes the form

4 eotoc
Vav =  M Jc = T

i.e. in place of the curvilinear characteristic (Fig. 84d) we obtain 
an exactly linear characteristic (Fig. 84e), which replaces the original 
relay characteristic (Fig. 84a) under condition (13.5).

Similar methods are frequently employed where for ease of design 
it is desirable to apply a relay and at the same time retain system 
linearity.

We remark that a similar effect is obtained in a chopper-bar pulse 
regulation system of type b (Fig. 31). If the pointer 4 slides over 
the contact plate 9, there would be a relay characteristic of form 2 
or 6 (Fig. 24). But due to the oscillation of the bar 7 the pointer 4 
(Fig. 316) closes the circuit at time intervals proportional to the 
input pointer displacement s. Then the average voltage oscillation 
over a period (4.1) will be proportional to the input quantity s.

Finally, we note that the introduction of auxiliary vibration in 
the mechanism causes the elimination of dead zones due to the 
presence of backlash and insensitive zones, always assuming that 
the vibration frequency is sufficiently high and the amplitude exceeds 
half of the backlash or insensitive zone.

All the above, aside from the direct technical advantages connected 
with a simple means of realising continuous regulation, is very 
important in permitting an approximate theoretical analysis of es
sentially non-linear, and linear pulse, systems by the methods of 
ordinary linear theory, which are substantially simpler and better 
developed than the theory of non-linear systems.

In  Chap. XVII, there will be a more detailed discussion of the 
conditions for vibrational linearisation of non-linearities.

14. Regulation function
Introduction of the integral into the regulation function.
The differential equation of an automatic regulation system 

(Fig. 85) may be divided into two parts: (1) the equation of the 
regulated object, for example in a linear system:

0i(p)* = - W p f t - S J p M t )  , (14.1)
and (2) the equation of the regulator

QM l  = Hi(P)x , (14.2)
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where * is the deviation of the regulated quantity (error), £ is the 
regulating force, f(t) is the perturbation (load) on the object, Q1{p), 
Ry(p), 8y{p), Q2(p), R 2(p) are the corresponding operational poly
nomials.

For example, we had the equations of the regulated object (11.20) 
and the regulator (11.14) and, eliminating the variable we obtained 
a single equation for the system (11.21), i.e. tha t which was written 
in the general form (5.2) or (5.7).

If the operational polynomial Q2(p) in the hand side of the regu
lator equation has a constant term i.e. the equation contains the 
quantity \  and not only its derivatives, it may be stated tha t the 
right-hand side of the regulator equation R 2(p)x indicates on what 
the regulating force \  on the object depends—if on the deviation 
alone of the regulated quantity x, when in place of R 2(p) there is 
a constant coefficient, or if also on the derivatives of this deviation, 
describing the velocity and acceleration of the deviation of the 
regulated quantity, etc.

Therefore if the operational term Q2(p) in the left-hand side of the 
equation contains a constant term, the right-hand side R2(p)X  of 
the regulator equation is termed the regulation function. If Q2(p) 
does not have a constant term, the regulation function must be 
considered, obviously to be R2(p)xjp. If Q2{p) does not contain p 
in the first power, the regulation function will be R2(p)[p2.

Thus, for example, in Section 11, where the role of x  was played 
by the deviation of the regulated voltage AF, the equations of four 
different regulators: (11.14), (11.15), (11.17), (11.19) where given 
and the operational polynomials Q2{p) and R2(p) had the following 
forms respectively:

1) Qt(p) =  mp* + c2p + ct , R 2(p) =  k ‘,
2) Qi(p) =  mp2-\-cip , R 2(p) = fc;
3) Q2(p ) = c3mp3 +  (cxm + c2c3)p2 +  c,(c2 +  c3)p ,

R2(p) =  c3fcp +  c,fc;
4) Qi(p) = mp3 +  c2p2 +  cyp , R3(p) =  ctk .
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Consequently, in the first case the regulation function with respect 
to the deviation of the regulated quantity was KAV, in the second 
case TcAV/p in the third case CaKAV  +  CTcAVjp with respect to devi
ation and integral and in the fourth case CJTAVjp.

This is the role of the right-hand side of the regulator equation 
R 2{p)x and the last term of the expression Q2(p). The remaining 
terms of the left-hand side of the regulator equation Q2(p), i.e. 
mpi + c2p in the first case, mp% in the second, campa + (c1m + c2ci)pa 
in the third and mp3 + c2p2 in the fourth establish the dynamic 
errors of the regulator. In  those cases where there are no additional 
terms in the left side of the regulator equation, the term ideal regula
tor is used, which corresponds to an ideally designed regulator without 
dynamic errors for the given regulation function. As is evident from 
the above expressions, the cause of non-idealness of the first regu
lator is the presence of mass m and the resistance coefficient ca. 
In  tho second regulator non-idealness is determined only by the 
mass m , while the resistance c2 (damping) plays a positive role since 
here it enters into the last term of the expression Q2(p).

From the above examples of the four regulator equations it is 
evident tha t the first of them has a regulation function which only 
takes into account the deviation of the regulated quantity, while in 
the remaining three the regulation function contains the integral of 
the deviation of the regulated quantity. From Section 11 it follows 
that the first of these regulators is static, the remaining three astatic.

From this it is possible to draw the conclusion tha t the intro
duction of the integral into the regulation function gives an astatic 
system, i.e. eliminates static errors from automatic regulation 
systems. Here it is necessary only to remark that the question of 
astaticity of the system is not decided finally by the equation of 
the regulator alone but by the equation of the entire system (the 
absence of a constant term in the operational polynomial for perturba
tion /  in the right-hand side of the equation of the overall system), 
which for the examples considered was expressed in the forms 
(11.22)-(11.24). Therefore the above formulated rule may have 
exceptions if the equation of the regulated object has singularities.

Aside from the four methods of introducing the integral into 
the regulation function, presented in the paragraphs on astatic 
systems in Section 11, and the fifth method in Section 12, there 
exists a further method of direct inclusion of an integrating device 
in parallel with the action of the sensitive element of the regulator, 
as shown in Fig. 86. Here the sensitive element applies to the regu
lator circuit the quantity lex proportional to the measured deviation 
of the regulated quantity <r; simultaneously with this quantity lex 
passes through the integrating device and is applied further in th e
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form k i f  xdt. As a result the quantity applied to the succeeding 
circuit of the regulator is

** +  * ,/»< #  or

which introduces the integral into the regulation function. The 
principles of operation of integrating devices are quite varied (me
chanical, hydraulic, electric motor, electrical circuits, electronic, 
electromechanical, etc.) and are considered in the specialised literature.

F i g . 86

For example, let the equation of the regulator of a static voltage 
regulation system have the form (11.14), namely

m l +  c£  +  =  &AF .
Let us introduce an integrating device into this system. Then in 
place of the above equation we obtain

m l + c ^  + c ^  =  fcAF +  fc,/ A V a t, 

or, after differentiation with respect to t:

ml +  c.5 -1- o,5 =  * AF +  \  AF; (14.3)
this has the same form as the regulator equation (11.17) of an astatic 
system, the term in the variable I  being absent.

F i g. 87

The structural diagram of a servomechanism with error integral 
is shown in Fig. 87. The integral is introduced into servomechanisms 
for the purpose of eliminating stationary errors in the process of 
following with constant velocity or with constant acceleration. In  
the latter case a double introduction of integrals is required*.

* A concrete example is given in Section 38.
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For a double introduction of integrals 

kx + kx J x d t+ k 2f  ( fx d tjd t or (kpi + k1p + k2)x
pi

the system is termed double-astatic, as this usually leads to absence 
in the overall system equation (5.2) not only of the constant term bmf 
but also of the term in the first derivative of the load 6m_i/, as 
a result of which static error will be absent from the system not 
only with constant but with uniformly varying loads.

We shall now show that simultaneously with the positive property 
of eliminating static error, the introduction of the integral into the 
regulation function most frequently has a negative influence on the 
quality of the transient response of an automatic regulation system.

For example, let the deviation of the regulated quantity x  vary 
as shown in Fig. 88a. Then jx d t  will have approximately the form of 
Fig. 886. To prevent overshoot BC and consequently accelerate 
attenuation of the transient process it would already be necessary 
on the segment AB, simultaneously with the positive force kx 
from the sensitive element, to apply an additional negative force, 
as was the case for negative feedback (Section 12). Here, in place 
of this, there is obtained an additional positive force kxjxd t  since 
fxd t (Fig. 886) is positive on the segment AB. Consequently, in 
place of retarding reduction of x  with approach to zero, as was 
done by feedback, the effect of the integral strengthens the action 
of the regulator towards the side of decreasing x, aggravating over
shoot.

In addition, even on the segment BC, where a reverse action of 
the regulator is already required to return the deviation x  to zero, 
the integral jxd t  remains positive as before; consequently, it again 
prevents the regulator from acting towards the side of further 
reduction of the regulated quantity, since the effect from the devia
tion kx does not overcome this deleterious effect of the integral.
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Thus we see th a t introduction of the integral into the regulation 
function strongly influences increase of oscillation of the regulated 
quantity in the transient regime, worsening by this attenuation of 
the transient and may even cause free oscillations, i.e. make the 
system unstable.

That is how matters stand when the deviation of the regulated 
quantity x and its integral enter into the regulation function. Obvi
ously, the transient response may be worsened still more when the 
integral enters into the regulation function without the deviation x. 
But this is precisely what occurs, in accordance with the remarks 
at the beginning of the present section, in the following four methods 
of establishing astaticity of the system (Section 11 and Section 12): 
matching of characteristics, removal of the spring, introduction of 
an integrating drive, introduction of transient feedback of the type 
(12.14) in the presence of an integrating drive. Consequently, in 
all these four methods of eliminating static errors in an automatic 
regulation system, it is particularly necessary to analyse carefully 
the quality of the transient responses and, when necessary, to adopt 
additional methods for its improvement.

In  this respect the third method of establishing astaticity of the 
system is advantageously distinguished from the others—the intro
duction of an isodromic device (Section 11) and the method of 
introducing isodromic feedback of the typo (12.19). These methods, 
simultaneously with introduction of the integral, retain in the regula
tion function the deviation of the regulated quantity, by which is ex
plained the improved quality of the transient response when using 
these methods.

These conclusions also relate to methods of introducing integrals 
into servomechanisms.

The considerations in the present section have been simplified. 
The question of the effects of introducing the integral into the regu
lation function require in each system a more detailed analysis by 
the methods described in succeeding parts of this volume.

15. Introduction of derivatives into the regulation function

The introduction of derivatives into the regulation function is an 
important means for improving the rate of attenuation of transients, 
where the introduction of derivatives has no direct influence on 
the static error of the system* (in contrast, for example, to stiff

* However, improving the transient response, introduction of derivatives 
into the regulation function establishes conditions favouring reduction of the 
static error by other means.

10
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feedback, which very effectively improves the transient response 
but gives rise to static error).

I t is possible to introduce derivatives into the regulation function 
by introducing several sensitive elements (Fig. 89a), the first of which 
measures the deviation of the regulated quantity, the second the

F ig . 89

velocity of deviation, the third the acceleration of deviation. The 
outputs of all the sensitive elements are added at the input to an 
amplifier-transducer.

An example of such a system is an automatic pilot in an aircraft 
which has as the sensitive element I  (Fig. 89a) a free gyroscope, 
measuring the angle of the aircraft from its course i|/, as sensitive 
elements I I  and I I I ,  a rate gyroscope, measuring the angular ve
locity and the angular acceleration $ of the deviation of the aircraft 
from course. Consequently the sum of three forces is applied to the 
amplifier:

+  +  or ih  + hP  + hP*)']1 ■ (15.1)
However it is not always possible to realise so simply devices 

measuring directly the derivatives of the regulated quantity. There
fore other methods of introducing derivatives into the regulation 
function are adopted, shown schematically in Fig. 89&, Here there
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is a single sensitive element, measuring only the deviation of the 
regulated quantity. Its derivatives are obtained by the application 
of differentiating devices I  and I I .  Differentiating devices may be 
as varied as integrating ones i.e. mechanical, electrical, electro.- 
mechanical, electronic, thermal, etc.

An example of a servomechanism with first derivative is shown 
in Fig. 89c. Here from the rheostat R, the slider of which is rigidly 
connected with the shaft x, is detected the voltage 7 X, proportional 
to the error quantity x. The tachometer T, connected with the

same shaft, produces a voltage V2 proportional to the angular velocity, 
i.e. the first derivative x of the error angle. The sum of these two 
voltages is applied to the amplifier

V  =  Fx+ 7 a =  \ x -\-lc2x = (Jc1+lcip)x . (15.2)

The significance of introducing derivatives into the regulation 
function may be roughly explained in the following manner.

Let the deviation of the regulated quantity x  vary as shown in 
the graph Fig. 90a. The graph b shows how the derivative x will 
vary at the same time. '

If, as a result of the non-ideal sensitivity and some inertia, the 
regulator reacts only to the deviation x  it begins to act effectively 
only when the deviation x  attains a certain magnitude. I f  the regu
lator reacts not only to the deviation x  but to the derivative x (which 
may immediately attain some finite value, as soon as a deviation 
arises), it comes into operation substantially more quickly.

Reacting to the derivative x, the regulator appears to sense not 
only the deviation of the regulated quantity which has already 
appeared, but also the tendency of its further variation. Therefore 
derivative regulation is sometimes termed lead or anticipation regu
lation. ... -

The following appears important. The effect on the object,by 
a regulator reacting only to the deviation x  will be the same at 
point A  (Fig. 90a), where the deviation is increasing, and at point B,
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where it is decreasing. At the same time it would be useful for the 
regulator to act more strongly in the first case to prevent un
desirable increase of the deviation of the regulated quantity more 
effectively, while more weakly in the second case to prevent over
shoot, i.e. the possible passage of the curve x  through zero to the 
opposite side.

Both these aims are achieved by introduction of the derivative x, 
since when the regulator reacts to x  and x, as is evident from Fig. 906, 
its action is increased at the point A  (since here the effects due to x 
and x have the same signs) and is weakened at the point B  (since 
here the effects of x  and x have opposite signs). As a result the maxi
mum deviation x  is reduced and the approach of x  to zero is retarded; 
as a whole this leads to a faster attenuation of transients and to 
elimination of undesirable oscillation of the regulated quantity, if 
this was present before introduction of the derivative. At the same 
time, by introducing derivatives it is also possible to eliminate 
divergent oscillations from the system, i.e. an unstable system 
may be made stable and self-oscillation opposed.

We note tha t the application of transient isodromic feedback of 
the type (12.19) in place of simple transient feedback of the type 
(12.14) and application of an isodromic device in place of a simple 
damper (Section 11), which give improvement of the rate of attenua
tion of transients, are directly connected with introduction of the 
derivative. This is evident from comparison of the corresponding 
equations of the regulators (11.17) and (11.15). But there, in view 
of the astaticity of the system (the presence of the integral), this 
introduction of the derivative was expressed by addition of the 
deviation of the regulated quantity to the integral of the deviation 
in the regulation function.

In  addition it is possible to introduce into the regulation function 
the derivative when introducing the integral, i.e.

(fcip +  k2p +  h3)x ^  kjX + Jc^B+k^j x d t . (15.3)
V J

Then introduction of the integral eliminates the static error while 
the additional introduction of the derivative accelerates attenuation 
of transients.

The recommendations presented here are not universal and require 
careful analysis in each specific system through investigation of the 
stability and quality of the transient response. There may be indi
vidual cases where introduction of the derivative does not give the 
expected effect.



CHAPTER IV

SOME PROBLEMS IN THE THEORY OF AUTOMATIC
REGULATION

16. The theory o f automatic regulation

We have already remarked th a t automatic systems may have 
varying physical bases and may relate to any branch of engineering.

A given automatic system will frequently contain mechanical, 
electrical and electronic circuits. Heat engines are fitted with electro
mechanical and electronic regulators; electronic devices are fitted 
with electromechanical automatic devices; remote-control systems 
for moving mechanical objects include a complex of mechanical, 
electronic, electrical devices, etc.

Therefore each circuit of an automatic system must be studied 
in detail and calculated individually by the appropriate specialist 
(combustion engineer, mechanical engineer, electrical engineer, 
electronic engineer, aerodynamicist, etc.). But this is not enough. 
From the preceding chapters it is obvious tha t the practical appli
cability of each automatic regulation system and each servomechanism 
may be finally settled only by investigation of the static errors, 
stability, transient response, etc. for the entire system. Otherwise 
there will be no guarantee that the system produces the right effect, 
no matter how carefully its individual elements have been calculated 
and produced.

The most important circumstance here is tha t the regulated or 
controlled object itself must enter as a component of the closed 
regulation system or servomechanism. Therefore the quality of 
a given regulator or servomechanism cannot be finally decided 
without simultaneous investigation of the statics and dynamics of 
the regulator with its object (taking into detailed account the static 
and, in particular, the dynamic properties of the latter). No con
clusion can be made about the goodness or badness of a regulator 
or control system if the static and dynamio properties of the regu
lated object are not given.

I t  would however be unreasonable to find th a t a system is poor 
only in the final calculations. Therefore, before calculating in detail

13S
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each individual circuit of the system, it is necessary to design the 
overall system and to select the fundamental parameters of each 
of its circuits, starting from an investigation of the statics and dy
namics of the system as whole (including the regulated object).

The static and dynamic errors of a system do not consist simply 
of the sum of static and dynamic properties of the individual circuits, 
but are defined by the overall system of their equations and charac
teristics. Stability or instability of individual circuits of the system 
does not say anything about the stability and quality of the system 
as a whole. For example, a closed system consisting only of stable 
circuits may be unstable as a whole. On the other hand, a closed system 
containing individual unstable circuits may be as a whole stable 
(this determines, in particular, the possibility of automatic regula
tion and control of unstable objects).

I t  is important, further, tha t questions of static error, stability, 
transient response, etc. cannot be considered in isolation. In fact, 
the contradiction between the static behaviour and the transient 
response in an automatic regulation system has already been clearly 
seen in Section 14. In  trying to eliminate the static error there, we 
unavoidably encountered a lengthening of the transient disturbance 
and even the possibility of system instability; this contradiction 
will be considered more fully below.

I t  is therefore not possible to select the parameters of an automatic 
regulation system only from the static characteristics and steady- 
state properties of the system, without carrying out at the same 
time an investigation of stability and transient response, and vice 
versa.

Only the joint investigation of the statics and dynamics of the 
system as a whole can decide what structure • is best chosen for the 
system; if additional feedback should be introduced into the system 
and in particular what kind; if it is expedient to achieve an astatic 
system or if it would be better to make it static; if it is necessary 
to introduce derivatives into the regulation function; what influence 
its non-linearities have on the operating quality of the system; and, 
finally, which are the best numerical values of the fundamental 
system parameters to choose (transfer factors, gain factors, time 
constants, resistances, masses, inductances, etc.).

Since the objects and circuits entering into complete automatic 
systems relate to different branches of engineering, the study of the 
general methods of the statics and dynamics of automatic systems 
cannot be the subject of mechanics or thermodynamics or electrical 
engineering or radio engineering, etc. separately. At the same time 
it is well known that many essential questions of statics and, in 
particular, the dynamics of automatic systems in all branches of
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engineering are solved by the same mathematical and experimental 
methods.

A specialised science has therefore arisen—the theory of automatic 
regulation—studying the principles common to all closed automatic 
systems for determining the structures, methods of investigating 
the overall static and dynamic properties, methods of selecting the 
fundamental parameters of the individual circuits on the basis of 
the quality requirements placed on the overall system.

One important aspect of the theory of regulation is its charac
teristic form of analysis and evaluation of the solutions of various 
algebraic, differential, difference and other equations, sometimes 
with recourse to statistical methods as well as corresponding experi
mental investigations on models and their special mathematical 
processing. In view of the high order of the equations, the diffi
culty of their construction for a real system and the particular 
requirements for the systems, frequent recourse is had to special 
approximate evaluations and indirect theoretical and experimental 
procedures, which avoid the difficulties of a direct solution, but 
still provide sometimes even the setting up of the equations, a con
venient technical method of calculation in the synthesis of automatic 
systems.

Aside from direct application to the investigation and design of 
automatic systems, the methods of the theory of automatic regula
tion may be used in other fields of science and engineering where 
the investigation of stability and the determination of the static 
and dynamic errors are required for an arbitrary system, described 
by high-order differential equations. On the other hand, the theory 
of automatic regulation itself is substantially enriched through the 
adoption of the methods of investigation of the dynamics of these 
other systems and the methods of the general theory of oscillation.

The theory of automatic regulation has flourished in the last 
decade because of its connection with the practical requirements 
of contemporary engineering, and with the complete automation 
of many processes in all branches of engineering. This is its great 
practical significance. The theory of automatic regulation, by giving 
an understanding of the general principles of construction and the 
general dynamic properties of automatic systems, as well as means 
of their improvement, now becomes a necessary discipline for all 
engineers.

The present theory of automatic regulation includes a broad 
range of questions and is divided into the following specialised 
fields.

* 1. The study and development of general principles of designing
automatic regulation systems.
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2. Static calculation and selection of the structures and parameters 
of the system, starting from the admissible static error.

3. Investigation of the stability and choice of structures and 
parameters of the system, starting from the requirements of stability 
of the system.

4. Investigation of the transient response and the selection of 
structures and parameters of the system, starting from requirements 
placed on the transient response in the given system.

5. Investigation of the process of regulation in the presence of 
an arbitrary perturbation, the influence of which should be damped 
out of the system. The perturbation may be given as a function 
of time or by its probability characteristics or it may bo known 
only by limiting values between which the perturbation varies 
arbitrarily.

6. Investigation of the process of following an arbitrarily varying 
input signal which should be reproduced by the system to a certain 
precision. Simultaneously with investigation of the quality of 
reproduction of a useful signal it may be required to take into account 
the effects of random noise applied to the system together with 
the useful signal.

7. The study and development of the general principles of dy
namic simulation of automatic regulation systems and servomechan
isms, the construction of models and the carrying out of experi
ments; the experimental measurement of frequency and time charac
teristics of the system and its individual circuits.

The present book will give only the foundations of the dynamics 
of automatic-regulation systems mainly with respect to isolated 
automatic regulation systems and servomechanisms. We shall not 
consider here the dynamics of coupled systems with several objects 
and regulators which constitute an important and difficult field of 
investigation. The simulation of automatic systems, which has at 
the present time a very great importance, is not considered. Special 
methods of calculating the errors in automatic systems in the presence 
of arbitrarily varying perturbing factors and methods of investigating 
random forces of a statistical nature are not considered. This last 
question is discussed in a specialised monograph of V. V. Solo- 
do vnikov (Reference 12).

As will be evident later, in the theory of automatic regulation 
there exist many different methods having a common aim; the 
best choice of structure and parameters of closed automatic systems. 
For the present it is not possible to give preference to any of these 
methods over the others in all practical cases. Each of them is good 
for specific conditions. This is explained, on the one hand, by the*’ 
great differences in design and technical problems solved by auto-
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matic systems, which require differing interpretations of the terms 
“highest quality of the regulation process” , “best parameters of 
the system” , etc. On the other hand, the attem pt to develop more 
and more new methods of investigating the dynamics of automatic 
systems is explained by the fact tha t none of them completely 
satisfy the needs of practice.

17. On the history of the theory of automatic regulation

The founder of the theory of automatic regulation is the celebrated 
Saint Petersburg professor and engineer Ivan Alekseevich Vyshne- 
gradskii (1831-1895). Before the publication of his first work 
in this field in 1876 the theory of automatic regulation in fact did 
not exist, despite the fact tha t the design of regulators had already 
developed from the time when the first automatic regulator was 
invented by I. I. Polzunov in 1765.

The period before 1876 was characterised by intuitive invention 
and the development of individual, mainly static calculations. In 
the middle of the nineteenth century, in connection with the increase 
in speed of steam engines and the appearance of steam turbines, 
the problem arose of improving the quality of centrifugal governors. 
Here engineering came into practical contact with the contradiction 
between the static and dynamic behaviour of an automatic-regula
tion system, namely: attempts to increase the static precision led 
to slower attenuation of transient oscillations and even to instability. 
But this problem cannot bo solved by static methods of calculation 
and intuitive design. Individual dynamic investigations carried out 
by various authors did not solve this problem.

The first work in which the problem of the dynamics of simple 
regulators was correctly solved is due to I. A. Vyshnegradskii. The 
moment of publication of his work “On the general theory of regu
lators” (Reference 2) in 1876 is the birthday of the theory of automatic 
regulation. This work contains a brief description of the results 
obtained by the author. A detailed discussion was given in his work 
“On direct-acting regulators” (1877) and in the appendix to this 
work (Reference 2). There is information that a part of these results 
was already reported by I. A. Vyshnegradskii in 1872.

By correctly solving this important problem in the design of 
regulators Vyshnegradskii was a founder of contemporary automatic- 
regulation theory and his work retains its importance up to the 
present time. He gave engineers specific indications which showed 
how the different design parameters of a system influence the quality 
of regulation.

Vyshnegradskii, by his specific study, showed that a high-quality 
regulator may be developed only on the basis of simultaneous calcula-
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tion of this regulator with the regulated object. He also demonstrated 
that it is in no case possible to employ only the static calculations 
but it is necessary simultaneously to carry out dynamic calcula
tions taking into account the static and dynamic properties of the 
object and regulator. Conversely, it is not possible to limit the calcula
tion to the transient behaviour without determining at the same 
time the static error of the given regulation system.

In his investigation he applied linearisation to the equations of 
motion of a regulation system, now a basic technique in the theory 
of regulation.

Vyshnegradskii derived the stability condition of a dynamic 
system described by a third-order linear differential equation. He 
first introduced representation of the stability region in the plane 
of the fundamental system parameters.

Vyshnegradskii constructed a diagram where the stability region 
was divided into three parts, one of which corresponded to an oscil
latory transient process and the two others to different types of 
aperiodic processes. In  this he originated the investigation of the 
quality of the transient response. He showed in particular tha t the 
presence of complex roots in the characteristic equation in itself 
does not signify an oscillatory transient process. Vyshnegradskii’s 
diagram is even now directly used in technical calculations.

A. M. Liapunov and the significance of his work on stability. 
Since an essential role is played in the theory of automatic regulation 
by the theory of the stability of equilibrium and motion of a dynamic 
system, it is necessary here to describe the role of the founder of 
the rigorous theory of stability of motion—the great Bussian mathe
matician, Academician Aleksandr Mikhailovich Liapunov (1857- 
1918).

The term “stability” was used earlier, but Liapunov first gave 
a mathematically exact definition of the concept of stability. In 
his doctoral dissertation “The general problem of stability of motion” , 
1892 (reprinted in 1935 and 1950), he proved theorems on the laws 
of stability studied in the first approximation, i.e. according to 
linearised equations. These theorems of Liapunov have served as 
the mathematical foundation for the entire linear theory of auto
matic regulation from Vyshnegradskii to the present.

In  addition, by very refined mathematical methods, in the same 
work Liapunov also investigated a number of particular cases, 
obtained in the presence of zero and purely imaginary roots. He 
gave a number of superb mathematical results. An important role 
is played at present by Liapunov’s method for the investigation 
of equations with periodic coefficients, in particular in the study 
of stability of non-linear periodic processes.
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Finally the direct method of Liapunov, termed also “the second 
method” , is of particular importance; it contains his celebrated general 
theorems on stability and instability of motion and equilibrium of 
arbitrary dynamic systems, which are used most frequently in the 
investigation of non-linear systems and systems with variable 
parameters.

The theory of regulation in Russia before 1917. The outstanding 
work of the Russian mathematician, Academician Pafnutie L’vovich 
Chebyshev (1821-1894) has an important significance, in particular 
his work “On the centrifugal governor” . For the contemporary theory 
of automatic regulation the works of P. L. Chebyshev devoted to 
the problem of the smallest deviation from zero of a polynomial 
are also very interesting.

A substantial contribution in the initial stages of development 
of the theory of regulation was the work of the Slovak scientist 
A. Stodola on the regulation of steam turbines (1893), which con
tinued and developed the ideas of I. A. Yyshnegradskii.

Im portant investigations were carried out in the works of A. Y. Gre
chaninov in 1896 and 1899, la . I. Grdin in 1898, 1899 and 1900 and 
A. I. Sidorov in 1900.

The work of Nikolai Egorovich Zhukovskii “The theory of regula
tion of machines” , published in 1909 had great significance and 
was a presentation of lectures on the theory of regulation delivered 
at a higher technical institute. I t  is a presentation of the theory 
of automatic regulation of the time and contains results on the  
non-linear problem of the effect of dry friction on the process of 
direct regulation and on the theory of pulse regulation by cutting 
off steam with application of linear finite-difference equations. 
Zhukovskii demonstrated tha t under certain conditions pulse regula
tions may be considered as continuous while the finite differences 
equations pass into ordinary differential equations.

Initially the theory of regulation was applied to steam engines 
and turbines. From the beginning of the twentieth century it began 
to be applied to the regulation of electric motor speed, electric 
generator voltage, temperature, pressure, etc. and later, to automatic 
control instruments of marine torpedoes, artillery and automatic 
pilots, i.e. to automatic regulation of course, height, banking, etc. 
of aircraft.

Theory of regulation in the U.S.8.R. after 1917. The theory of 
automatic regulation began to develop intensively in the years of 
the pre-war five-year plans in connection with automation of pro
ductive processes, large electric power installations, etc.

As a result of the practical work of various organisations in indi
vidual branches of engineering it became clear tha t the principles
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of design and the methods of investigating various automatic systems 
intended for the control of processes differing in their physical nature 
have a common theoretical basis. In  addition, it became clear that 
in the majority of cases it was necessary to electrify the control 
systems of all processes, including mechanical processes. I t  was 
necessary to generalise the individual experience of various organisa
tions, to coordinate all work on automation in the U.S.S.B. in 
a single center, to turn attention to the necessity of theoretical 
treatments for the perfecting of the general scientific foundation for 
the design of automatic systems.

In  this connection a unified commission for remote control and 
automation was established in 1934 at the Academy of Sciences of 
the U.S.S.B., having 18 sections in the individual fields of the 
national economy. This commission began to publish the bi-monthly 
journal “Automatika i Telemekhanika” (“Automation and remote 
control” ) in 1936.

The Academy of Sciences of the U.S.S.B., taking part in the 
general preparation for assembly of the third five-year plan, a t its 
session of March 1936 included among the eight key problems the 
development of means of automation and remote control and also 
the founding a single scientific basis for this work. One of the scientific 
bases for these developments was the theory of automatic regulation.

The most prominant representatives of this science at tha t time 
were Ivan Nikolaevich Vozncsenskii, Corresponding member of the 
Academy of Sciences of the U.S.S.B and Academician Viktor 
Sergeevich Kulebakin. Important works on the theory of regulation 
in the early period were also those of K. E. Berikh in 1924, E. L. Ni
kolai in 1928, la . I. Grdin in 1931, G. N. Nikol’skii in 1934, P. S. Zhda
nov and A. L. Lebedev in 1934, and others.

From 1934 such a large number of works on automatic regulation 
have appeared that their listing would take up very much space. 
Therefore, referring the reader to the detailed bibliography published 
in the journal “Automatika i Telemekhanika” No. 5, 1948 and 
No. 6, 1949, we shall mention here only the most important contri
butions to the development of the theory of automatic regulation.

V. S. Kulebakin founded his school in the field of electrical automa
tion and regulation whilst I. N. Vozncsenskii founded a school in 
the field of the regulation of heat and hydraulic machines.

In  1940 the first All-Union Conference on the theory of automatic 
regulation was held, summed up the results and marked out the 
further course of development of this important young science.

In  1942 as a result of investigation of coupled regulation systems 
I. N. Voznesenskii gave conditions for the so-called autonomous 
regulation. In  1941 in one of his reports he mentioned the idea of
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the approximate definition of the duration of the regulation process,
i.e. the time in which the deviation of the regulated quantity becomes 
equal to a given small fraction of the initial deviation and further 
remains smaller than it.

In  1943 G. N. Nikol’ski proposed a method for choosing the para
meters of a regulation Bystem. Independently of this in 1945 
la . Z. Tsypkin and P. Y. Bromberg developed the definition of 
the so-called degree of stability, which is also characterised by the 
smallest absolute value of the real parts of the roots of the charac
teristic equation and constitutes an approximate measure of the 
state of attenuation of the transient process.

In  1946 A. A. Krasovskii and A. A. Fel’dbaum developed the 
application of integral estimates of the quality of transient processes 
to automatic regulation systems.

An approximate criterion of the quality of the transient response 
according to the roots of the characteristic equation was also given 
by Y. K. Popov in 1947 and further developed by T. N. Sokolov 
in 1950. These questions were also considered in the work of 
V. A. Bodner.

The effects of the relative positions of the poles and zeros of the 
transfer function of a closed automatic system on its quality were 
investigated in the work of S. P. Strelkov in 1948.

The approximate methods of investigating the behavior of dy
namic systems for arbitrarily variable (bounded in magnitude) 
external perturbations developed in the theory of oscillations 
(B. V. Bulgakov) and in the theory of stability (N. D. Moiseev) 
also were reflected in the theory of regulation. An approximate 
estimate of the maximum deviation of the regulated quantity during 
the transient process for perturbations bounded in absolute value 
was considered in the work of G. M. Ulanov (1948).

A fairly simple method was given in the work of D. A. Bashkirov 
(1949) for plotting curves of transient processes in automatic regula
tion systems as well as in the regulation process in the presence 
of an arbitrary perturbing function.

The work of A. N. Kolmogrov on the theory of stationary random 
processes and V. S. Pugachev on the theory of random functions 
is very important for contemporary automatic-regulation theory, 
permitting investigation of the effects of random external forces on 
the dynamic system, if their probability characteristics are given.

Finally, a somewhat special branch of the theory of regulation 
is the study of systems based on the principle of regulation with 
respect to the perturbation. I t  was developed in the works of V. S. Ku- 
lebakin and N. N. Luzin, beginning in 1940. A representative of 
this direction was also G. V. Shchipanov. Aleksander Yasil’evich
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Mikhailov proposed in 1936 and published in 1938, in the work 
“The method of harmonic analysis in the theory of regulation” 
(Reference 8), results which signalised the start of the development 
and application of new methods in the theory of automatic regu
lation.

This work established basically three new techniques. Firstly, 
Mikhailov proposed an original and fairly simple new stability crite
rion, now known as Mikhailov’s criterion. Secondly, he described 
and proved mathematically the possibility of employing a frequency 
Criterion of stability for the investigation of automatic regulation 
systems; in this he substantially generalised the frequency criterion 
which was proposed. Nyquist in 1932 for the investigation of electro
nic feedback amplifiers. Frequency methods were not generally used 
in calculating regulation systems before Mikhailov. Thirdly, Mikhailov 
founded structural analysis on the basis of the classification of the 
circuits of automatic regulation systems according to their dynamic 
properties. At the present time all three ideas have obtained ex
ceedingly wide application and development in the works of many 
Soviet scientists and engineers. Mikhailov’s stability criterion has 
been found more convenient in many cases than the well-known 
Hurwitz criterion.

A large role in the development of frequency methods in the 
theory of regulation was played by the works of V. V. Solodovnikov. 
In  a number of articles, beginning in 1939, he proposed and developed 
frequency methods of investigating the character of the transient 
response in regulation and following. These works concerned ap
proximate estimates of the quality of a system from the form of 
the frequency characteristics of a closed system and from the form 
of the real frequency characteristic of a closed system, applying 
logarithmic frequency characteristics to the analysis of stability 
and quality and for the choice of the system parameters.

The method of constructing the transient response curve using 
frequency characteristics is due to Y. Y. Solodovnikov (Reference 11).

The application of frequency methods to servomechanisms was 
also considered in the works of K. S. Bobov.

The use of frequency methods for the solution of problems on 
the influence of random external forces on a closed automatic 
system, presented in the monograph of V. V. Solodovnikov (Refer: 
ence 12), is important at the present time. I t is also necessary to 
note the works of B. N. Petrov and B. Y. Bulgakov on the structural 
analysis of automatic systems.
. A. A. Sokolov, who died in 1941 in the battle of Leningrad, es
tablished in 1940 a criterion for the stability of automatic regulation 
systems with distributed parameters and described a general method
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for plotting the stability regions for linear systems with distributed 
and lumped parameters. In the absence of distributed parameters 
Sokolov’s criterion degenerates into Mikhailov’s criterion, mentioned 
above. A detailed working out of the application of Mikhailov’s 
criterion to systems with delay was carried out by N. 1ST. Miasnikov 
in 1949.

In  1948 Iu. I. Neimark developed in greater detail the method 
described by A. A. Sokolov for plotting the stability regions of 
linear systems. In  essence this is a plot of the stability regions ac
cording to Mikhailov’s criterion (see Section 34). I t  is interesting to 
note that a similar idea was developed earlier by Y. S. Yedrov.

In  1941 N. G. Chebotarev gave an algebraic investigation of the 
stability of systems with delay and systems with distributed para
meters. Similar ideas were substantially developed by L. S. Pontria- 
gin in 1942, giving several important theorems in this field. An 
algebraic method of investigating such systems was also proposed 
later by Iu. V. Yorob’ev.

In  1941 V. Y. Solodovnikov described the application of the 
frequency stability criterion to systems with distributed parameters. 
In  1946 la . Z. Tsypkin developed in detail the frequency method 
of investigating systems with delay and systems with distributed 
parameters.

A somewhat specialised division of the linear theory of automatic 
regulation is the investigation of pulse (discontinuous) regulation 
systems. Aside from the above-mentioned early works of N. E. Zhu- 
kovskii in this field we should note the work of Iu. G. Kornilov 
(1941), in which linear difference equations of the system are assembled 
and the stability conditions studied.

In 1949 la. Z. Tsypkin, employing the discrete Laplace transform 
and frequency characteristics, found procedures for investigating 
pulse regulation systems analogous to the methods of investigating 
linear continuous regulation systems.

Non-linear problems. Aleksandr Aleksandrovich Andronov was 
a leading scientist in the field of solving non-linear problems of 
the theory of regulation. He founded a scientific school in this field.

A. A. Andronov proposed and his pupils developed a method of 
point transformation. Individual problems were solved by this 
method in the works of A. A. Andronov, N. N. Bautin, and A. G. Maier 
(1944-1947). The method is based on the geometric interpretation 
of the behaviour of a dynamic system in the form of the motion 
of a generating point in phase space and on the analysis of the entire 
set of phase trajectories with introduction of a certain time para
meter. Important works in this field are due also to V. V. Petrov 
and N. A. Fufaev.
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In  applications of A. M. Liapunov’s theorem to the investigation 
of non-linear regulation systems an important role was played by 
the works of A. I. Lur’e. In  a work by A. I. Lur’e and V. N. 
Postnikov (1944) Liapunov’s method was applied to the solution of 
a special non-linear problem. The results of A. I. Lur’e obtained 
in this field in recent years have been collected in his monograph 
(Reference 20). An exact analytic definition of self-oscillations in 
relay systems is also given there.

Another important category of methods are the approximate 
methods issuing mainly from the works of N. M. Krylov and N. N. Bo- 
goliubov in 1934 and 1937 (References 5 and 6). These methods 
are the most effective at the present time in practical calculation of 
non-linear automatic regulation systems. A similar method was 
developed in the works of B. Y. Bulgakov, beginning in 1942. His 
method was followed by A. M. Letov (1948). A frequency variant 
of one of the Krylov-Bogoliubov methods was developed by 
L. 8. Gol’dfarb. In  the present book another variant is given of 
the use of the Krylov-Bogoliubov methods in combination with the 
method of plotting the stability regions according to Mikhailov’s 
criterion. The development of approximate methods was also con
sidered in works by many other scientists (Y. A. Kotel’nikov, 
Y. A. Bodner, G. S. Pospelov, 1ST. Y. Butenin and many others). 
A more exact frequency method for the the simplest form of non
linear system—a relay system—was developed recently by 
la . Z. Tsypkin.

In  the above mentioned work of D. A. Bashkirov a graphical 
method was developed for plotting the transient curve also for 
non-linear automatic regulation systems, for systems with delay 
and for systems with variable parameters (i.e. for equations with 
variable coefficients).

This short historical survey does not pretend to completeness 
with respect to discussing the work of domestic scientists and does 
not reflect the work of foreign authors.



CHAPTER V

LINEARISATION AND TRANSFORMATION OF THE 
DIFFERENTIAL EQUATIONS OF AN AUTOMATIC 

REGULATION SYSTEM

18. Linearisation of the equations. Liapunov’s theorem on the stability 
of linearised systems

In  setting up the differential equations of motion of any automatic 
system, the system is divided into individual parts as described 
above, and the equations of each part are written individually. 
The equations of all the parts form a system of equations which 
may be transformed to a single equation (5.1) or (5.6) by elimination 
of the intermediate variables.

The equation of a part should be set up so that it expresses the 
relation (in the dynamic process) between those quantities which 
are indicated at the output and input of the part of the system 
under investigation, i.e. between those quantities which represent 
the effect of the given part on the succeeding part in the system 
and those which represent effect of the preceding part on the given 
one. The dynamic equation of an individual part is written according 
to the rules of the corresponding branch of engineering science 
(a part may be a heat engine, electric motor, mechanical transmission, 
electric network, electronic circuit, etc.).

The part may sometimes have more than one input quantity 
(for example, in the presence of auxiliary feedback). Aside from 
the input and output quantities of the part, which express the in
ternal connection between parts of a given system, external forces 
may be present.

Let, for example, the element (Fig. 91a) of some automatic system 
have input quantities xlt x2, output x3 and external force /(£), while 
the dynamic equation of the element has an arbitrary non-linear 
form’1'

F (x i ,  x2, x2, x3} x3t d)3, ic3) =  9(/ ,  /) (18.1)

* If the equation has time-variable coefficients the function F  also includes t 
in explicit form. Linearisation is carried out in the same way.

149
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(for the example a definite order of the derivatives of x2, x3, f  entering 
into the equation is taken; in general there may be here any other 
arbitrary arrangement).

Let us assume that the steady-state of the system occurs for 
certain constant values* x3 — x°, x2 = x2, x3 = x% and f  = f .

Then from (18.1) the steady-state equation for the given element 
will be:

F(xlt x2 0, a?3 0, 0, 0) =  <p(/°, 0) . (18.2)

The assumption tha t in the dynamic process under investigation 
the variables (in this case xlf x2, x3) vary in such a way that their 
deviations (from the steady-state values *?, x%, a:*) remain for all 
time sufficiently small (Fig. 916) lies at the root linearisation of 
the non-linear equations.

Let us denote these deviations by Ao?a, Ao?a. Then in the 
dynamic process we have:

®i(0 =  +  A a^f), x2{t) = a& +  Ax2(t) , x2 =  Ax2,
o • .. ... ••• ( lo .o )

Xi(t) = Xa + A x S ) , ia =  A»a, xa = A x a, xa = Ax3 .

Sufficiently small dynamic deviations of the variable from certain 
steady-state values are usually satisfied in automatic control systems 
and servomechanisms. This is required by the very concept of opera
tion of a closed automatic system.

The external force /  is independent of the operation of the auto
matic system, its variation may be arbitrary and therefore the 
right-hand side of equation (18.1) is usually not subject to linearisa
tion (in individual cases even this may be linearised).

First method of linearisation. Let us expand the function F, on 
the left-hand side of equation (18.1), in a power series in small devia
tions, considering all derivatives also as independent variables. Then 
equation (18.1) takes the form

* The same method of linearisation is also nsed for variable values x \ ( i ) , x \ ( t ) ,
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F(xi, 0 , x3, 0, 0, 0) +  /— \ Azx +  (— \ Aza +
\d x j \8x3 I

Aza

+
\dx^j \8x3J \8x3f \dx3J

+  (higher order infinitesimals) =  <p( / , / ) ,

where /8F\°
m l for conciseness denotes the quantity

(18.4)
8F—  taken for dzx

Xi =  x°, za =  z®, ig =  0, zJJ, x3 =  0 (i.e. it is necessary to take 
the partial derivative of the function F  with respect to ®x in general 
form, after which it is necessary to substitute their constant values 
Xi, x\, 0, z°, 0 in place of all variables).

Consequently, all partial derivatives in equation (18.4) represent 
certain constant coefficients. They will be time variables, if the 
function F  contains t in explicit form or if the steady-state process 
in the system is defined by the variable values x°(t), xl(t), xl(t).

Terms of higher order infinitesimals, indicated in equation (18.4), 
consist of the products and powers of the small deviations Azx, ... 
with coefficients in the form of mixed partial derivatives and partial 
derivatives of second and higher order of the function F  with respect 
to all variables.

Subtracting from equation (18.4) termwise the steady state (18.2) 
and dropping terms of higher-order infinitesimals, we obtain the 
required linearised equation of motion of the given element in the 
form

\d x j \8xJ \dx j \dxj 

\8Xaf \dx3j \dx3J

+

=  9 ( / , / ) - ? ( /" ,  0 ). (18.5)
This differential equation, just as the previous one (18.1), describes 

the same dynamic process in the same element of the automatic 
system. The difference between these two equations consists in 
the following:

(1) this equation is more approximate, since in its derivation 
higher-order infinitesimals were dropped;

(2) the unknown functions of time in this equation are not the 
previous total quantities zx, z2, x3 but their deviations Azu  Aza, Azs 
from certain steady-state values x\, x°, zj};

(3) the equation obtained is linear with respect to the deviations
Azx, Aza, Aza, Az3, ..., Aza with constant coefficients
or with variable coefficients if F  contains t explicitly or if the steady- 
state process is defined by variable quantities z?(<), x%t) , xl(t).

8F\° I8F\° 
d x j  ’ \8xJ ’
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Thus, the aim of obtaining a linear differential equation in place 
of the non-linear one has been achieved. Equation (18.5) is termed 
the differential equation of the element in deviations. Carrying out 
the same procedure for all elements of the system, we obtain as 
a result the linearised equations of the regulation process in devia
tions (or, as they are sometimes termed, “variational” equations).

In what follows it will be possible to carry out linearisation of 
non-linear equations directly by analogy with formula (18.5), without 
the preliminary calculations.

Let us present a geometric interpretation of this method of lineari
sation. We shall represent the dependence of F  on x, graphically 
with constant values of all remaining variables: xt = i 2 =  0, 
x3 =  a?”, x3 =  #3 =  x3 =  0. Let this dependence have the form of 
the curve shown in Fig. 92a. We mark the value xl and plot the 
tangent. Then

(a |) ’ = tan“ ’ (18-6)
where a is the slope at the point C(x", F°), if we put

F° = F(x[, x3t 0, x3, 0, 0, 0) . (18.7)
The substitution =  x° +  A.r, and the cancelling of the term

(18.7), previously carried out analytically, are here equivalent to 
the transfer of the origin of coordinates to the point C (Fig. 92a), 
as a result of which the graph of Fig. 926 is obtained.

The first term of the linear equation (18.5), in accordance with
(18.6), indicates that the linearised equation may be interpreted 
geometrically as the replacement of the initial curve CB by its 
tangent at the point CD. From the graph of Fig. 926 it is obvious that, 
firstly, this substitution is the more exact, the smaller the magnitude 
of deviation Axx with which we are concerned in the given dynamic 
process (the basic assumption for linearisation), and, secondly, the 
limits of the deviation Axt for which linearisation is permissible 
are the wider, the closer the curve CB to the straight line CD. This 
last condition is determined in practice in each problem by the
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boundaries within which the deviation may be considered “sufficiently 
small” .

In  a number of problems the difference from linearity shown in 
Fig. 926 is so negligible that even in relatively wide ranges of devia
tion Axt the system may be considered linear. With a strongly curved 
dependence linearisation will be valid only in a correspondingly 
narrower range of deviation Axt . Linearisation may be completely 
inadmissible with discontinuous functions (relay characteristics, dry 
friction). Such a form of dependence is termed essentially non-linear.

I t  is important to note the following: if for the above reasons 
only a single element of the system or even only a part of a function F  
in the left-hand side of the equation of a given element cannot be 
subjected to linearisation, then linearisation of all remaining non
linear dependencies should be carried out, leaving only the essentially 
non-linear ones.

Second method of linearisation. From the above geometric illus
tration there follows a second method of linearising the equations 
of an automatic control system which is very frequently applied 
in practice. This method consists in replacing, at the start, all curved 
dependencies employed in composing the equations of the element 
by rectilinear ones, i.e. by the tangents at the appropriate points 
of the curve. Then the equations of the element will be immediately 
found to be in linear form (see for example, Section 26).

Standard form of linearised equations of the circuits of an auto
matic system. At the present time in the theory of automatic regu
lation it is usual to write the dynamic equations of the elements so 
that the output quantity and its derivative are on the left-hand 
side of the equation while the input quantity and all remaining 
terms are on the right-hand side. In addition, it is customary that 
the output quantity itself enter into the equation with unity coef
ficient. To reduce the linearised equation (18.5) to such a form, 
we introduce the notation:

(18.8)
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Then equation (18.5) takes the form (in symbolic operational 
notation):

(Tip* + T ip2 + Txp + l)x 3 = kxAx1 + (k2 + k'2p)Ax3 + f1(t) , (18.9)

where positive signs are conventionally employed throughout 
but at any place there may be a negative sign since kx,k 2, k ’2, 
Tx, T \, Tl denote the absolute values of expressions (18.8).

If the non-linear function F  does not contain the quantity x3 
but contains only its derivatives, i.e. if

then in formulae (18.8) the entire division will be carried out not

(Tip2 + Txp + l)pA x3 =  k1Ax1 + (k2 + Up)Ax3 + f1(t) , (18.10)

The standard form of notation (18.9) and (18.10) of the constituent 
equations of automatic systems may be applied both to the di
mensional deviations of the real input and output quantities of the 
element as well as to arbitrary dimensionless relative deviations, 
sometimes introduced especially to simplify the form of the equations 
and for convenience of their investigation (see examples in further 
chapters).

In  such a standard form (18.9) or (18.10) the coefficients kx,k 2, k'2 
are termed the transfer factors or gain factors of the given element 
and Tx, T2, T3 its time constants. In  the notation adopted (18.8) 
these are positive numbers before which may be either plus or minus 
signs in the element equation (18.9) itself (in individual cases it 
is convenient to consider tha t the transfer factors and time constants 
themselves may take on negative values).

The significance of this terminology is that if only a constant 
value Ax\ is applied to the input of the element and the steady- 
state value of the output quantity Axl is found, then from (18.9) 
we obtain:

i.e. the factor kx indicates by what factor the steady-state value 
of the input quantity changes in passage through the given element 
to its output. This also explains the significance of the term “transfer 
factor” or “gain factor” , both terms mean exactly the same in

obtain the equation

where

Aa# =  kxA x \,
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each particular case but ordinarily that one is used which better 
suits the technical problem solved by the given element.

Consequently, “the transfer factor” , or the “gain factor” , defines 
the slope of the linear static characteristic of the element (Fig. 93a). 
We note that non-linear characteristic of an element (for example, 
Fig. 33) is frequency termed a characteristic with variable gain 
factor with respect to the input quantity. From (18.8) it is obvious 
that

dimensions of dimensions of the output quantity A®a 
dimensions of the input quantity A®x

The quantities Tx, Ta, Ta, termed “time constants” have, as is 
evident from (18.8), the dimensions of time (seconds). Physically 
their significance may be explained by a simple example. Let there 
be applied to the input of the element a step of constant value A®? 
(Fig. 936). I t  is required to find the curve of the transient in the 
element if the circuit has only a single time constant Tlf while the 
others Ta = Ta = 0. From (18.9) the equation of the transient process 
in this case will be

(TjP + 1)A®3 =  ^ A s S - l^ ) .

Directly after the step we obtain the equation (t >  +0):

(Txp +  l)A®a =  feiA®? (18.11)
with the initial condition A®a =  0 at t =  + 0 . Its  solution will be:

__1̂
A®„ =  ifexA®?(l — e T»), (18.12)
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i.e. the curve of the transient has an exponential form (Fig. 93c). 
If we consider the transient to terminate when the difference

Ax t -  Ax3(t) =  5 % Aa$, (18.13)

then from (18.12) it is easy to calculate the duration of the transient

tx =  T1ln20 «  3Tt (18.14)

(if a precision of 5 per cent is insufficient and it is desired to have 
1 per cent, the duration will be tt =  4-6 2\).

The element time constant thus defines “the inertia” of the 
given element i.e. the time required to establish the output quantity. 
I t  should be recalled tha t this concerns only an isolated element. 
In  the assembly of a closed automatic system the transient in the 
given element may be completely different.

If we have Tx =  Ta=  Ta0, i.e. the equation of motion of the element
(18.9) has the form (in the presence of a single input quantity)

A , (18.15)

any arbitrary input action will be instantaneously transmitted to 
the output without a transient. Such an element is termed an ideal 
element.

If in the equation of the element (18.9) there are two time constants: 
T, and Tt or three: Tx, T.z, Ta, the transient in the individual element 
will be somewhat more complicated than (18.12); it may even be 
oscillatory. But again the duration of the period of establishment 
of the output quantity Ax“ (duration of oscillation) will be dependent 
on the magnitudes of the time constants Tlf T2, T3, i.e. they charac
terise the non-idealness of the given element in transmission of the 
input action.

The dynamic properties of different types of elements will be 
discussed in greater detail in the following section.

Liapunov’s theorem on the stability of linearised systems. Thus, 
the linear equations of real automatic systems are always obtained 
as a result of some linearisation, i.e. as a result of dropping terms 
containing second and higher powers of the deviations of the variable 
and their derivatives. We may pose the question: to what degree do 
considerations of the stability of such a linearised equation correspond 
to the stability of a real system? Do not the neglected terms influence 
the stability of the system?

A. M. Liapunov (Reference 3) gave many theorems and methods 
for investigating stability and the general behaviour of dynamic 
systems in various cases which are difficult to analyse by normal 
methods. The best known are his methods for studying non-linear 
systems (see Section 57). Here we shall be interested only in the



Differential Equations of an Automatic Regulation System 157

following theorems of Liapunov on the stability of linearised systems 
(or, in Liapunov’s expression, on the validity of investigating stabi
lity in the first approximation), which we present without proof.

1. If all the roots of the characteristic equation of a linearised 
system have negative real parts, both the actual and the linearised 
systems will be stable, no addition in the form of terms of second 
and higher powers of the variables and their derivatives can “spoil” 
the stability of the system.

2. If the characteristic equation of a linearised system has at 
least one root with positive real part both the actual and the linear
ised systems will be unstable i.e. no addition in the form of terms 
of second and higher powers of the variables and their derivatives 
can give stability to the system.

3. In  the presence of zero and at least one purely imaginary root 
the behaviour of the real system cannot always be determined even 
qualitatively by its linearised equations. In a number of cases addi
tions in the shape of terms of second and higher powers of the vari
ables and their derivatives may fundamentally change the character 
of the dynamic response of the system.

Therefore in general we cannot judge from the linearised equations 
what takes place at the limit of stability of the system (i.e. with 
zero or purely imaginary roots). But we shall be interested in the 
study and design of just such automatic systems which should be 
stable and sufficiently far from the boundary of stability.

With this in mind we shall in general not be interested in the 
behaviour of systems having zero and purely imaginary roots, simply 
considering that the latter correspond to the limits of stability which 
should not be approached in the design of automatic systems. I t 
is important that by virtue of Liapunov’s first two theorems the 
position of the boundary of stability of a real system is found, exactly 
from its linearised equations, if, of course, the system is subject 
to linearisation. These theorems of Liapunov are the mathematical 
foundation of the entire linear theory of automatic regulation, 
since, strictly speaking, we are concerned in engineering not with 
purely linear but with linearised systems (although in what follows 
we shall always call them for conciseness linear systems).

I t  is very important to bear in mind tha t these theorems of Lia
punov are valid only when the linearisation is carried out by rule
(18.5) i.e. when all the non-linear functions have (at least) finite 
continuous single-valued derivatives in the neighborhood of the 
steady state points of the process. Therefore they do not concern 
stepwise and polygonal functions, and the neglect of such essential 
non-linearities as dry friction, relay characteristics, zones of in
sensitivity, etc. may frequently substantially change the position
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of the boundary of stability. From this there follows the practical 
importance of taking into account certain forms of non-linearity 
in calculating an automatic system.

In  addition, we remark that these theorems of Liapunov concern 
only the stability of the system without touching the transient 
process. Even a smooth form of non-linearity neglected in linearisa
tion can sometimes have a very strong influence on the transient 
response, i.e. on the dynamic system errors.

19. Types of elements in automatic systems and their characteristics

The types of elements in automatic regulation systems (independ
ently of their design and physical nature) are distinguished by their 
dynamic properties, i.e. by the form of the differential equation 
of motion which is most important for the theory of regulation 
and for technical calculation of closed automatic systems.

Classification of element types. Let us consider different variants 
of the equations of not higher than second order of elements in 
standard form (18.9) which are most frequently encountered.

When p is a common factor of the left-hand side, as for example 
in (18.10), it is necessary to divide it into the entire equation. If 
an element is encountered in practice with an equation not included 
in this classification, its dynamic properties may be investigated 
individually by the same technique.

Let us denote the input and output quantities of the element by 
xx and ®a. Different forms which may be encountered in the left 
and right-hand parts of the equation of motion of the element are 
given in the form of a table (see p. 159).

I t  is assumed that the equation of the element may be represented 
as an equality between left and right-hand parts taken from any 
rows of the table. In  addition, to the right-hand side of the equation 
of any element may be added an external perturbation function.

The table also gives the designations of the elements. In general 
the designation of an element is composed of the two designations 
corresponding to the left and right-hand parts of its equation. In 
the structural diagrams of automatic systems the elements are 
usually characterised by their transfer functions

W(p) R{p)
Q i p )  ’

where R(p) and Q(p) are the operational polynomials standing in 
the right and left-hand parts of the element equation respectively.

For example, if some element in a real system is described by 
the equation

(Txp + l)a?a =  (k + Vp + Wp*)®! >
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TABLE OF ELEMENT TYPES

No Element
designation

Left-hand side 
of equation

Right-hand side 
of equation

Element
designation

No

1 Ideal kx  i Simple 1

2 Aperiodic (TjP +  U*. kpxi Differentiating 2

3 Aperiodio of 
second order 

(Ti >  2T.) (TJp* +

k -
V

Integrating 3

4 Oscillatory 
(Ti <  2T.)

+  T1p +  l)a;l
(k +  k ' p ) x t With introduction 

of derivative
4

5 Harmonically
oscillating

( 2 V + 1 ) * , With introduction 
of integral

5

6 Unstable
aperiodic

( T i p - l ) x ,
|& +  J;'p +  fci-j  x.

With introduction 
of derivative 
and integral

6

7 Unstable
oscillatory
( T i  <  2T.) (T ip*-

(k +  k 'p  +  k " p 3) Xi With introduction 
of two derivatives

7

8 Unstable aperiodic 
of second order 

(Ti > 2T,)

~ T i p  +  l ) x a
( k  +  k 'p  +

+  fc"p* +  -  ) Xj,
P /

With introduction 
of two derivatives 

and integral

8

9 Unstable aperiodic 
of second order

(Tjp* +
+  T l p - l ) x ,

k(Xi +  y  +  z + . . . ) Summation 9

10
(T, and T, 
arbitrary) (Tip* —

— T ,p — 1)*,
With inclusion 

of feedback 
(negative)

10

then, according to the table, from its dynamic properties this element 
is termed an aperiodic element with introduction of two derivatives. 
The derivatives in the right-hand side of the equation may either 
be applied to the input of the element or be formed in the given 
element. In  the structural diagram they are denoted as shown in 
Fig. 94a.

If the equation of the element has the form
(Ttp + l) x a = Tcxx,

the element is termed simple aperiodic (Fig. 945). The word “simple” 
in the table next to kxt may be omitted since simple elements of 
all types are encountered most frequently.
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An element described by the equation
x2 -- Tc/pxl

iB termed ideally differentiating (Fig. 94c). An element with the 
equation

(Tlpt + Tlp + l ) x t = Jc^x1 (Tx <  2T2)

(a) fb)

Fig. 94

will be oscillatory integrating. The last equation may be written 
in the form*

{Tip2 +  Ttp +  V)px2 =  JcXi,
which is adopted in denoting the given element in the diagram 
(Fig. 94d).

All the recommended designations correspond to the actual dy
namic properties which these elements have in automatic regulation 
systems. Let us consider these dynamic properties of all types of 
elements.

Right-hand side of element equation. The right-hand side of the 
equation shows to what the given element “reacts” and with what 
gain factor (or transfer factor) the input quantity is transferred 
to the output.

The first eight forms of right-hand sides (see table on p. 159) 
relate to such elements as react respectively:

(1) only to the input quantity itself (simple element according 
to the table nomenclature);

(2) only to the derivative of the input quantity (differentiating 
element);

(3) only to the integral of the input quantity (integrating element);
(4) to the input quantity and its derivative (element with intro

duction of derivative);
(5) to the input quantity and its integral (element with intro

duction of integral);

* It iB expedient to proceed in writing the equation of any integrating element 
and any element with introduction of the integral so as not to have a fraction 
with the letter p  in the denominator.



Differential Equations of an Automatic Regulation System 161

(6) to the input quantity, derivative and integral (element with 
introduction of derivative and integral);

(7) to the input quantity, first and second derivatives (element 
with introduction of two derivatives);

(8) to the input quantity, the first derivative, second derivative 
and integral (elements with introduction of two derivatives and 
integral).

Other types, for example, introduction of the second derivative 
without the first, different signs for the coefficients 1c, Tc' , k” , 
inside the parenthesis, will not be considered typical. They are 
rarely encountered. The common minus sign before the right-hand 
part, which may be encountered frequently, has no influence on 
the element dynamics.

The last two forms of the right-hand sides presented in the table 
relate to the following cases:

(1) form 9 includes two or more input quantities x ,y , z ,  etc. 
which are applied simultaneously in the basic network to the input 
of a single element (summation element);

(2) form 10—in addition to the quantity xlf applied at the input 
of the given element from the fundamental network, a further 
quantity xfb is applied from the feedback network (element with 
inclusion of feedback).

Left-hand side of element equation. The left-hand side of the 
equation containing the output quantity and its derivatives indicates 
how fast and exactly the given element transmits the signal arriving 
at its input (in the form of the right-hand side). The absence of 
derivatives in the left-hand side corresponds to ideal transmission 
while their presence denotes either non-instantaneous transmission 
with distortion at the start of the process, having an aperiodic or 
oscillatory character, or in general the impossibility of transmission 
as a result of instability of the element.

Let us demonstrate this by construction of the so-called time 
characteristics (or, in other words, transient functions) for various 
types of element shown in the table (according to the forms of the 
left-hand sides of their equations), individually.

Time characteristics (transient functions) of simple elements. By 
time characteristic of an element we understand the variation of 
the output quantity as a function of time x2 =  x2(t), which is obtained 
when the input quantity is applied in the form of a unit step x, =  1 (t) 
(Fig. 95a) with zero initial conditions at the output x2. The time 
characteristics are also called the transient functions of the element. 
Let us consider the time characteristics of simple elements when 
the left-hand side of the element equation may take various forms 
and the right-hand side only kx2.



The ideal element
x2 =  Jcxx

transmits instantaneously and without distortion to the output x2 
any value taken on by the input quantity xx. Its time characteristic 
is shown in Fig. 956.

The aperiodic element
(Txp + l)a?2 =  Tcxx
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F i g. 95

with the initial condition x2 =  0 (for t <  0) and with a unit step 
of the input quantity gives at the output

__i_
x2 =  Tc(l-e  T*) . (19.1)

This time characteristic is shown in Fig. 95c. We have already con
sidered this solution in Section 18. In  particular, the time tx for 
establishing the value of x2 = Tc to within 5 per cent or 1 per cent 
was calculated there:

tx =  3Tx and =  4'6TX. (19.2)

We note that the derivative at any point A  (Fig. 95c), taking 
into account (19.1), will be:

Tc - A .  Tt— x«
» , =  ■=■« Tl =Tx Tx *

But since in Fig. 95c we have
A B  = Tc— x 2 and tanoe =  xt ,

CL9.3)
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then from (19.3) the tangent at any point A  of the exponential 
(including the origin of coordinates) intercepts on the straight line 
x2 =  k a segment BC, equal to the time constant T1 of the given 
circuit.

I t  is obvious tha t the larger the time constant, the more slowly the 
establishment of the output quantity x2= k  proceeds. The constancy 
of the length of projection of the tangent on the line x2 = k charac
terises “uniformity of attenuation” which is a property of the ex
ponential. This property is employed in determining the time con
stant Tx from experimentally recorded curves of the transient response 
x2(t) of the element. In  place of plotting the tangent, which may 
be connected with substantial error, sometimes Tx is defined as 
the time during which the output quantity x2 takes on the value 
x2 =  0-63 k which corresponds to the point t =  Tlf since here from 
(19.1) we have

x2 =  k( 1 —e-1) <%! 0-63 k ,
Frequently such an element is called, instead of aperiodic, inertial, 

single-capacitance or relaxation, attempting to express by these terms 
the dynamic properties of the element which have been described 
above. In  further discussion we shall retain the first designation 
(aperiodic element).

A second-order aperiodic element is described by the equation

{Ttp2 + Txf  +  l )x 2 =  kxi
under the condition ,TX >  2T2. Its time characteristic (Fig. 95d) 
is obtained by solving this equation for xl = 1(f) with initial con
ditions x2 — x2 =  0 at t =  0. The roots of the characteristic equation 
will be here real and the solution may be represented in the form

=  * ( l - — ^ 7 7 ^ +  5— 77̂ )  , (19.4)

where T' and T "  denote the time constants of the component ex
ponentials having the values

T 2T% jl/r 2 Tt
Tl + V T \— 4T2 '

Calculating the first and second derivatives from (19.4), we find 
for the point of inflection of the curve the following values:

/ r  +  r , _**\
®2< =  fc ll----- Y'— 6 T')>

. k -h. k —x2{
tan oc,- x2i T̂/ e t y ' | gy~'

12
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i.e. the tangent at the point of inflection intercepts on the straight 
line x2 = Jc the segment BC, equal to the sum of time constants 
T ' + T "  (Fig. 95d).

In  the limiting case when T1 =  2T2, the time characteristic will be

This has the same form (Fig. 95d), where the point of inflection A 
is defined by the coordinates

U =  T,; *>2i =  * ( l  -  -)  =  0-264&; x2i =  A  =  0-368 — .

Sometimes the second-order aperiodic element is termed the two- 
capacitance circuit.

An oscillatory element is described by the equation

(Tip2 + Txp + l) x 2 =  kxx
under the condition Tx < 2T2. The characteristic equation here 
has complex roots and the time characteristic takes the form

where

X a  ■— fe cos tot -t- -fp-,— sin wt
i  CO )]•

2 T\ V4 T j - 2 ?----  co = --------t---
Tx 2T\

(19.6)

(19.7)

I t  is represented in Fig. 95e. The quantity T' is the time constant 
of the exponential envelope (broken line in Fig. 95e), and co is the 
angular frequency of oscillation. The non-idealness of the given 
element is expressed, consequently, in the oscillatory character 
of establishment of the output quantity. The establishment time 
(to 5 per cent) by analogy to (19.2) will be here tx — 3T ’.

An harmonically oscillating element

(Tip2 + l)x2 =  kxx
has a time characteristic (Fig. 95/) in the form of an unattenuated 
harmonic oscillation with constant amplitude, i.e.

x2 = k ^1 — cos ~

For an unstable aperiodic element
(Txp -  l )x 2 =  kxx 

the time characteristic (Fig. 95g) will be:

x2 = k(eT»— 1) . (19.9)
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Here in general a definite value will not be established at the 
output.

An unstable oscillatory element

(T lp * -T lP + l) x 2 = lex, <  2T2)

has the time characteristic

xt — f c | l -  er '|cosco2 — sintoijj , (19.10)

shown in Fig. 95ft. We have here divergent oscillations.
Unstable second-order aperiodic elements may have in the left- 

hand side of the equation one of three expressions: (8), (9), (10),

presented in the table of typical elements. Here, as in the case of 
Fig. 95#, we obtain unbounded aperiodic deviation of the output 
quantity from the steady state value.

Time characteristics of non-simple elements. Let us find certain 
time characteristics (transient functions) of other elements—non
simple—for which the right-hand sides of the equations, in distinction 
to the above simple elements, do not contain kxy or not only Ttxx. 

An ideal differentiating element
x2 =  Tcpx,

with the input =  l(t) gives at the output an instantaneous 
impulse x2 =  k'l'(t), which consequently is the time characteristic 
of the given circuit (Fig. 96a).

The ideal integrating element

x2 =  k ̂  or px2 = kxt

has a time characteristic (for x, =  1 (t)) in the form of a straight 
line x2 = Jet (Fig. 96ft).
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An oscillatory element with introduction of the derivative 

(U\p* + Txp + l)x ,  =  (k + k'p)xx (Tx < 21\)

under the force xx =  1(f) is described by the equation

(Tlp2 + TlP + l ) x 2 = k (Tx < 2T2) (19.11)

with initial conditions from (6.23) in the form
¥x2 —0 , x2 = — at t =  + 0  (19.12)
T2

(directly after the step). The time characteristic of the given element 
(Fig. 96c), defined by solution of this equation, will be:

x2 =  k j l  — <
t

cos 0)< +  ( k'
\co T' fccoTl

sin cot i (19.13)

where the time constant of the exponential envelope T' and the 
frequency of oscillation w have the values (19.7). This time charac
teristic (Fig. 96c) differs from that of a simple oscillatory element 
(Fig. 95c) only in that here at the origin of coordinates there will 
be an inclined tangent.

An oscillatory element with introduction of two derivatives

Tlp2+ T lP + 1 ) x 2 = {k + k'p + V 'p*)^  (Ti <  2Ta)

has a time characteristic (Fig. 96d)

xjc = 1 - e  2” cos cof + k" \ 
koiT'Tlj

sin cof I
J)

(T ' and co as before) as the solution of the same equation (19.11), 
but with other initial conditions, in accordance with (6.23), in the 
form

k" x2 =  —̂ ,
T V

k' Txk" 
Ti

at +  0 (19.14)

(directly after the step). Here the time characteristic (Fig. 96d) 
has not only an inclined tangent at the origin of coordinates but 
an instantaneous step of the output quantity.

The time characteristics for other compound elements may be 
obtained analogously.

Amplitude-phase frequency characteristics of simple elements. Let 
us assume that the input quantity xt of the elements is an har
monic oscillation of unit amplitude xx =  sin cot. Then the steady- 
state forced oscillations of the output quantity x2 of the element 
will be defined completely by construction of the amplitude-phase 
frequency characteristics in accordance with Section 8.
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An aperiodic element corresponds to the transfer function

kW(p) = TlP + l

Therefore the expression for its amplitude-phase characteristic 
(8.16) will take the form

W  (i(o) k ( l  — Tjito) Tc
T j  co+ 1  (1+  T1ioj)(l — Tjtto) l  +  T2to2 l  +  T?co2 ' 

Consequently,

V(*) = — — 2 =  (19-15)1 + T W l+ T ?co2 '

I t  is not difficult to verify tha t these expressions satisfy the equation 
of a  circle

I)**
which is shown in Pig. 97a; only the lower half of the circle is shown 
since, from (19.15), to all positive values of to (0 <  co <  oo) there 
correspond only negative values of the ordinates V.

For a second-order aperiodic element and for an oscillatory element

kW(p) =
Tip + T lP + l  

We obtain analogously the expression

k i;(l — Tgoi2— Tjioi)W (i(a) =
1 -  T W  +  Tjtco (1 -  I V ) 2 +  2lto:2 >

from which

U = f t ( i - i V )
( 1 - T W f + T W  ’

V = kTxu*
( 1 - 2 V )  +  T V  '

(19.16)



168 The Dynamics of Automatic Control Systems

Putting U = 0, we find the point of intersection of. tiie required 
curve with the axis iV , namely, for U =  0 we have:

This characteristic is represented in the form of the curve in Fig. 976. 
For an harmonically-oscillatorry element we have:

and consequently, 

W(ico) =
i - t W ’

u  =
1 -  TiW

, V =  0 ,

which gives two straight lines on the real axis (Fig. 97c):

k < U —oo with 0 < w ^  ~  ,1 2

— oo <  U < 0 with i  ^  « <  +  oo .
i  j

There corresponds to an unstable aperiodic element an amplitude- 
phase characteristic in the form of a semi-circle, Fig. 97d, since here

W  (ico) = ----------
T i t o - I

kT^ito k
t W  + 1 ’

r r _ _____________ & V —   ^T tto
t W  + 1 ’ t W  + 1

For a second-order unstable element we obtain:

(19.17)

W (ito) _______ ________
-  T its ~  T J v + { '

k(l-TW) kl\to
' ~  (1 -  TW)2 +  TW ’ ”  (1 -  TiWf JtW '

to which there corresponds the curve of Fig. 97e.
Amplitude-phase characteristics of compound elements. Let U6 consid
er certain types of elements, not related to the above simple ones. 

An ideal differentiating element
W(p) =  kp

* The amplitude-phase characteristic defines the steady-state sinusoidal 
forced oscillation of the element. In an isolated unstable element it cannot in 
practice occur. Therefore the characteristics are plotted here only theoretically 
for the later overall calculation of the system in which such elements may enter 
into the structure.
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has the amplitude-phase characteristic
W (ito) =  Mo) , U =  0 , V =  kb>,

coinciding with the positive imaginary axis (the line 1 in Fig. 98a).

For the ideally integrating element

W(ito) = — =  —i - , U — 0 , F  =  — — lb) to to

the characteristic coincides, with the negative real axis (the line 1 
in Fig. 986).

For an ideal element with introduction of the derivative we obtain 
the line 2 (Fig. 98a), while for an ideal element with introduction 
of the integral, the line 2 (Fig. 986), since in the latter case

IF(ito) =  fc +  fci^ , U = k ,  V = — — .lb) to

An aperiodic element with introduction of derivative has the 
transfer function

from which

W(p) = k + k'p 
T r f + 1

IF (ito) = k +  k'ib)
1 Ti%b)

V = k + k’T l(o2 
1 +  T,toz ’

(k +  k ’io)) (1 — l\ib))
1 +  T W

_  (k’- k T J o  
1 + T W  ’

(19.18)

which is represented in Fig. 98c in two forms: k l \  <  k '—the full 
line and kT , >  k '—the broken line in the form of semi-circles.



170 The Dynamics of Automatic Control Systems

For an oscillatory element with introduction of derivative

we obtain

W(p) k + k'p 
T lp2+ T lP + l

TF(toi) = k +  k'ia  
1 — T\u> -j* Tjto)

(k + Jc’i ^ j l - T W - T j u )
( 1 -  T W f  + T W

from which we find

{ l - T W f  + T W  ’

y  =  [ I c T i - k 'a - T W ) ] ^
( i - t W )* + t W

(19.19)

The point U — 0 (intersection of the curve with the axis iV) is 
here defined by the values

2CO (7 = k
TcTl-WTr

V v
Ti <&u

V k jk T l-k 'T ,)

I t  exists only for kT\ >  k 'T 1. Let us find further the point V =  0 
(intersection with the U-axis):

This point exist only for k' > kTx. Therefore four types of amplitude- 
phase characteristics are possible for an oscillatory element with
introduction of the derivative, as shown in Fig. 98d. Of these, curve 1
occurs for

curve 2 for
kT\ >  fc'T, and k' < kTt ,

curve 3 for
kT\ < k 'T t and k' < kT t ,

curve 4 for
kT\ >  k’Ti and k' >  kTt ,

kT\ <  k'T1 and k' >  fcT, .

From a comparison of the curve 
Fig. 98d, it is clearly evident that

in Fig. 976 with the curves of 
introduction of the derivative

deforms and rotates the amplitude-phase characteristic of the element 
about the origin of coordinates counterclockwise and the more 
strongly, the greater the coefficient k' of the derivative (and the 
smaller the time constant T2). This will be important for us below.
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For an oscillatory element with introduction of the integral we 
have:

fcp +&!

from which

U =

W (V) =  

W (ico) =

k ( l -  T W ) - T X\
( 1 - t W ?  + t W  ’

p ( ^ p 2+ i '1p +  i ) ’ 
k co —ifcj 

w (1 — Tjico) '

F  =  -
u [(l - T W f + T W ]

For <o =  0 we have: 

For U = 0
t k —T fa  

u>u —

U0 = k - T lk1, V0 = - o o .

k k l 2
kTl

V TT =  - -
1

For V =  0

(Op = fc l

h T l - T J t
U

I^cof/ Ti f fe—

K M i  A
2V

As a result of this we obtain in Fig. 98e three variants of the 
amplitude-phase characteristics for this element.

Here it is evident tha t introduction of the integral, in contrast 
to the derivative, deforms and rotates the amplitude-phase charac
teristics of the element clockwise and the more strongly, the greater 
the coefficient kt of the integral (and the greater the time constant Ta).

For an oscillatory differentiating element, when

W(p) kp

we obtain the amplitude-phase characteristic in the form of a complete 
circle of radius kl2Tx (Fig. 98/), so tha t here the expressions

k l \ u T  k { l  — Tto2)(o
~  (1 -  T W f  + T W  ’ “  (1 -  T W f +  T W

satisfy the equation of a circle

which is easily verified by substitution.
I t  is possible by an analogous method to plot the amplitude-phase 

characteristics for any other possible combinations of left and right- 
hand parts of the element equation.

Logarithmic frequency characteristics of simple elements. Let us 
consider two types of simple element: aperiodic and oscillatory.
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An aperiodic element, as is evident from the expression for its 
amplitude-phase characteristics, has the following amplitude 
frequency characteristic:

A (&>) =  ^--- -■ .
r z v + i

The logarithmic amplitude characteristic from Section 8 will be:

Ai(to) =  201ogfc — 201ogl/Ti<i>I 2 +  l  . 
We have approximately

I Tjw2 + 1  s»l and A,(to) ^201ogfc for

M TJco2 + 1  =  |/2 and Ai(to) =201ogfc —3 for

|/!T?<o2 + 1  and Aj(to) «»20 log fc —20 log Tx to for

1
« < ¥i

(19.20)

(19.21)

The first of these expressions gives the horizontal straight line ab 
(Pig. 99a), the second gives the point d while the third the inclined 
line be. Let us calculate its slope, measuring in decibels per decade 
or in decibels per octave. The decibel is the designation of the unit 
of measurement along the axis of ordinates for the quantity Ax 
=  20 log A. Decade is the term of a segment along the axis of ab-
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sci6sae lgw, corresponding to a change of frequency to by a factor 
of ten. An octave is a section along the axis log to, corresponding 
to  a change of u  by a factor of two. Since for the line be we have 
Ax(<o) =  201ogfc -20logTi<o, in a single deoade we will have:

Aj(lOto) =  201ogfc — 201ogT110to =  201ogfc -201ogT,<o — 201ogl0
=  A((<o)-20 .

Consequently, the ordinate of the line be decreases by 20 units, i.e. 
by 20 dB, with increase of abscissa by one decade (Fig. 99a). This 
is called a slope of 20 dB per decade. If along the axis of abscissae 
we take an octave, we obtain

A^co) =  20 log k — 20 log Tfi to =  201ogfc— 201ogT|to — 20Iog2
=  Ai(td) —6 02 .

Consequently, a slope of 20 dB per decade is equivalent to a slope 
of approximately 6 dB per octave.

Thus, a logarithmic amplitude characteristic of an aperiodic 
(inertial) element is represented approximately by two straight lines: 
one horizontal ab and the other inclined be with a slope of 20 dB 
per decade, where the point of intersection b is defined by the 
frequency <o =  1/Tl . If it is required to represent a given charac
teristic more exactly, then it is necessary to lay out from the point 
of intersection a segment fed =  3 dB downwards and to plot through 
the point d a curve asymptotically approaching the lines ab and 6c. 
When necessary to obtain a high precision, it is possible to calculate 
a  further point on each branch of the curve. The polygonal curve abc 
is termed the asymptotic logarithmic characteristic.

The phase-frequency characteristic of an aperiodic element from 
(8.18) and (19.1.5) will be:

V(3(co) — tan-1-^ =  — tan^TjW ,

which is shown in Fig. 99fe.
We note th a t along the axis of abscissae of the logarithmic charac

teristics the values of co do not begin from zero, since logcoO =  — oo, 
but from some value to =  <o0, which may be taken differently in 
different problems.

For an oscillatory element we have from the expression W (ito):

A (to) _______ k_______
t i V  +  o -  T W ?  ’

T , <  2 T2 ,

A,(o>) =  201ogfc-201ogI/ l V ! +  l ( l ^ - T W f .

(19.22)
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From thi6 we obtain

Aj(to) & 201ogfc for w <  ,
J-i

Ai(a) sa 20logfe — 201og Too2 for co >• -jjj- ,
J-2

(19.23)

where the first relation gives the horizontal line ab (Fig. 99o) while 
the second the line be with the slope of 40 dB per decade or approxi
mately 12 dB per octave. The point of intersection b corresponds 
to the frequency co =  1 jT t .

However, for an oscillatory element the true logarithmic amplitude 
characteristic may differ strongly from the asymptotic characteristic 
dbc. This is shown in Fig. 99c where we put

In  Fig. 99e a graph is given of the deviation of the true charac
teristic from the asymptotic for various values of £. From this graph 
it is evident tha t the asymptotic characteristic corresponds to the 
true one to within 3 dB only for

0-38 <  Z <  0-71 .

If X, <  0 38, the maximum deviation will be equal to 201og2£j/l —!? 
at values co2T2 =  j / l  ±2Z2. If Z >  0-71, the maximum deviation is 
equal to 201og2£ at coT2 =  1.

Starting from this, it is recommended to plot the logarithmic 
amplitude characteristic for an oscillatory element either using the 
graph of Fig. 99c or directly using formulae (19.22) in the interval 
of frequencies *

COj <C CO <  6 ijx  j

where toi is defined as the smallest of the real values

T 2<o i  =  | / ( l - 2 ! ; i ) +  i / ( l - 2 t ; , ) a + l  ,

I  =  | / ( l - 2 p )  +  i/( l-2 C ,), - 0 :5 ,

while cou from

n =  ] / ( 2 l? - l )  +  Vr(2C, - l ) , +  l
1

T 2 £O i  ’

J’8Uii =  | / 2 ( l - 2 ? )  +  v/4 ( l - 2 ? ) !- 2  = 1 
Tt<» i

According to V. V. Solodovnikov.



Differential Equations of an Automatic Regulation System 175

The phase-frequency characteristic of an oscillatory element 
according to (19.16) will be (Fig. 99d):

A second-order aperiodic element may always he divided into two 
first-order aperiodic elements, for each of which it is possible to plot 
the characteristics, employing Fig. 99a and 6.

I 1

A  ( c ) \ A  <d > \ *

2 0 M - ^ ___  0 (U=w0 l o g o ,

1

B 4 e c » d e  2  
9 « r

-20lgu>g
*nJ <0=WQ W=Wo w=W o 2

0 Lgm  O 7gco O 'fg w

Logarithmic frequency characteristics of non-simple elements. Let 
us consider certain types of element of this category.

For an ideally differentiating element we have W(iw) =  fcio, 
from which

Aj((o) =  201ogft-)-201ogG>, p =  -  ,2i

which is represented by a straight line with a slope of 20 decibels 
per decade (Fig. 100a) and a horizontal line (Fig. 1006).

For an ideal integrating element (Fig. 100c and d) there will be:

Aj(co) =  20 log ft—20 logoi , p =  -  .
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For an ideal element with introduction of derivative

we obtain:
W (p) = le + Jc'p

A,(co) =  201ogfc +  2 0 1 o g j / l+ ( - c o J \  p = t a n - * ^  .

Comparing this with (19.20), we obtain by analogy the graphs A t 
and p (Fig. 100c and /).

For an ideal element with introduction of the integral
Ze, kp + kxW(p) =  fc +

we have:
V V

Ai(co) =  201ogfc, —20logw+  20log"!/ toj + 1

P =  — tan-1 —  .koi
As a consequence it is necessary to construct the amphtude charac

teristic of an integrating element from the amplitude characteristic 
of an element with introduction of derivative, which gives the curve 
of Fig. 100</. The phase characteristic is given in Fig. 1007&.

For an aperiodic element with introduction of two derivatives

we obtain:
W(p) k + k'p + k”p2 

TiP + 1

Aj(to) =  201og& +  201og ] /  w)2 +  [ l  -  -  c^]2 -  20log ]/ T W  + 1  ,

where the second term is defined as for an oscillatory element (19.22), 
but with reversed sign, while the third as for an aperiodic element, 
where it is necessary to put:

T x  2
k

2k" ’ (19.24)

as the result we obtain the logarithmic amplitude characteristic 
in the form of Fig. lOOi. The phase-frequency characteristic of this 
element will be:

i.e. it is necessary to take the phase characteristic of the oscillatory 
element with reversed sign (in the notation of (19.24)) and to add 
the characteristic of an aperiodic element with the same negative 
sign (Fig. 100;/).

The logarithmic frequency characteristics are constructed analo
gously for other types of element.
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General remarks. All the characteristics presented in the present 
paragraph clearly illustrate the dynamic properties of different 
individually taken elements of an automatic system. The processes 
occuring in them, as already discussed, change radically when they 
are included in closed automatic systems. But to find the latter 
it is necessary to know the dynamic equations or the characteristics 
of all elements of which the system consists.

In individual cases, if it is not possible to construct the dynamic 
equation of some element in a real system, it is possible on the basis 
of the above materials to match these equations from experimentally 
recorded time or frequency characteristics. I t  frequently happens 
that the form of the element equation is approximately known but 
it is difficult to calculate the numerical values of its coefficients 
theoretically. Then the above material permits finding these from 
the experimental characteristics and, incidentally, to verify if the 
adopted form of the element equation is successful (since to each 
form of equation there corresponds a definite form of time and 
amplitude-phase characteristics).

Let us discuss one procedure for determining the coefficients of 
the element equation from experimental data, proposed by 
la. Z. Tsypkin. We apply to the input of the element an arbitrary 
force Xjft) and then remove it (Fig. ,101a). We plot during this period 
(for example, using an oscillograph) the variation of the output 
quantity, x2 (Fig. 1016). We shall consider only that part of the 
graph X [ ( t ) ,  occuring after removal of the input quantity (a  ̂=  0). 
Therefore the time t  will be read, as shown in Fig. 101a and 6, from 
the instant of removing the input force.

Let us assume that the element may be described by a second- 
order equation with a simple right-hand part

(T'ip2+ l \p  + l) x 2 -  fc*i; (19.25)
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it is required to find the values of Tu  T2. (The transfer factor k 
is taken from the experimentally recorded static characteristic of 
the element).

The solution of equation (19.25) has the form
x2 =  GxeZlt-f C2ez*1, (19.26)

where
%,2 - — a±ta> , (19.27)

* =  » w =  V <x2-  tog , coo' =  — . (19.28)
Jxo -L 2

Let us divide the <-axis of the graph x2(t) into equal intervals, 
the length of each of which is denoted by At (Fig. 1016). We also 
denote by xa , X&, xw any three adjacent ordinates of the graph 
x2(t). Then

x2l = Cxez +  C2eẑ 1,
=  Cxeẑ l+At'> +  C2eẑ t+^t),
=  C,le*i(<+2At> +  C2ez*v+2w  .

Let us eliminate from this the arbitrary constants Cx and C2, 
multiplying the first of these expressions by e(zl+<!>)Ai, the second 
by — (e*iA< +  c*»A<), and then add all three equations. The result is:

# 2 3 — (tfS lA (+ # SaA<) # 2 2  +  e< Z l+aa)A *#21 =  0

or

where

#23 _  ̂#22
# 2 1  #21

- o  » (19.29)

b =  eZlA< +  e ^  , c =  e(z»+a*)A<. (19.30)

The expression (19.29) is the equation of the straight line shown 
in Fig. 101c.

From this we have the following recommendation. I t  is necessary 
to measure all ordinates on the experimentally recorded graph x2(t) 
a t intervals At (Fig. 1016). Then for each triplet of neighbouring 
ordinates it is necessary to calculate the ratios x ^ x ^  and x^jx^  
each time plotting corresponding points in a plane (Fig. 101c). After 
this it is necessary to plot the inclined line M N  to pass close to all 
the points (if this is possible, then the given element is actually 
described by equation (19.25)).

Further we measure in Fig. 101c the segment c and the angle y, 
determining also 6 =  tany. Then, employing the formulae

cosh(coA<) =■- --^  , « =  — —  , (19.31)
2[/c 2Af

following from (19.30) and (19.27), we find the values (coAtf) and a. 
Knowing the latter, we calculate the required coefficients T\ and Tx
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of the element equation (19.25) from the formulae

*5 =  ’ Ti = 2aT* ’ (19,32)
which follow from (19.28).

If the straight line M N  in Fig. 101c passes through the origin 
of coordinates, i.e. c = 0, this will signify that the given element 
is described by a first-order equation

l)®j =  ICX! ,
where

For stable circuits the straight line M N  always lies below the 
bisectrix of the coordinate axes.

20. Transformation of equations and frequency characteristics of single- 
tuned systems

In  constructing the dynamic equations of automatic systems, as 
we shall see below in specific examples, we first construct the 
equations of individual elements. Then, most frequently, we trans
form them to a single system equation in the form (5.6). The same 
iB sometimes done with amplitude-phase characteristics of the 
elements to obtain the overall amplitude-phase characteristics of 
the system. Here we shall derive certain formulae by the aid of which 
it is possible to carry out these transformations easily.

In  transforming two differential equations

&(P)*a =  -Ba(P)®i, Q » (P )^  =  R s ( p ) x 2

to a single one we employ the following symbolic operation. Let 
us multiply the left-hand part of the equation and “cancel” all 
equations by the common factor x2. As a result we obtain a single 
differential equation

Qz(P)Q3(p )x3 = E2(p)R3(p)x1,
which, after carrying out the operations of multiplication of poly
nomials in the left and right-hand sides, takes the ordinary form:

Q(p)x3 =  R{p)x1.

This algebraic operation is the simplest method of eliminating vari
ables from differential equation. Its validity may be verified in the 
following way. Let there be, for example, two differential equations

â x2 -f- a*x2 — -f- biX̂  , -1“ ô x3 =  r

13
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i.e.
QtiP) = a0p* + a1p + a2, R2(p) =  b0p + bx , Q2(p) = c0p +  c , ,

-Ba(p) =  d0p .
To eliminate the variable x2 from these two equations it is neces

sary to solve for x2 in the second equation and substitute it in the 
first. We first differentiate the first equation and multiply by d 0:

a ^ ( p j 2 4~ a^diff62 -(- a 2d g i 2 =  6q<?qUi 4~ b ^ d Qx ^  .

We then substitute here from the second equation:

&o(̂ o® 3 “1“ ^1̂ 3) "I- 4~ 0\Xg) +  a 2(Cgfi2 4" CjX2) =  -f- b i d g i .
or finally

OgCoXo -f- (OqCi 4~ OiCq)£3 -|- (UjCj -f" a2c0) xa -|- a2cxxa =  badg£i 4- b^dgX^,

from which the validity of the above algebraic operation becomes 
obvious. I t  is valid for any order and any number of equations. 
Its great practical advantage in application is without doubt.

Let us first describe the single equation and overall amplitude- 
phase characteristics obtained for the simplest open network of 
elements.

Open network. Let us consider an open system, consisting of m 
elements of directed action connected in scries (Pig. 102a).

Let the network contain elements of arbitrary types, including 
those with introduction of derivatives and integrals and with feedback
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(which will be considered in Section 21) but excluding summation. 
We now write the element equations in the following general form:

1 circuil ... Qi(p)xl = -R,(p)a?ln ,
2 circuit ... Q2(p)x, — R2(p)xl ,
3 circuit ... Q3(p)xs =  R3(p)x2 ,

gth circuit ... Qm(p)xnut -  Rm{p)xm. 1 .

(20 .1 )

Here Qi(p) and R{(p) denote arbitrary polynomials in p, not only 
those shown in the table of Section 19. I t  is not necessary to reduce 
the equations (20.1) to the tabulated form. In  particular cases QAp) 
and U<(p) may be equal to unity or to an arbitrary constant. Tor 
elements involving an integral it is more convenient to write the 
equation eliminating p from the denominator.

Multiplying all left and all right-hand sides of the equations (20.1), 
we arrive a t a single equation of the open network (Fig. 102a) in
the form

Q(p)Xont — R(p)Xtn , (20.2)
where

Q(p) =  Ql(p) Qi(P) ••• Qm(P) > I 
R(p)  =  £,(P) J^P ) ... Rm(p). 1

(20.3)

The transfer function of this open network will be:
R(p) R 1(p)R2(p) ... R J p )  

[p> Q(P) Qi(p )QAp ) - Q M
or

W( p ) =  WJp' jW^p) ... w m(p) , (20.4)
where W1{p)1W2(p) , . . . , Wm{p) are the transfer functions of indi
vidual elements. The amplitude-phase characteristic of the open 
network of series connected elements will consequently be

W(ico) =  TF^ito) Wa(t<ji) ... Wm(ico) , (20.5)
i.e. it will be equal to the product of amplitude-phase characteristics 
of the individual elements. I t  is calculated by the rule of multiplica
tion of complex numbers, namely, if each of the characteristics (20.5) 
is represented in the form W* =  4̂fce<pfc, then

A  =  A XA 2 ... A m , P =  Pi +  (3j +  . . .+  ) (20.6)

where Ak and denote the amplitudes and phases taken from the 
corresponding amplitude-phase characteristics at a common fre
quency to.

For example, let, the open network of series-connected elements 
consist of three elements: a simple aperiodic, aperiodic with intro
duction of derivative and ideal integrating (Fig. 1026). I t  is possible
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to adopt one of the following methods for finding the overall 
amplitude-phase characteristic of the open network.

Oraphic method. The amplitude-phase characteristics of individ
ual elements (Fig. 102c) are taken complete from Figs. 97 and 98 
or are obtained experimentally. Taking points corresponding to 
single (arbitrary) values of to on all these characteristics, we find 
from the drawing (Fig. 102c) the amplitudes and phases A t , px, A a, plt 
Aa, Pa, from (20.6)

A  =  Ax • A t • As , P =  Pi +  P2 +  Pa 5

we obtain from the angle p and the magnitude A , as shown in 
Fig. 102d, the corresponding point of the overall amplitude-phase 
characteristic of the open network W (ito). In  the same manner we 
find several further points, which we join by a smooth curve. In 
particular as is evident from the drawing, the origin and end of 
the curve are defined by the following data:

-4«-o =  W  00 =  00 } Pw-o =  0 +  0 — ^  ^  ,

A “ - *  =  0 ' ^ ‘ 0  = 0 ’ ^ = ~  =  - - + 0 - - = - 7 t .

Analytic method. We have

W^ito) = __ki___
Tjito -f-1 7 W2(i(r>) lc2 -j-

Tjico +  l ’ w 3(i co)

Let us denote by A ' and p' the moduli and arguments of the numer
ator, and by A "  and p" the denominator. In  the above expressions 

to), W8(ito), Wg(tto), we have respectively:

Ai — k i , Pi — 0 ,

A i =  Vkl + ( k ^ f  ,

A* — k3,

A'/ =  V T W  + 1  , Pi' =  tan -1 ,

pi =  tan -1 ^  , Ai' =  I' l V  +  l ,
k2

Pi' =  tan-1 T2to ,

; =  0 , A ’i  =  to , P's' =  \ .

Considering formula (20.6), we obtain for the amplitude-phase 
characteristic of the entire open network W(ito):

A =  Aj-Aj-Aj =  k ^ V k t  + jk ^ ) 2
A'l • Ai' • Ai' tol^(T?to2 +1) (T̂ to* + 1) ’ 

P = P ( - P i '  +  P i- -P 2 + P i-P 8  

=  — (tan-1 ̂ co — tan-1 +  tan -1 T2to + ^ '

(20.7)
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Assigning various values of to, we calculate from this formula 
pairs of values A  and p from which we construct the amplitude- 
phase characteristic of the entire open network W  (ico) in accordance 
with Fig. 102d.

Use of logarithmic frequency characteristic. From relations (20.6) 
we obtain the following formulae for constructing the logarithmic 
frequency characteristics of an open network of series connected 
elements:

Ai =  201ogA =  Aj, +  A.1,4-... +  A ^  , p =  Pl +  p2 + ... +  pm ,

where A tl, A h , ..., A ^  are the logarithmic amplitude characteristics 
of the individual elements.

For the same example of open network (Fig. 102ft) we obtain; 

A, = 20logfclJfc2fc3 — 20 log 1 T\(J- + 1  -  20 log \  Tie?  + 1

+  20 log 'p / 1 +  (^)*(o2 — 20 log to ,

TCP =  — tan"1 T x m  — tail"1 T 2 o> +  tan'1^ ---- -- .

Plotting the characteristic A 1 consists of the following (Fig. 103a). 
Along the axis of abscissae we mark off the abscissae of the points 
of intersection of the asymptotic characteristics. For a given ex
pression A n  as is clear from Section 19, these points will be:

1 1  k2
“  — 7r > w — tT » w p  •j-1 A- 2 k2

Their relative positions may vary in dependence on the specific 
values of the parameters. In  addition, we denote an arbitrary 
point to0, which serves as the origin of coordinates of the graph.
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From the point a (Fig. 103a) with OTdinate equal to  20 log
— 20Iogci>0, we plot the straight line ab with a slope of 20 dB per 
decade. This line corresponds to the first and last component 
^Ologfcxfcsfrj—20 log to) in the given expression A 1. To it we shall 
add the remaining components according to the order of the previously 
plotted abscissae of the break points.

The component 20log |/l + f r o m  Fig. lOOe to the break 
point has a zero slope and after this point a slope of 20 dB per decade 
upwards. Adding to the slope of the straight line ab (Fig 103a),
we obtain the horizontal sectioned. The component — 201ogI/T?<i>2 +  l  
also has a zero slope to the point of break according to Fig. 99a 
and after this point a slope of 20 dB per decade downwards. Adding 
to the slope of the straight line cd (Fig. 103a), we obtain the new 
inclined segment de with slope 20 dB per decade. The component
— 20 log V T\u? + 1  increases the slope of the characteristic after 
the point e, which gives the straight line ef with a slope of 40 dB 
per decade.

In  accordance with Figs. 100<? and 99a, the true logarithmic ampli
tude characteristic (full-line curve in Fig. 103a) first passes somewhat 
higher and then lower than the asymptotic characteristic aedef. 
The simplicity of the construction is obvious.

In  the described construction an accumulation of errors occurs. 
The most exact characteristic in this case is obtained if the true 
values Aj are calculated at the break points and then the points 
obtained joined by straight lines.

Employing the material of Section 19, by algebraic addition of 
the corresponding phase characteristics we also obtain the loga
rithmic phase-frequency characteristic of the given open network 
(Fig. 1036).

The use of experimental frequency characteristics. Frequency 
characteristics of any form may be obtained experimentally 
(Section 8). Therefore in those cases when it is difficult to set up 
the differential equation of some real part of the system, this need 
not be done but, constructing an operating model of it or taking 
a complete element in its natural form, record from it the frequency 
characteristics experimentally. As a result we shall have some of 
the element characteristics plotted by calculation from the equations 
and some of the characteristics obtained experimentally. Multiplying 
or adding them all, as shown above, we find the frequency charac
teristics of the entire open network (and then, as we shall see below, 
for the closed system).

Closed single-loop system with perturbation. In  the general form 
(Fig. 104) such a system is defined by the following equations:
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Ql(p)xl =  +  #!(?)/(*) ,

Qii.V)xa =  -®*(P)*i •>
Q,(p)xa =  Ri{p)xt ,

Qm{p)®m  =  R m (p )X m —l •

(20.8 )

Elements 1, 2 and m  may represent, for example, the following: 
the regulated object, the sensitive element (including the measure
ment of derivatives and integrals, if they are introduced into the

F ig . 104

regulation function and enter into R2(p)) and the regulating organ, 
where f(t) will be an arbitrary variation of the load on the object. 
The signs of the right-hand sides of equations (20.8) in general may 
be arbitrary, but if by Qt(p) and i?*(p) are understood operational 
polynomials with positive coefficients, as a rule the total number 
of element equations with minus signs at the right will be odd (for 
the reason for this see Section 27).

Let us transform the system of equations (20.8) to a single equation. 
From formulae (20.2) and (20.3) the equation of the network of 

elements from the second to the w th elements inclusive may be 
written in the form

Qiip)Qa(P) ... Qm{p)xm =  —R2{p)R2(p) ... Rm(p)x! . (20.9)

Then, multiplying the first of equations (20.8) by Q2(p) ... Qm(P) 
and employing (20.9), we will have:

Q%(P)Q*(P) ... Qm(P)xl
=  -  J2,(p)i7a(p )... Rm{p)x1 + Q2(p) ... Qm{p)S1{p)f{t),

from which we obtain the required equation of the closed system 
in the form

L(p)xl =  S(p)f(t) , (20.10)
where

L(p)=Q(p)  + R(p) ,  S ( p ) = ^ ^ - f (20.11)

and Q{p) and R(p) are defined by formulae (20.3).
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The static error of the system is defined by the formula

A .,= 1 ( 0 )

MO) r -

We recall tha t in such a “single-loop” system there may be not 
only “simple” elements but also compound elements with introduc
tion of derivative and integrals included in M(P)- In  a particular 
case, if the system consists of “simple” elements where the right- 
hand sides of these equations (table in Section 19) contain only Jext1 
then Mip) = &i> -Ba(p) =  fcs, •••, -Rm(p) = (the transfer factors or 
gain factors of the elements) and in the equation of the system (20.10) 
we will have:

U p) = Q(p) +  ft , where ft =  kj1t2 ... km . (20.12)

The quantity ft is termed the overall transfer factor (or overall 
gain factor).

The transfer function (see Section 8) for the closed single-loop 
system with perturbation, according to the above formulae, will be:

Wf(p) = S(P) Q{p)SAp)
U p ) Q1(p )[Q(p ) + R ( p )]'

If we divide the numerator and denominator by Q(p), we obtain

W,(V) = W[{y)
1 +  W(p) ’ (20.13)

where

W[(p) = H p )
Qi(p )

and W(p) = -K(P)
Q(P)

(20.14)

are the additional transfer function of the element 1 with respect 
to the perturbation (see the first of equations (20.8)) and the transfer 
function of the open loop, consisting of the same elements 
1, 2, 3 , . . . ,  m as in the given closed system, respectively.

Consequently, the amplitude-phase characteristic of a closed 
single-loop with perturbation will be:

W/(ico) W{(ico)
1 + W(ia>) ’ (20.15)

where Wf(ia>) is the additional amplitude-phase characteristic of 
element I  with respect to the perturbation while W  (tco) is the ampli
tude-phase characteristic of the corresponding open network. We
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already know how to find the latter from the above, while the 
first, i.e.

M(*®)
S-ifiut)
Q ^iu ) ’

is either calculated, if the element equation Qx(p)xx =  R1(p)xm 
+ Sx(p)f is given, or taken experimentally according to the scheme 
of Fig. 1066.

(a)
f«ccnst

( b )

*> sin tu t 

~  la; =Afslnttut-*MhC

T\x m*const 

Fig. 105

Let the characteristic Wi(iw) have the amplitude A{ and the 
phase Pi (Fig. 106a) while the characteristic W (tto) has the following 
coordinates (Fig. 1066):

T F ( £ g i ) =  U ( t o ) - \ - i V ( t o )  .

Then the modulus A "  and the argument p" of the denominator (20.15) 
will be:

A "  =  y ' [ l + U ( t o ) f  +  [ V ( t o W  , P" =  ta n - i  •

Therefore the amplitude A t and the phase P/ of the characteristic 
of the given closed system is found as

= 7, P/ =  P i - P " .  (20.16)

The amplitude-phase characteristic is plotted from these expressions 
(Fig. 106c).

Graphically it is constructed by taking the values A{,  p( from 
the drawing (Fig. 106a) and the values A ", p" as shown in Fig. 1066 
for the same values of w, with subsequent utilisation of formulae 
(20.16), and drawing the required curve according to Fig. 106c.
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Closed single-loop system with command signal. In  the general 
form (Fig. 107) such a system is defined by the equations

Q1{p)x1 =  B 1(p)xm + S ^ f C t ) ,
Q2{p)x2 = R 2(p)xi ,

x = y ( t ) - x 2 (circuit E D ) , (20.17)
QaiP)x3 =  Bs(p)x ,

Qmip)Xm =  turnip)Xm \ .

Here elements 1 and 2 may represent, for example: the controlled 
object and the feedback of a servomechanism or the object and 
sensitive element of a system of programmed regulation, respectively,

X x,
X,

X ,

Command
d e v i c e

Fig. 107

while the element ED  is the error detector. The symbol x  denotes 
the error magnitude, the symbol xt the output (regulated) quantity 
of the system, while y(t) is the input (command) quantity. The 
introduction of derivatives and integrals into the regulation function 
is defined by the right-hand sides of BAp) of the equations.

Let us first find the common equation of the system with respect 
to the error x. Multiplying the third of equations (20.17) by Q2{p) 
and employing the second, we obtain:

Qz(p)x =  Qz(p)y(t)-Rz(p)xi ■ (20.18)
For the network of elements from the third to the rath, from 

formulae (20.2) and (20.3) we have:
QziP) -  Qm{p)xm = B3(p) ... R m(p)x . (20.19)

Multiplying the first of equations (20.17) by Q3(p) ... Qm(p) and 
employing (20.19), and then multiplying the result by R2(p) and 
employing equation (20.18), we find the single equation for the 
closed system with respect to the error:

where
L(p)x  =  N(p)y(t) + S(p)f{t) ,

L{P) =QiP) + B(P) , 
Q(p)S1{p)B2(p)

8{p) — Qi(p)Qt(p)

N ( p ) = Q ( p ),

y

while Q(p) and B{p) are defined from formulae (20.3).

( 20.20)

(20.21)
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If /  =  0 (i.e. the object has a constant load), which frequently 
occurs in servomechanisms, then equation (20.20) takes the form

[Q(p)+-R(p)]® =  Q(p)y(t) , (20.22)

while if, in addition, all the elements are “simple” (without deriva
tives and integrals in the right-hand sides), the system equation 
will be:

[0(p) +  fc]® =  Q( p) y V) ,
where Tt is calculated from formula (20.12).

If we derive in a similar way the equation of the closed system 
with respect to the regulated quantity xlf we obtain:

where
L(p)xl = N(p)y(t) + S(p)f(t) ,

Hp) =Q( p)  + E{p),

S(p) = Q(p)Si(p)
Qi(p)

K{y)  = R(p)Qt{p)
Rt(p) 1

(20.23)

while with respect to the quantity x2

where
H p ) x 2 =  N(p)y(t) + S(p)f(t) ,

L(p) =Q( p) +R ( p ) ,  
Q(p)S1(p)Ri(p)S(p) =

Qiip)Qi{p)

N(p)  =  R(p) ,
(20.24)

The various cases considered of writing the equations of a closed 
single-loop system with command input correspond to different 
amplitude-phase characteristics. Thus, from (20.21) we obtain with 
respect to the error x  the following amplitude-phase characteristicts 
of the closed system:

Wjiiv) = S(ia)
Xr(t<o)

W%{i(n) N  (ito) 
i(ioi)

QiQi(Q +  -R) 
Q(i<o) 

Q(i(ii) +  R(io>)

W2(iw) W{(i(o) 
1 +  W(ito) ’ 

1
1 + W(ito)

(20.25)

(20.26)

(the first of these differs from (20.15) by the factor W^ito), consti
tuting the characteristic of the feedback circuit 2).

The amplitude-phase characteristics of the closed system with 
respect to the regulated quantity xy from (20.23) will be here:

W?(»®)

QS1
Qi(Q +  R) l  +  W’Jtci))’

RQz _______ W (^ )_____
RiiQ +  R) W8(fw )[l +  W(ito)] ’

(20.27)

(20.28)
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while with respect to the quantity x2, form (20.24):

w r, R{i(ji) =  W(t(0)
v Q(i<>i)+It(iu>) l  +  W(ito)" (20.29)

The plotting of all these frequency characteristics of a closed 
system is carried out similarly to the above, if the amplitude-phase 
characteristic of the corresponding open system W(tco) is known. 
We note, in addition, tha t there are special circle diagrams (Refer
ence 11) for plotting the characteristics (20.26) and (20.29).

21. Transformation of the equations and frequency characteristics of 
multi-loop systems

Let us consider several simple examples of multi-loop systems.
Element with negative feedback.—We first obtain the equation and 

amplitude-phase frequency characteristic for an arbitrary element 
with feedback (108). Let the equation of the element and the feedback 
have the forms

Qc(p)xout — -Bc(jO(*ln xfb) j |
Qtb(P)x fb =  Rfb(P)x o\it • J

(21.1)

P i g . 108

Multiplying the first of equations (21.1) by Qfb(p) and substituting 
the second in it, we obtain the equation in the form

[Qc(p)Q/b{P) +  Rc{p)Rfi,{p)lx oTit =  R c(p)Qfb{p)xin • (21.2)
Its transfer function will be:

W ^ln)  =  ■R’cQlb _____ WJjp)____
C QcQfb +  RcRfb 1 +  W c{p) Wfb(p) ’

where

(21.3)

W e{p) = Re(P) 
Qc(P) ’ W fb{p) = Rtbip)

Qfb(p)

is the transfer function of the element with feedback.
The amplitude-phase characteristic of an element with feedback 

will be, as a result:

W 1b(iuA = _____^ 'ê co)_____= _______ ^
c 1 -f- Wc(ico) W/&(iG)) J fc(ito) +  W/&(fco) ’ (21.4)
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where
1/  =  1 =  Qe( i <*) .
" c We(ico) Rc(io)) ’

M e is termed the inverse amplitude-phase characteristic of the 
element.

For example, let there be an oscillatory element with introduction 
of integral (see table in Section 19), included in a feedback loop 
in the form of an aperiodic element. From Section 19 we take the 
corresponding amplitude-phase characteristics (Fig. 109a and b) 
and, by the rules of Section 20, we find first the product WcW n, 
(Fig. 109c) and then W1b (Fig. 109d).

From equation (21.2) it is easy to follow the influence of various 
forms of feedback on the properties of different types of element. 
We shall consider only two cases.

Let us take the element with introduction of integral (or in
tegrating element, where the polynomial Qc(p) does not have a con
stant term while R c(p) has one. We shall include it in a stiff feedback, 
i.e. one for which Qfbip) and Rfbip) both have constant terms in 
the equation. Then, as is evident from formula (21.2), the element 
(taken together with feedback) loses its integrating properties, 
since a constant term appears in the left-hand side of the equation 
equal to the product of constant terms of Rc(p) and R fb(p). As a simple 
example: given equation (21.1) in the form:

PXont — ItlO^tn ®/ft) > =  ^ 2®out i

the equation of the element together with the feedback from (21.2) 
will be:

{ p  ”f" ^ 1 ^ 2 ) ® out “  f tl^ tn
or

(Tp +l)®ont = kxia T = - ^ - ,  ]C =  — ,

i.e. the integrating element with an ideal stiff feedback changes 
to aperiodic.

Let us now take again an integrating element. But we shall 
include it in a transient feedback for which the equation Qfb{p) 
has a constant term, while Rfb(p) does not have one. Then, as is
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evident from (21.2), the integrating property of the element (with 
feedback) is preserved. For example,

PHout =  ^i(a'ln ®/ft) j (Tp  -f-1 )®/6 =  JCiPXout
the equation of the element together with feedback will be:

(Tp +  l  +  kjejpxout =  (Tp +  l)&i®in

(the aperiodic element with introduction of integral). This property 
is utilised in designing astatic systems (see Section 11 and Section 14).

The Dynamics of Automatic Control Systems

Fro. 110

Open network with negative feedback. Let. feedback (Fig. 110a) 
be connected to the above open network (Fig. 102a) at an arbitrary 
point. The equations of all the elements except the (& +  l)st are 
written in the form (20.1) while for the (k +  l)st element we have:

(21.5)Qk+i(p)xk+l =  Rk+i(p){xk- x fb) ,
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where the feedback equation is added

Qib{v)®ib =  Rfb(p)xi • (21.6)

Individual portions of the network consisting of series connected 
elements are joined in “blocks” II, I I I  and IV (Fig. 1106), Ihc 
equations of which from (20.2), (20.3) and (21.2) will be:

where

Qn(p)Xk =  -Rii(p)*2,
[Qia(p)Qfb(p) +  Riu(p)Rjb(p)]%i =  Rm{p)Qtb{p)®k ,

0 i v ( p ) ® o u t  =  R M p ) X l  ,

Quip) =  f l  Q*(P) ’ R ^iP) f l  R <('P) ><-a i-3
2 2

Qm(p) = f ]  Q<iP) > Rui(p) = f j  R i(p) j
i—k+1 

m
»-*+1

Qiv(p) =  f j  Qi(p) ; Riv(p) = f ]  R t(p)
<-2+1 <=2+1

(21.7)

( 21. 8 )

(n is the symbol for the product). Considering now the block I I I  
together with feedback as a single element with a complex equation 
(the second of (21.7)), we may employ formulae (20.2) and (20.3) 
to obtain a single equation for the entire open network (Fig. 1106)

QiP)Xout =  R(P)Xin ,
where

Q(p) =  QiQiQuQiviQinQib +  RmRfb) , 
R(p)  =  RiR2RjiRuiRiyQib ■

(21.9)

( 21 . 10)

The amplitude-phase characteristic of such an open 
(Fig. 1106) will be:

w /- \ R(iu)  lViW2TFn WinWiv
W { ,a ) - W d ~ ~ T + W m W i - '

network

( 21. 11)

Open network with two negative feedbacks. Let us consider here 
four different cases. The network equation when the second feedback 
includes the first completely (Fig. 110c) is easily obtained from 
the above, specifically, applying formulae (21.9) and (21.10) to the 
section of the network II, III, IV and feedback 1 (Fig. 110c), we 
find for it the equation

Q'(P)xout =  R ‘{p){xt - x m ) , (21.12)
where

Q'(p) =  QnQrv{QniQm + RiiiR)bi), 
R'(p) =  R uR m R ivQ m  •

(21.13)
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Considering this now as a single element and applying (21.9) and
(21.10) to the entire network with feedback 2, we obtain the equation 
for the entire open network

Q ( P ) ® o u t  =  B ( p ) X in ( 2 1 . 1 4 )

where
Q(p) — QiQi(Q'Qtbz +  B'Bm) > B(p) — R\RJi'Qib

and after substitution of (21.13)

Q ( p )  =  Q i Q i ( Q i i Q i n Q i v Q t b i Q m

+  QnRmQiYRfbiQw+ -Rn-Rni-Riv$/6i-fiW),
B ( p )  =  B i B i B u B j i i B r r Q f b i Q f b z  •

(21.15)

The amplitude-phase characteristic of this open network will be:

W (iui) B(iu)) ________WiWsWuWmWiv______ -.g.
Q(ia) 1 +  'Wm W,bl +  W nF m F ivF /te  '

The numerator of this formula contains the amplitude-phase 
characteristics of all the series-connected blocks (Fig. 110c) and 
the denominator, unity with two terms (from the number of feed
backs), in each of which the feedback characteristic is multiplied 
by the characteristic of the block included by it.

As the second example we shall consider one where the feedbacks 
partially overlap each other (Fig. 110c). In  this case the equations 
of all the elements have the above form (20.1), except the third 
and (k +  l)st for which we have:

QAp)®* — Ba(p)(X2 %jbl) ) I 
Qk+\{p)®k+l — Biê i(p)(X/e Xffo) > I

(21.17)

where two feedback equations are added:

Qm(P)®ibi = Bm {p)xt , \ (2118)
Qibi(P) /̂b2 •”  Bjbiip)Xoxxt, . )

Joining the sections of the network of series-connected elements 
into blocks (Fig. 110c), we write the equations of the blocks:

Qu{p)®k =  Bn(p)(x2- x m ) , 
Qm(p)xi =  Bm (p)(xk- x m ) , 

0 iv (p )a w  =  Brf(p)Xi,
(21.19)

where Qu, Quit Qiv, Bu, BUi, Bjy are defined by the above formulae 
(21.8). Multiplying the first equation (21.19) by Qjbl and the second 
by Qm, we eliminate x/bl and x/b2 using (21.18). Multiplying again 
both of them by Bjy,  we eliminate x1} using the third of equations
(21.19). Then the first of the two equations obtained is multiplied 
by QmRuj with the use of which we eliminate xk. As a result wo



Differential Equations of an Automatio Regulation System 195

shall have a single equation for the entire open network (Fig. 110d) 
and e) in the form

Q{P)Xout =  D{p)Xin , (21.20)
where

Q(p) — QiQi(QuQiuQvrQfb\Qm
+  RuRuiQi'vRjbiQ/bz+ QiiRiuRrvQibiRm) > 

R(p) =  RiRtRnRmRrvQmQfbz •
(21 .21)

The amplitude-phase characteristic of this open network will be:

W (i 1 — • ^ 7co) _ ______ ^TTaWiiTFjnTFry_____
Q(iu>) 1 +  WiiWinW/M +  W i i iŴ iv^/62 ’

(21.22)

where the same principle is observed for constructing the formulae 
as in (21.16).

The same principle is valid even for the case where both feedbacks 
are connected to the same element (Fig. 110/). In  this case the 
equation of the open network takes on the same form (21.20), where

Q{p) — QiQtQrv{QnQmQmQfbt + RnRmRfbiQfta
+ RnQmQfbiRm) > (21.23)

R[p) — RĵRzRuRniRrvQ/biQfbz •
The amplitude-phase characteristic of such an open element will be:

„ r . R(io>) WjTFaTFnWniWVy 
{ > ~  Q(i<») ”  1 +  W „ lfinW/61 +  W n Wm  •

(21.24)

Where both feedbacks originate at the output of a single elements 
(Fig. llOg) we obtain in exactly the same way the equation of the 
open network (21.20) in which

Q(p) =  QiQzQniQmQrvQjbiQm+ Q\uMv?RmQib2.
+  RniRlYQtblR/bz) )

R(p) =  RiRzRuRmRivQtbiQm
(21.25)

and the amplitude-phase characteristic of the open network

W (i \ — W, WaWnWiyiWiv
Q(io>) 1 +  WiyWM +  WtnWtyWjte (21.26)

Open networh with branching. Let an open network be composed 
of certain blocks of elements with branching (Fig. 111). The equations 
of the blocks have the form

Q1{p)x1 =  Rr(p)xin , Qi{p)xt =  R2{p)xl ,
QuiP)xk =  %n{p)xt , Qiu(p)xi =  -K i i i ( p ) « 2  ,

Q l v ( P ) x ont =  R M p ) ( X k +  Xt) .

14
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Q{p)xont =  R(p)xIn (21.27)
where

Q(p) =QiQaQuQmQiv, )
R  (p) — R^zR iviR nQ iu  +  Qn^m) • I

The amplitude-phase characteristic of this open network will be 

W(t<o) =  =  WlWtW M W n  +  Wm ) , (21.29)

Pig. I ll

i.e. the amplitude-phase characteristics of the parallel-connected 
blocks are added.

I t  is similarly easily possible to derive formulae for various other 
complex open-network systems.

Here, as in Section 20, experimentally obtained frequency charac
teristics of the elements may be used in all cases in place of calcu
lating them from the differential equations.

Closed systems with additional feedbacks and with branching. 
In  Fig. 112 are represented six different structural diagrams of 
closed systems, with perturbation /  (for example, automatic regula
tion systems), and six different structural diagrams for closed 
systems in which the command y  is introduced (for example, servo
mechanisms or program-controlled systems). Here such closed 
systems are taken to which correspond the six forms of open networks 
with negative feedback and with branching considered above. The 
introduction into the regulation function of derivatives and integrals 
is defined by the right-hand sides Ri{p) of the regulator element 
equations.

The equations of all the elements remain the same as for the 
open networks (with substitution of the index “out” by m), except 
the first (regulated object), for which we have

Q1{p)x1 = R1{p)xm + S1(p)f(t) , (21.30)

and the element ED  (error detector)

x  =  y(t)—xt . (21.31)
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I t  is assumed, as before, tha t in regulation systems an odd number 
of elements (most frequently one) of the basic loop has a minus 
sign before the right-hand sides of the equations; in the presence 
of the command signal the necessary minus sign is given by relation

Fig. 1 1 2

(21.31). The equations of all open networks here, as in Section 20, have 
been reduced to a single form Q(p)x0nt =  R(p)xia, where the opera
tional polynomials Q(p) and R(p) have differing expressions for 
different networks.

In  this connection the equations of all open systems with per
turbations (Fig. 112a, c, e, g, i, Jc) are brought to the forms (20.10) 
and (20.11), as in Section 20, but only now the expressions Q{p) and 
R{p) must be taken from the formulae for the corresponding open 
networks (21.10), (21.15), (21.21), (21.23), (21.25) or (21.28). The 
amplitude-phase characteristic of the closed system will also have
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the form (20.15), where W(ico) is the characteristic corresponding 
to the open network: (21.11), (21.16), (21.22), (21.24), (21.26) or
(21.29).

The equations of all closed systems with command signals 
(Fig. 1126, d, /, h, j, I), constructed for the error x  will have, as in 
Section 20, the forms (20.20) and (20.21), for the regulated quantity xlf
(20.23), while for the quantity x2, (20.24). In  all cases we employ 
the expressions Qip) and R(p) for the corresponding open networks. 
The amplitude-phase characteristics of closed systems are defined 
by the formulae: (20.25), (20.26), (20.27), (20.28), (20.29), employing 
the amplitude-phase characteristics of the corresponding open 
networks.

Oeneral case.—If the dynamics of a closed automatic system of 
any degree of complexity (with several regulated quantities, several 
regulating organs, several external forces) are described by several 
differential equations of the form

Qu(p)a>1 + Ql2(p)x2 + ... + Qln(p)xn =  Pi(p)Ut) ,
Q2i(p)Xi + Q*2(p)v2 + -- + Q2n(p)Xn =  P 2{p)h(t) , (2132)

Qnl{p)®l + Qn2{p)x2+ .-+Qnn(p)X„ -= Pnip) fnit) ,

the common equation of this closed system will be:

L(p)x  1=  Si(p) f^t) + S2(p) f2{t)-r Snip)f„(t) , (21.33)

where the operational polynomials are found by expanding the 
following determinants:

where A lx[p), A a(p), ..., A nl(p) are the algebraic complements of 
the elements of the first column of the determinant (21.34).

The static error of the system of each of the external forces is 
defined by the formula

Quip) Quip) ••• Qmip) 
X(P) =  Q^iP) Q M  -  Qmip) (21.34)

Qn 1 ip)Qn?.iP) ••• Qnnip)

Slip) = PliP) A n{p) , 
SiiP) = PiiP) A 2i{p) ,

Snip) =Pnip )Anl{p) ,

(21.35)
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The amplitude-phase characteristics of a closed system defining 
its forced oscillations with sinusoidal variation of each of the external 
forces individually will he:

T7ri(iw)

Wfz(io>)

L(ioi) ’ 
S^i io) 
L(ia>) ’ (21.36)

Wfn{i<n) = L(iio)

The material of this chapter, which has a general auxiliary charac
ter, will be used to a large extent further in examples. However, 
independently of this, from the general formulae already obtained 
it is possible to make a substantial number of useful concrete con
clusions about the dynamic and static properties of various auto
matic systems.



CHAPTER VI

SETTING UP THE EQUATIONS OF ORDINARY LINEAR 
AUTOMATIC REGULATION SYSTEMS

22. Equations for an automatic engine-speed regulation system

Let us derive the equations for a system for the automatic regula
tion of the speed of an engine with a centrifugal regulator. Aside 
from the standard form of equations adopted in contemporary 
regulation theory described in Section 18, let us also write them in 
another form—the dimensionless form, in which they appeared at 
the start of this century. This form of notation is also encountered 
in contemporary regulation theory literature.

The basic arrangement of the system (Fig. 78) consists of the 
engine 1 (regulated object), centrifugal mechanism 2 (sensitive 
element), the gate valve 3, the hydraulic motor 4 (the last two 
constitute an amplifier) and the regulating gate valve 5 (regulating 
organ). There is an additional transient feedback in the system 
in the form of an isodromic device consisting of the oil damper D 
and the spring 8.

In  addition, there is the adjustment of the system for a definite 
number of revolutions per minute, for example using the handle E, 
manually adjustable to a definite position. The adjustment may 
also be carried out in advance by increasing or reducing the tension 
of the spring in the centrifugal mechanism 2.

The role of the external perturbation on the system is played 
in the present case by variations of the engine-shaft load.

We shall write the equations for all the elements of the system 
in their complete form and we shall also analyse several simpler 
variants in the form of particular cases.

Equations of the regulated object (engine). The equation of rotation 
of the engine shaft together with all other masses which move with 
the shaft will be:

J - ^ M dv- M r- M l , (22.1)

where J  is the moment of inertia of the entire moving mass reduced 
to the engine shaft, to is the angular velocity of the engine shaft,

200
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MdT is the driving moment on the engine shaft, M , and M t are the 
resistive and load moments reduced to the engine shaft.

The driving moment M dr depends mainly on the magnitude of 
the energy applied to the engine, i.e. on the position of the regula
tion organ 5 and sometimes also on the angular velocity of the 
shaft to. Consequently,

Mir -= Mdr(x) or Mdr = Mdr{x, to) , (22.2)

where x  is the coordinate of the regulating organ.
The actual form of function (22.2) will differ for different regulated 

objects and may be taken from the theory of the corresponding 
engines in the form of a formula or from experimental characteristics 
in the form of graphs (for example, Fig. 113a, b).

The resistive and load moments usually have the form

M r = Mr(to), M t =  Mi{t) . (22.3)

The function M r(to) is also given by a formula or graph (Fig. 113o). 
The quantity M t is independent of the system under consideration 
and may vary arbitrarily with connection, disconnection or variation 
of the operating regime of the load served by the engine. 

Substituting (22.2) and (22.3) in equation (22.1), we obtain

J& — M,ir{x, to) +  J fr(co) =  — Mi(t) . (22.4)

The functions M dr and M r which are non-linear with respect to X 
and to may be linearised in the vicinity of the investigated steady- 
state.

Let, for example, the steady-state operation of the engine be 
defined by certain constant values to =  to0, r& =  rc°, Mi =  Mi.  Let us 
introduce the deviations

Ato =  to— to0 , Arc =  x —afi . (22.5)

Comparing (22.4) with the general formula (18.1) we conclude 
that in the present case

F  =  Jib — Mdr(x, to) +  M r(u>), 
rj?j — x  , rpg ■ 0 , rc, ■ to •
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Therefore in accordance with formula (18.5) equation (22.4) in 
linearised form will be:

J i“+[(tst)’-  (^r)'] A“-  C # )'4* = " t . <22 0)
where

( 8  M d r \ °  t d M d r \ °  / d M r  y
\  d x  /  ’ \  8 o >  /  ’ \ d o >  J

are partial derivatives of the functions (22.2) and (22.3) with co =  co° 
and x  =  aP. Graphically they may be obtained as the slopes of the 
tangents a t the points C in Fig. 113a, b, c (taking into account the 
scale of the drawing).

To reduce this equation to the standard from of Section 18 we 
introduce the time constant and transfer factor (gain factor):

With this notation the parameters Tt and will be positive numbers. 
In  the most frequently encountered case when

the equation of the regulated object (22.6) will be:

(22. 8 )

(T1p + l)Ata = 1c1Ax—f(t) ,  (22.9)
i.e. the object represents an aperiodic element with time constant T1 
proportional to the moment of inertia J  and with gain factor propor
tional to the slope of the characteristic M ^ x ) .  For the dynamic 
properties of such an element see Section 19.

In  the less frequent case, when

we obtain the equation
(Tip — l)Aw — TCiAx—fit) ,

(22.10)

(22. 11)

i.e. the object represents an unstable aperiodic element. 
If, finally,

JUdr — AIdr(^) , (22 . 12 )
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then the equation of the regulated object (22.6) takes the form

pAu> = k [A x~ f1(t) , (22.13)
where

Tti
1 (dMdr\° 
J \  dx / ’ m  = i i ( ( ) - i i

j (22.14)

In  this case the object appears neutral and represents an integrating 
element.

We shall now write the equation of the regulated object (22.6) 
in the other (dimensionless) form.

Each term of equation (22.6) and (22.1) has the dimensions of 
a moment. We note tha t each motor or engine has some nominal 
calculated regime defined by the nominal driving moment Mn and 
the nominal angular velocity ton. To eliminate dimensions we divide 
equation (22.6) by Mn.

We shall also introduce the conventional nominal quantity x„:

xn (22.15)

Then equation (22.6) may be rewritten in the form

Jvn  Aw r/aJfr\° to* Aw _  Ax Ma (t)-M$t
Mn wn +  [ \  0w )  \  0w /  J Mn xn Mn

Introducing now the dimensionless relative deviation

Aw „ Ax (22.16)

we obtain from the preceding the required equation of the regulated 
object in dimensionless deviations

Ta<p +  P9 =  £— + (*) , 

where we have introduced the notation:

'SMr\° /ajf» \°l a*
i 0w / \ 0co /  J Mn ’

r p  _ J  <»n

a== M n > +(*)
M l(t)-M°l

Mn

(22.17)

(22.18)

The coefficient Ta has the dimensions of time and is termed the 
acceleration time of the engine. This is the time in which the engine 
accelerates from a state of rest to the nominal angular velocity in 
the absence of resistance and with constant driving moment equal
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to nominal. In  fact, from equation (22.1) with Mdr =  Mn, Mr — Mt 
= 0, 0 <  t <  Ta, 0 <  co <  co, we have:

Ta
J  j  <Zco =  Mn J  d t ,

o o
from which after integration we obtain the value Ta given in formula
(22.18).

The quantity (3 (see formula (22.18)) is termed the self-regulation 
factor. The significance of this term consists in tha t for (3 >  0 we 
have case (22.8), i.e. a stable object (22.9), which, from Section 19, 
by itself, without regulator, always comes to some steady-state the 
more rapidly and with less static deviation, the greater (3. The task 
of the regulator will consist in this case in substantially accelerating 
the transient process in the system and making the static deviation 
of the regulated quantity practically negligible (i.e. sufficiently 
small). ^

For (3 <  0 (“negative self-regulation” ) we have case (22.10), i.e. an 
unstable object (22.11), while for (3 =  0 (object without self-regula
tion) we arrive at case (22.12), i.e. to the neutral object (22.13). 
In these two cases the principal problem of regulation consists in 
establishing a stable system as well as in achieving a good transient 
response and small static error.

The equation of the sensitive element (centrifugal mechanism). 
Let us denote by y the coordinate of the sleeve B  of the centrifugal 
mechanism (Fig. 78), read downwards. The equation of motion of 
the sleeve will be:

m i p  - — F b + F a — F r , (22.19)
where mr is the mass of the sleeve and all the parts of the centrifugal 
mechanism moving with it, reduced to the sleeve, y is the coordinate 
of the sleeve, F b  is the force, reduced to the sleeve, arising from the 
centrifugal force of the bobs, F „  is the spring force, F r  is the resistance 
force realised conventionally in the diagram of Fig. 78 by a damper.

For these forces we have the following relations:
Fb - Ojto2 +  oa, 
Fa = F 1- c ly , 
Fr =  c2y ,

(22.20)

where the coefficients <hi aat °n °a depend on the design and di
mensions of the centrifugal mechanism, F 1 is the force of the pre
compressed spring (in the position y  =  0).

Only the component Ojco is here non-linear. After substituting
(22.20) in equation (22.19) and linearising it in accordance with 
Section 18 close to the steady-state co =  to0, y = y° we obtain:

(22.21)CjAy +  caAy +  mjA# +  2aiCii0A<o =  o ,
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where Ay = y —y° and, in accordance with (22.19) and (22.20), the 
steady-state value y° (sleeve position) is defined in the following 
manner:

cxy° =  I \  — a2—a^co0)2. (22.22)

From (22.21) we obtain the following equation of the sensitive 
element in standard form (Section 18):

where
{T%p2 + Tt p + l)Ay  =  -fcaAw , (22.23)

(22.24)

Here it is evident on which design parameters of the centrifugal 
mechanism the transfer factor Jc2 and the time constants T2 and T4 
of the sensitive element of the regulator depend.

Thus, the sensitive element constitutes either an oscillatory system 
if Ta <  2Tif or is second-order aperiodic (see Section 19 for their 
dynamic properties). If we neglect the resistance (ca =  0), we obtain 
the equation

(T * / + 1 ) Ay =  -  fca Ato (22.25)

of harmonic oscillator. If it is necessary to consider the resistance, 
but it is possible to neglect the mass (w  ̂ 0), then equation (22.23)
takes the aperiodic form

(Tap + 1) Ay = -  fcaAo>. (22.26)

Finally, if we neglect the mass and the resistance, we obtain the 
equation of an ideal sensitive element:

Ay =  — ftaAco (22.27)

Let us now introduce the relative deviation

Ay 
y» ’

(22.28)

where yn is some constant having the dimensions of y, defined below. 
We then obtain the equation of the sensitive element in the dimen
sionless form

+  Tfeiq +  Stq — — <p ,
where we put

Ti =  mxyn ^  mxyn 
2a1to0o)n 2o1ci>*

/p _  c2Vn ^  clVn 
2o16)°to„ 2 ax<&%

§  C1 V n ^  c l V n

2a1(o°un 2a,co^

(22.29)

(22.30)
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Approximate equalities are written for those cases where we may 
take to°<on rs c4  (this is usually the case).

The quantities Tr and Tk, having the dimensions of time, are 
termed the mass and damping constants while 8 is the non-uniformity 
coefficient of the sensitive element. They depend on the choice 
of yn and while the time constants and transfer factor (22.24) 
did not depend on the choice of these quantities.

Analogously to the above, the simplified forms of equation (22.29) 
will be:
sensitive element without resistance

T®t) +  St) =  —cp , 

sensitive element without mass
Tk^i +  Syj =  — 9 , (22.31)

sensitive element without mass and resistance (ideal)

St) =  —9 . (22.32)

Slide valve equation. Let Z  denote the coordinate of the point A  
of the lever ABC , connected with the isodromic device D -S  (Fig. 78), 
s the coordinate of the point C connected with the slide valve rod 
and q the coordinate of the point E, connecting the body of the 
slide valve with the handle of the adjuster. The directions of reading 
all these coordinates are shown in Fig. 78. Their origins are taken 
such tha t for y — 0 and s =  0 the coordinate z is also equal to zero.

If the point A  is fixed and z =  0, the position of the point C is 
defined by the formula

AC
AB-

if the point B  is fixed and y =  0, then at the point C we obtain:

So BC
A B

Therefore for arbitrary shifts of the two points A  and B  the position 
of C will be defined by the coordinate

AC BC 
~ Sl + S2~ A B y ~ A B Z '

(22.33)

The magnitude of the slide-valve openings will be:

As =  s — q (22.34)

(with suitable choice of origin of the coordinate q). From (22.33), 
we obtain:

. AC BC (22.35)
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We shall consider th a t the shift of the point E  from the handle 
of the adjuster, q, is established and remains constant in the interval 
of time considered. In  the steady-state we have:

y = f  , z =  s°, As =  0 ,

which follows from the fact th a t the piston of the servomotor 4 
obviously cannot remain in place with As 7̂  0, i.e. with the slide 
valve open. The steady-state value z is defined in accordance with 
(22.35) by the formula

. -AC A B  
*> = B C y - B C q (22.36)

Comparing this with (22.35), we obtain the equation of the slide- 
valve in deviations (in standard form)

As =  k3{Ay -  Ay,b) , (22.37)
where

A O  I t C
*» =  =□*, Ayfb = - - A z ,  Az =  z -* ° .  (22.38)

This is an ideal element with introduction of feedback (see Table 
in Section 19).

If there is no feedback in the system, i.e. the point A  is fixed 
(for example, Fig. 18), the equation of the slide valve will be:

As =  k3Ay . (22.39)

Let us now introduce certain nominal values:

BC 
= A B Z

BC
Vn ~  AC Zn (22.40)

(where zn will be defined below) and the relative deviations

As Az
S n  1 Z n

(22.41)

Then in place of (22.37), the equation of the slide valve in dimension
less form will be

<s = -n-K., (22.42)
and in the absence of feedback

a =  7] . (22.43)

The equation of the regulating organ drive. A fairly exact equation 
of the hydraulic drive 4 (Fig. 78) has a complex non-linear form 
because of the complex dependency between the motion of the 
slide valve rod, the area of the opening, the quantity of working 
fluid flowing, its force on the piston of the motor and the mass of
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the moving portions of the drive. Basically the quantity of fluid 
flowing per unit time also depends on the size of the opening in the 
slide valve As and, if we neglect its mass, imparts a definite velocity u 
to the piston of the hydraulic motor. Let (Fig. 114a)

u - F(As) ,

where u, = 0 when As =  0 In the linear form (Fig. 1145) this gives: 

u = cAs or Au = cAs .

The transmission to the regulating organ 5 (gate valve) is described 
by the equation (see Fig. 78)

x L M
~MN U or A L M  AA* =  Am .M N (22.44)

From the above equations we obtain the following equation for 
the regulating organ drive (in standard form):

pAx =  \A s  , where JcA =  c , (22.45)

which represents an integrating element.
Introducing the known xn and s„ we obtain the equation of the 

hydraulic motor in dimensionless form

=  where = (22.46)

The quantity Te, having the dimensions of time, is termed the 
hydraulic motor constant.

The equation of motion of the regulating organ will not be given 
separately since it is implicit in the above work.

Feedback equation. The equation of motion of the damper piston * 
D (and together with it the point A, Fig. 78) will be:

m g  =  Fs+ F d , (22.47)

where m2 is the mass of the damper piston, F e is the spring force, 
Fd is the damper force, with

Fa =  F 3 +  CaZ , Fd =  c4(i — u) , (22.48)

It is also termed stroke regulator.
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and Fs is the pre-compression force of the spring (in the position 
z =  0), Cj is the stiffness of the spring, c4 is a proportionality factor, 
(z—w) is the relative velocity of the piston in the damper cylinder. 

In  the steady-state from (22.47) and (22.48) we have:

Fa+c^° =  0 . (22.49)

Neglecting the small mass of the piston m and letting w =  Aw, 
i  =  Az in the transient process we obtain from the same equations:

caAz +  c4Ai; =  c4Aw . (22.50)

Introducing Ay# from (22.38) and Ax from (22.44), we derive the 
equation of transient (isodromic) feedback in standard form

where
(Tfip +  l)A y# =  k'tpAx , (22.51)

, c4 B C M N  
k* ~ c a AC-LM  5 (22.52)

this is an aperiodic differentiating element (see Section 19).
If we eliminate the damper D  and join the point A  with the 

piston 4 (Fig. 78) using a rigid rod, we obtain a system with stiff 
feedback (Fig. 74). Here, obviously, the displacements Az =  Aw 
will be rigidly coupled, from which, employing (22.38) and (22.44), 
we obtain the equation of stiff feedback

Ay# =  ft6Ax , where kb =  (22.53)

(an ideal element).
To write the feedback equation in dimensionless form we represent 

(22.50) in the form

c4 Az Az _  M N  c4xn Ax
Oa  Z n  z n  L A L  C g Z n  X n

(22.54)

The quantity zn above has already appeared in formula (22.40), 
but has remained undefined. We shall define this conventional 
nominal quantity z„ in the following manner:

Z n ^ M f X n ,  (22.55)

where xn is calculated according to (22.15); the quantities y» and s„ 
are then defined by relation (22.40).

Thus we obtain from (22.54) the equation of transient (isodromic) 
feedback in dimensionless form

TtX. + X . ^ T t i ,  where c8 (22.56)
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and the equation of stiff feedback will be:

Overall system equation. We have thus obtained a number of 
equations for the elements of several variants of the automatic 
engine velocity regulation system. Different combinations of these 
equations with each other will describe different systems.

For example, if there is a regulated object without self-regulation, 
fitted with a regulator with stiff feedback, the equation of the auto
matic regulation system in the two forms will be:

pAai =  k [ A x — f { t )  , 
{ T \ p  +  T ^ p - y - 1) Ay =  — Tc2A id ,

A s = k 3( A y — A y fb) , 
p A x  =  Jc4A s  ,

A y f b =  k sA x  ,

T% +  2Yr) +  St) =  — <p ,

Tsi = o,
1 = 1,

(22.57)

or, if we combine the last three equations, then

pAu =  k{Ax—f(t) 
(Tip* +  T2p +1) Ay =  — &2Au , 

(p +  A® =  fc3fc4A y,

Ta9 =  £—']'(<) , 

Ta% + l  = yi;
(22.58)

this is an example of how stiff feedback changes an integrating 
element into an aperiodic one.

From (20.10) and (20.11) the general equation of the entire closed 
system in this case will be:

L{p)A<* =  -S( p) f ( t )  , (22.59)
where

L ( p )  =  { T \ p 2 +  T 3 p + T ) { p  +  k 3 k i k !>) p + k ' - i k 2k 3k i  , ) (22 60)
S { p )  =  ( T l p 2 + T 2 p  +  l ) ( p  +  k 3k J e 5 ) . \

Similarly, starting from the real properties of the investigated 
system, it is possible to take any other combinations of the equations 
derived in this section.

In example (22.60) the system is static, since the polynomial 
S{p) contains a constant term, where the static error of the system 
on the linear segment

Atogi —L(0)J
A , o
k[k j (22.61)

is proportional to the feedback transfer factor fe5.
But the deviations of the load f° may be large and the charac

teristics of the object non-linear. Therefore (22.61) must be considered 
only as a qualitative result. We shall derive a more exact static 
characteristic for the given automatic regulation system. For the 
engine as the object of velocity regulation it is necessary to know
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the static characteristics w°(a )̂, i.e. the dependence of angular 
velocity on the position of the regulating organ in the steady-Btates 
for various loads. For an object with self-regulation, on the basis 
of the graphs of Fig. 113 and formula (22.1) with dufdt =  0, this 
static characteristic takes on the form of Fig. 115a.

In the case of an object without self-regulation (22.12) the 
quantity <■> does not enter into the equation of the static charac
teristic. We may plot only an auxiliary characteristic—the de
pendence of the position of the regulating organ afi on the load 
magnitude M\  (Fig. 1155). The angular velocity co° may have an 
arbitrary value, i.e. the engine is indifferent to the magnitude of o> 
(neutral object). The angular velocity co becomes defined only in 
the presence of an appropriate regulator.

I t  is further necessary to assemble the static characteristic of the 
regulator, which should express the dependence of the regulating 
force ofi on the value of the regulated quantity to0 in different steady- 
states.

If the regulator has stiff feedback (Fig. 74), then, on the basis 
of (22.19), (22.20), (22.36), (22.44), we write:

Ci3/° = J ,, - « 1((o°)! - o2,

As =  0 ,AC BC 
A B V A B ^  + q '

afi = L M
M N u“ 2° =  U°  .

Eliminating y°, z°, m°, from this, we find:
/ n\, c, A B  F ,— s. ^  BC MN_ 

a± AC L M (22.62)

The quantity x° depends on the load M\  in accordance with the 
characteristics of the object (Fig. 115). Therefore, in the given system 
the regulated angular velocity cannot be strictly constant, and 
will vary with the load M t; obviously, to obtain the smallest possible 
static error of the system the parameters of the regulator should
16
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be selected so th a t the coefficient of ®° in (22.62) is as small as 
possible.

The static characteristics of the overall automatic regulation 
system co°( JIT?) for various constant adjustments q (Fig. 116a) are 
obtained by eliminating as0 from equation (22.62) using the graph 
(Fig. 115). The static error in a given interval of variation of the load

-3 f?mln M l  -M j m ax

with given adjustment q is defined from the static characteristic 
(Fig. 116a) as

A„% =  0 W ~  100 % .

By analogous calculations it is easily verified tha t in the presence 
of transient feedback (Fig. 78) the system becomes astatic and the 
angular velocity to does not depend on the magnitude of the load 
but is defined only by the adjustment of the system (Fig. 116ft).

23. Equations of an automatic pressure regulation system

Let us construct the equations of a system for the automatic re
gulation of air pressure in a certain chamber. The schematic diagram 
of the system is shown in Fig. 117, where 1 is the chamber (regulated 
object), 2 is a membrane pressure gauge (sensitive element), 3 is 
a jet, 4 is a spring, 5 is a distributor, 6 is a pneumatic motor (ele
ments 3, 5, 6 comprise the amplifier), 7 is a stiff feedback, 8 is a valve 
(regulating organ). The regulated quantity is the pressure pe in the 
chamber 1.

The equation of the regulated object. Let us denote by g^ the 
quantity of air admitted in one second gant the quantity of air re
leased in 1 second, Oc the quantity of air in the chamber (by weight).

Obviously, the difference between the input and output is the 
increment to the quantity of air in the chamber, i.e.

(gin—9out) dt =  dOc . (23.1)

The steady-state will occur with g^ = g0Tlt, when Ce =  const =  0°c.
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Let Vc, 6c, R , pc be respectively the volume, temperature, gas 
constant and air pressure in the chamber, then, employing the 
fundamental law of gas physics, we may write

PcVc =  GCRQC
or

< 2 3 - 2 >

If the temperature 0C is constant (as a result of the presence of 
thermal insulation or a special separate automatic regulator, not 
considered here), we obtain from (23.1) and (23.2):

W e W  = 9bi~ 9oat' (23*3)
The quantity of air supplied per second gin depends on the coordinates 
of the regulating valve position x, on the pressure in the chamber pa 
and, in general, also on the pressure p1 and the temperature 0, of 
the air supplied. The quantity of air released per second gout depends 
on the air pressure in the chamber pc and the external pressure p0, 
as well as on the cross section q of the air outlet from the chamber. 
In other words,

9 in  — fl(x i P c i  P n  0i) > | 

i/out =  h ( P c ,  p c i  q) • I
(23.4)

Equation (23.3) takes the form
y e

P c  (ftn(®, P c i  P i i  0i) + ffout(Pcj P o i  2) =  0 •

Denoting the entire left-hand part of this equation by F,  by analogy 
with (18.1) and (18.5) we obtain after linearisation

(23.5)
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where Apc, Aw, ..., are the deviations of the variables pc, x t ..., 
from the defined steady-state values pi, x ° , ... The steady-state of 
the system, from (23.1), (23.2) and (23.4), is defined by the following 
equations:

V'  o j>
& c  —  ' P c  t 9 t a  —  9 o u t  t

n / / o o o Oo. (23.6)
ffln. — /l(® i P e t  P i t  6l) j

9  out =  f t i P c t  Pot 9  ) t 

where the values Vc, R , Qe, p n  0lr p0, g should be given.

If Apt , A0lf Aq and Ap0 are arbitrary perturbing functions, in
dependent of our system (external conditions), then from (23.5) 
we obtain:

The coefficients

/fyln\° |%out\° /ggin\° (dgOut\0
\ ^Pc) , \ dp0 ) ’ \dpcJ ’ \ d x )

(23.7)

and others may be defined, for example, as the slopes of the ex
perimental static characteristics a t the points C (Fig. 118), corre
sponding to the steady-state {pc =  pi, x  =  ®°, p0 =  pi)- These coef
ficients may also be determined theoretically.

Let pn and gn denote certain relative nominal values of the pressure 
in the chamber and the quantity of air supplied per second, for 
which the given system has been calculated.

To reduce to dimensionless form we divide the entire equation
(23.7) by gn and, in addition, the left-hand side is multiplied and
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divided by pn and the right-hand side by &», where xn denotes Borne 
relative nominal value having the dimensions of the  coordinate of 
the regulating valve ®, namely:

Xn —

Then, introducing the relative deviation

A pe
Pn  ’

I
Ax 
Xn ’

(23.8)

(23.9)

we obtain the equation of the regulated object (chamber) in dimen
sionless form

T0$ +  Pq> =  $ +  <!»(*), (23.10)
where

T  =
a R%gn ’

P = (23.11)

This equation coincides with (22.17) except for the sign of 
The quantity p is the self-regulation coefficient of the object. The 
quantity Ta is termed here the filling time. This is the time required 
for filling the chamber with air from zero to a nominal pressure pn 
in the absence of outlet and leakage and with constant supply, 
equal to the nominal gn. In  fact, integrating equation (23.3) with 
yin =  gn, gout =  0, 0 <  pe <  pn, 0 ^  t <  Ta, we obtain

Vn Ta

mJ dpc= g* J dt>o o
which leadB to the formula written above for T a .

The time constant T1 and the transfer factor ^  of the regulated 
object as an aperiodic element are defined from the standard form 
of the equation

( 2 >  +  l)cp =  *£ +  /(<), (23.12)
where

T' - f '  / ( , ) “ s r  (23'13)
Equation of the sensitive element. The equation of motion of the 

membrane coupling rod is written in the form

my =  -  P  + Fm+F,+F» , (23.14)
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where m is the reduced mass of the parts moving together with the 
coupling rod, y  is the coordinate of the coupling rod (for direction 
of reading see (Fig. 117), P  is the air pressure in the chamber on 
the membrane, Fm is the spring force of the membrane itself, F f is 
the resistive force (friction), F t is the spring force 4. Here

P  =  qmPe, Fn = cL(y-y l) , F, = - c & ,

where qm is the membrane area, yx is the coupling rod coordinate 
corresponding to the unstressed state of the membrane c'z is a coef
ficient of proportionality, F x is the pre-compression force of the 
spring in the position y =  0. Dividing (23.14) by_gm and putting 
oilQm =  °a, we obtain:

^ - y + P c - c ^ y - y ^  + ^ - y - —  + — y = o,  (23.15)
Qm Qm Qm Qm

where ct is the stiffness of the membrane, measured in units of force 
divided by the units of area and length (for example, kg/cm*-cm). 
I t  may be found theoretically (Eeference 47) or experimentally.

In  an arbitrary steady-state the system of equations (23.15) has 
the form

p S - c J y O - y J - ^ + ^ y 0 =  0 . (23.16)
Qm Qm

Let us subtract this from (23.14) taking into account tha t y =  Ay, 
where Ay = y — y°, and introduce the relative deviation (23.9) and

A y
yn 7 (23.17)

where yn is some nominal value, the magnitude of which is defined 
below in deriving the feedback equation. As a result we obtain the 
equation of the sensitive element in dimensionless form

(23.18)

(23.19)

In standard form this equation takes the form 

(Tlpi + T ip + l)y) =  -*w> ,

+  Tkri +  Svj =  —9 ,
where

T* =  ^ ,  * =
Qm Pn Qm Pn \Qm / Pn

Ft wi m Tjc c3
where

(23.20)
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Equation of the distributor 5 together with the je t tube 3. The 
origin of coordinates s and z (Fig. 117) is so chosen that, for y — 0 
and a neutral position of the jet tube with respect to the openings 
in the distributor s =  z =  0. Then, as is evident from the diagram 
(Fig. 117), the size of the distributor opening will be

CAs - z  = ^ j y - z .  (23.22)

In  the steady-state the tube must be in the neutral position 
(s—z =  0), since otherwise the piston of the pneumatic drive 6 
would move. From this we have for the steady-state

2°
CA
BA f  ■

Subtract this from (23.22) and introduce the relative deviations

a (23.23)

where the relative nominal values s» and gn are taken in the following 
manner:

_ C A
Sn —  z n —  -g - j-  ' Vn  • (23.24)

As a result we obtain the required equation

a =  7] —£ . (23.25)

The equation of the pneumatic drive. The drive 6 (Fig. 117) and 
the transmission from it to the regulating organ 8 here is similar 
to the above (Section 22), with the replacement of oil by compressed 
air as the working fluid. Therefore the approximate equation of 
the pneumatic drive together with the transmission to the regulating 
organ will be the same:

T& = a , (23.26)
where

M N  Xn  

* L M  csn ' (23.27)

and the coefficient c characterises the relation u =  c(s — z) between 
the size of opening in the distributor of the jet tube (s —z ) and the 
velocity of the piston u.

Feedback equation. For stiff feedback 7 we obtain easily the 
relationship (see Fig. 117)

0 0  0 0  M E
S ~ O H U ~  OU L M X ‘ (23.28)
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From this in relative variables (23.23) and (23.9) we obtain the 
equation of stiff feedback

C =  I , (23.29)
if the nominal value zn is taken in the form

O G M N  
OH ■ L M  Xn (23.30)

This condition eliminates the arbitrary character of the choice of yn. 
discussed in introduction of expression (23.17). In  essence, now x„ 
is taken from (23.8), zn from (23.30), s„ and yn from (23.24).

Overall system equation. Thus, collecting all the final results, 
we write the equations of the system for automatic regulation of 
air pressure in the chamber (Fig. 117) in dimensionless form:

Ta? +  P? =  £+'M$) >
TrYl  +  T ic ^  +  Sfi =  —  <p ,

a  =  * )-£  , 
T &  =  a  ,

(23.31)

or otherwise in standard form (after combining the last three 
equations):

(Tip +  1)9 =  k£+f { t )  , 
( T ^ 2 +  T2p +  1)Y) =

( T s p  +  l ) l  =  7) .

(23.32)

From this in accordance with (20.10) and (20.11) we obtain the 
equation of the given automatic regulation system in the form

i(p)<p =  S(p)f(t) , (23.33)
where

L{p) = (^ iP +  l)(2 ’sp2 + Ttp-\-T){Tep + ±)-\-Tt1ki , 1
S(p) =  (I*p2 +  T2p +  l)(T8p +  l ) .  I

Just as has been done here, it is possible to reduce equations of other 
systems to a single dimensionless form. At the present time, however, 
the standard form is used more frequently, and we shall retain it 
in, and after, chapter Y.

24. Equations of an automatic voltage regulation system

Let us consider the composition and linearisation of the equations 
of an automatic voltage regulation system for a shunt dynamo (carbon- 
pile regulator).

The schematic diagram is shown in Fig. 119. The regulated quantity 
is the voltage V  applied to the power line at the shunt-dynamo
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terminals 1. I t  proceeds to the electromagnet 2 (sensitive element), 
the armature of which, 3, depending on the magnitude of F, exerts 
a certain pressure on the carbon pile 4 (regulating organ). A change 
in this pressure causes a change in the electrical resistance of the 
pile r. This latter causes a change of current in the field circuit 5 and 
consequently the necessary change in the regulated quantity V 
(eliminating its deviation). This is a direct-acting regulation system 
(according to Polzunov’s principle, Fig. 10).

The series resistance Rs (Fig. 119) serves for adjusting the system 
with the aid of a constant setting of the slide to the required value 
of the regulated quantity V, which is to be maintained constant . 
Adjustment may also be carried out by changing the spring force s.

The equation of the regulated object (dynamo). The voltage V 
depends, firstly, on the field current, secondly, on the mains load 
and, thirdly, on the angular velocity of the dynamo armature.

The first of these relationships is defined by the equation of the 
field circuit

V =  I 1(I21 +  r ) + £ l ^ ,  (24.1)

where and R l are the current and the resistance of the field circuit 
(Fig. 119), r is the carbon pile resistance, L t is a coefficient having 
the dimensions of inductance and defined by the design of the dynamo 
armature, but dependent also on the angular velocity of the ar
mature, i.e.

Ll = L l{n), (24.2)
where n is the number of revolutions per minute of the dynamo 
armature.

Let the steady-Btate dynamo operation be characterised by certain 
constant values F°, 1°, r°, n°. The equation of the steady-state 
process from (24.1) will be:

F° =  I?(B1 +  r0) . (24.3)
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The linearised equation of the field circuit (24.1) (according to 
Section 18) takes the form

A7 =  (J21+r°)A I1 +  2?Ar+i;AZ1, (24.4)
where

L\ =  £ ,(»°). (24.5)
To establish the voltage dependence on the load current 7X and 

on the number of revolutions per minute n  let us take the static 
load characteristic of the dynamo at the steady-state values n =  »• 
and 7X =  7? (Fig. 120a) as well as the static external characteristic

of the dynamo V = F l(Il , n), expressing the relationship of voltage F 
on the load current 7, and the number of revolutions per minute » 
in the steady-state value of the field current 7, =  I? (Fig. 120ft). 
This static characteristic F  =  F l(Il , n) may be obtained by simple 
plotting of a series of load characteristics Fig. 120a, recorded at 
various constant of 7X and n.

Considering the smallness of variation 7X =  1° +  A7, in the regu
lation process, we may write:

V = F 1(Il , n ) + ( ^ j M 1, (24.6)

IdV\°where 1^-1 represents geometrically the slope of the tangent to
the load characteristic (Fig. 120a) a t the point C, corresponding to 
the steady-state. Here, as usual, we neglect the armature inductance, 
and the armature reaction is considered lumped in the load charac
teristic. Let us introduce for conciseness the notation

with which (24.6) takes the form

y  =  F x(7i, n ) + E ^ M x .
From this we obtain: for the deviation AF =  F  — F°

(24.7)

AF =  J?iA7,+ ^ ( 7 , ,  n) — F°, (24.8)
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where
F° =  jy i* ,, » °), (24.9)

which corresponds to the point C in Pig. 120a.
Expressing from (24.8) the quantity AZx and substituting it in 

the field circuit equation (24.4), we find:

AF =  A7 +  7?Ar+ f i r -  ^  | [ W i ,  n ) - V ^ -

7? 4- r°

Bringing this to standard form, we obtain the following equation 
for the regulated object (dynamo):

and

T*

(TiP +  lJA F =  - \ A r  + {b0p + b)f(t) ,

r0 tO p0Aj\ ■, J-i-Ku
R1 + r ° - R i 1

Tcx —

Tl t

Rg + i * - # ’
R x + r°

2?1 +  r°-E °„’ 
j { t ) = F t{Il, n ) - V %

b =

(24.10)

(24.11)

(24.12)

where Ij =  Ii(t), n =  n(t).
Here it is assumed that during the regulation process the load 

current may vary arbitrarily in time I 1 =  I^t)  and the number 
of revolutions per minute n =  n(t), i.e. equation (24.10) is con
structed for a regulation process with arbitrarily varying external 
perturbations.

For the transient process with steady-state external conditions, 
where from (24.12) and (24.9) we have f(t) =  0, the equation of 
the regulated object will be:

(Txp +1) AF =  — *xAr . (24.13)

Thus, the regulated object in the given system is an aperiodic 
element.

The equation of the sensitive element (electromagnet with armature). 
Let us first consider the process in the electromagnet circuit and 
then the electromagnet armature motion.

The process in the electromagnet circuit 2 (Fig. 119) is described 
by the equation

Wt ^ +  (Ra + R .) I2 =  F  , (24.14)

where Rg and N 2 are the resistance and the number of turns in the 
electromagnet winding, Ra is the series rheostat resistance for ad-
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justing the system, I 2 and <I>2 are the electromagnet current and 
flux. The quantity <P2 depends on the ampere-turns of the coil A W 2 
and on the gap S. For a given number of turns N 2 we have 
<t>2 — C>2(/2, 8), which is represented graphically in Fig. 121.

The gap depends on the angle of rotation of the armature a (read 
from the attracted side, Fig. 119). For small a we have:

S =  S1- 6 1« , (24.15)

where by 82 is denoted the gap at a =  0 and by b1 the arm (Fig. 119). 
Obviously,

jy  _  jy ^ 2  , jy  ^ 2  _  jy  ^  **** -\- W h
JY3’F _JV ||“r 3 ’ ^ ^  2 ~d7 ~  jy^~dT ^d i n  d t 88 dt din dt

or
y  — l  i r  —’■ -iy2 dt +  2 ^  ’dt

da.
dt

where we put

88 '

d<I>2\ da.
W j d t

(24.16)

(24.17)

Both partial derivatives are defined graphically as the slopes of 
the tangents to the curves d>2 =  <J>2(J2) and <J>2 =  <I>2(S) in Fig. 121 
(with respect to the scale of the drawing). The second of these partial 
derivatives is negative and therefore the minus sign before it in 
formula (24.17) gives T2 >  0.

As a result of substituting (24.16) equation (24.14) takes the form

L2^  + (B2-hEe) h  = V -  r 2^ .  (24.18)

In  the steady-state we have:

(B2 + B8)l l  = v° . (24.19)

Introducing the deviations AI2 =  I 2—12, Aa =  a —a0, AV = V —V° 
and subtracting (24.19) from (24.18), we obtain the equation of
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the electromagnet circuit in deviations

where
(T2p + 1 ) M 2 --= ^(A V -rSpA a) ,

T,
L\

R 2 "t- Ra *
k., =■-

R2-\- Ra’

(24.20)

(24.21)

and the quantities L% and r£ are defined at the points 0  (Fig. 121), 
corresponding to the steady-state: I 2 =  2® and 8° =  oc°.

The dynamics of motion of the electromagnet armature 3 (Fig. 119) 
are described by the equation

J* = F A - F 8b2+Fb2-  M f , (24.22)

where J  is the'm om ent of inertia of the armature with respect to 
its axis of rotation, F 2 is the tractive force of the electromagnet,

F  is the reaction of the carbon pile (equal to the pressure of the 
armature on the pile), F a is the spring tension, blyb2, b3 are arms 
(Fig. 119), Mf  is the friction resistance to the motion of the armature. 
Then

Fa =  Fx + eJ&3& , F  =  F0—c2b2<x — c'ob2i  , Mf — c3± , (24.23)

where F , is the preliminary spring tension (at a =  0), c2 is the spring 
stiffness, F 0 is the pre-compression of the pile (at a =  0), c2 is the 
elastic coefficient of the pile stiffness, c3 and c2 are coefficients of 
proportionality of the “viscous” friction, b2 and b3 are arms (Fig. 119).

For an arbitrary given gap 8 the tractive force of the electro
magnet will be:

F 2 =  k i t , (24.24)

where the coefficient k depends on the design of the armature and 
the magnitude of the gap 8. I t may be found experimentally and 
represented for a given design in the form of a graph k =  ft (8) 
(Fig. 122a).

In the steady-state from (24.22) (24.23) and (24.24) we have: 

b X i l l f  =  Flbi - F Qb2 + (c1bl + 0^1)0° , (24.25)



224 The Dynamics of Automatic Control Systems

where fc° is defined from the graph (Fig. 122a) at 8° =  8,—6xa° (from 
(24.15)).

Substituting (24.23) and (24.24) in equation (24.22) and linearising 
it in accordance with (18.5), we find the equation of motion of the 
electromagnet armature in deviations:

J  An +  (Cg -f- c2b2) Aa -j- (ĉ fta -f- c$b 2) Aa
=  b{ka2 llM 2 +  W f i f  (^)°AS . (24.26)

dieNoting tha t in Fig. 122a ^  <  0, we introduce the notation

=  -  (§ )° • (J?)2 , o. =  22j *° , (24.27)

(
dk\°I are taken from the graph (Fig. 122a) at the point 0,

corresponding the steady-state of the system when 8° =  8,—^ a 0.
Bringing equation (24.26) with the notation (24.27) to standard 

form, and taking into account (24.15), we obtain the equation of 
motion of the electromagnet armature in the form

where
(Tip2 + Tsp + 1 ) Aa =  ftgAZg,

r j j 2 ______ J _______
4 ' c lbl + c2b t- c ibV 

,i, c3 +  e2b2
7 2 I 1,2 .!>

Cjp3 C2b 2 — e t b i

Cjb<i c 2b 2 —  c 4&i

(24.28)

(24.29)

Thus the dynamics of the sensitive element of the given automatic 
regulation system are described by two differential equations:
(24.20) and (24.28). In  equation (24.20) are two “input” quantities 
AT and Aa, but the latter is the “output” in the second equation 
(24.28). Consequently, the sensitive element of the given regulator 
may represent an assembly of two elements (aperiodic and oscil
latory) with transient feedback, expressed by the presence of the 
term — r “pAa, shown in the schematic diagram (Fig. 123). Physically 
this transient feedback is a result of the dependence of the electro
magnet flux on the armature motion, where the feedback transfer 
factor r°2 is defined from (24.17) by the 6lope of the characteristic 
<D2(S) (Fig. 1216).

The single equation of the sensitive element from formulae (21.9) 
and (21.10), derived for the open network with feedback, will be:

[(Tsp +  l ) ( T ^ 2 +  Tgp +  l)  +  ft2*3rip]A a =  fcAA7 . (24.30)



Setting up Equations of Linear Automatic Regulation Systems 225

Simplified forms of the equation of the sensitive element are 
possible:

(1) if we neglect the moment of inertia of the electromagnet 
armature J ,  i.e. the quantity Tif we obtain

(T4T3pa +  + 1) A« =  fc*AF , (24.31)
where

T:, = T2+ T a + k2k3 H  (24.32)

F ig . 123

(an oscillatory element for T'2 < 2 \/ T2TZ or a second-order aperiodic 
element for T2 ^  2 v ^ F 8);

(2) neglecting, in addition, the viscous resistance (Ta & 0) gives 
the equation of the sensitive element

(Ti'p + 1) Aoc =  Tc^AV , T',' =  T2 + Jejc^  (24.33)

(aperiodic element);
(3) neglecting the moment of inertia of the armature (T4 0),

viscous resistance (Ta 0) and the influence of a small shift of 
the armature on the process in the electromagnet ( r a =  c4 =  0), we 
obtain the equation

(T 2p  + 1) Aa =  Tc2K AF , (24.34)
where

K  = Cjbi +  c2b\
(24.35)

(aperiodic element).
The equation of the regulating organ (carbon pile). The dependence 

of the electrical resistance r of the carbon pile on the pressure F  or, 
which is analogous to this, on the angle of rotation of the armature a, 
is determined experimentally and given in the form of a graph in 
Fig. 1226. Let the steady-state correspond to a certain point C(a0, r°). 
The deviation of the magnitude of the resistance in the transient 
process will be:

Ar =  JctAx , (24.36)
where the transfer factor

kt

is defined as the slope at the point C (Fig. 1226).

(24.37)
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Overal system equation. In  complete form the equation of the 
overall automatic voltage regulation system is composed of (24.10),
(24.30) and (24.36). These equations are simplified by substitution 
of (24.30) by (24.31), (24.33) or (24.34). If we take expression (24.31), 
then from formulae (20.10) and (20.11) the overall system equation 
will be:

L(p)AV = S(p)f(t) , (24.38)
where

L(p) = (T 1p + l){ T 2T3p* + T!tp + l)  + lc1k2lc3kt , \ 
S (p )= (b 0p + b)(TiT ^  + T^p + l ) .  j ( • 9)

The static error of the system on the linear portion will be:

1 +  Tcjcjczk/ ’ (24.40)

where the coefficients b, &i, k3, Jc3, kt were defined above through 
the various parameters of the circuits in the system.

The complete static characteristic of the system is determined 
on the basis of the non-linear characteristics of the object and regu
lator element (similarly to Section 22) and take the form of Fig. 124. 
We give there two different presentations of the system adjustment 
by means of resistance R 3: (a) at various nominal potentials for 
the same load range, (b) for various load ranges a t a common no
minal potential.

25. Equations of automatic aircraft-course regulator

Without considering modern complex autopilot systems, let us 
consider the equations of an automatic aircraft-course regulation 
system (with a course autopilot) from the simplified schematic 
diagram (Fig. 125).

The regulated object is the aircraft, the regulator is the course 
autopilot, conventionally represented in Fig. 125 adjacent to the 
body of the aircraft, while the regulated quantity is the angle of 
rotation of the aircraft axis read from the required course 
direction.
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The sensitive elements of the course autopilot are the free gyro
scope 2 installed in the aircraft, measuring the angle of rotation <f) 
and the rate gyroscope 3, measuring the first and second derivatives 
with respect to time <]; and $ of the angle of rotation ^ (i.e. the angular 
velocity and angular acceleration of the aircraft about the vertical 
axis).

From the sensitive elements the current proceeds through the 
potentiometers 4, 5, 6 to the control winding of the differential

magnetic amplifier 7. In the magnetic amplifier summation and 
amplification of these three signals takes place. The resulting alter
nating current is applied to one of the windings of the reversing 
a t electric motor 8 which, through the gear box 10, rotates the 
rudder 11 (regulating organ). The rudder acts on the aircraft, thus 
closing the regulating loop.

There may also be an additional negative feedback 9, in which 
the rheostat slide shifts together with the rudder rotation and the 
voltage taken from the rheostat goes to a fourth control winding 
of the magnetic amplifier.

Equation of the regulated object. Considering only small deviations 
of the aircraft from rectilinear horizontal flight, we shall consider 
that the motion of the aircraft in the horizontal plane (with respect 
to course) in the first approximation is independent of its motion in 
the vertical plane (pitch) and of banking in a more general treatment 
the course and banking are not separated). We shall construct firstly, 
two equations of motion of the center of gravity of the aircraft, 
projected on the tangent to the trajectory (i.e. in the direction of the 
velocity V) and on the normal to the trajectory, i.e. in the direction 
n, perpendicular to the velocity V (Fig. 126), secondly, the equation
16
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of rotation of the aircraft about the vertical axis passing through its 
center of gravity (perpendicular to the drawing). These three 
equations are:

72
m-ft =  Z - Z „ ,

= M „ -M a- M r ,

(25.1)

where m is the mass of the aircraft, T  is the thrust, X  and Z  are 
the aerodynamic forces (frontal and side resistance), B  is the radius
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of curvature of the trajectory, J  and to are the moments of inertia 
and the angular velocity of the aircraft with respect to the vertical 
axis, Zp and Mp are the perturbing force and moment (arising, for 
example, from inexact correspondance between the true direction 
of the thrust and the calculated, or arising from wind), Ma is the 
aerodynamic resistive moment against the rotation of the aircraft, 
Mr is the rudder moment.

For simplicity the velocity of the V  will be considered constant. 
Therefore the first of equations (25.1) gives only T  = X  (the thrust 
should be equal to the drag) and drops out of further consideration.

The second of equations (25.1) will be transformed, noting that 
V/R  is the angular velocity of rotation of the vector V  in the motion 
of the aircraft over a curvilinear trajectory (broken line in Fig. 126). 
The angle between the velocity and a fixed direction, as is evident 
from the figure (Fig. 126), is equal to ^-p. Consequently,

7  dQfr-p)
b  at ’ (25.2)
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where <|> is the angle of yaw, (3 is the angle of slide. The angular velocity 
of rotation of the aircraft itself will be:

“  -  at •
The aerodynamic forces and moments Z, M a, and M r are, gener

ally speaking, non-linear functions of a number of variable coordi
nates of the aircraft in flight. We shall consider only the following 
principle relations (aerodynamic characteristics of the aircraft):

Z = Z{p) , Ma = Ma<&, P ), M r =  i f r(8),

where 8 is the angle of deviation of the rudder from the neutral 
position.

The perturbing forces and moments Z p and Mp are arbitrary 
functions of time,

Mp =  Mp(t) , Zp =  ZP(t) ,

independent of the automatic regulation system under considera
tion.

Equations (25.1), considering (25.2), are written in the form

J(|) +  J f . ( | , (3) +  J f r(S) =  M p(t) , 
m7p +  Z(P) — mVij =  Zp(t) . (25.3)

Let the steady-state flight be defined by certain values ^ =  ip, 
(3 =  p°, 8 =  8°. In  view of the smallneBB not only of the deviations 
A<]> =  ^ — 4,0» AP =  p — P°, AS =  8—8°, but of the steady-state values 
themselves (J/°, p°, 8°, linearisation of the aircraft equations (23.3) 
is frequently carried out in the total quantities p, 8 rather than 
in deviations, specifically:

-7$ +  J f f t  +  Jf£p +  M*r8 = Mp(t) , 
mV$ + Z&p-mV<\> = Z p(t) ,

where we introduce the notation

(25.4)

- H t r  * - ( £ ) * ■  )•■
and the partial derivatives (slope of the aerodynamic characteristics) 
are taken a t <(* =  ^ =  (3 =  8 =  0.

The steady-state flight (î °, (3°, 8°) for given constant perturbing 
moments and forces M°p and Zp are defined from (25.3) with 
respect to non-linearity of the aerodynamic characteristics by the 
equations

Ma{0, (3°) +  IMS0) =  M% , Z(P°) =  Z°p , (25.5)
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and from (25.4) in linearised form, by the equations 

M lp  +  M*rS° =  M°p , z Y  = Z°p .
This signifies tha t because of the presence of constant magnitudes 

of perturbing forces M°p and 2?p the steady-state rectilinear flight 
will take place with a certain constant slide angle (3° at constant 
deviation of the rudder position 3°.

The equations of the aircraft (25.3) or (25.4) in deviations will be:

(25.6)
+  Jf*A| +  M l*(J +  M \AS =  Mp-M °p , \ 

mV AjJ +  Z3 Ap -  r»7A^ = Zp-Z°p , J

where the coefficients M l, M l, M l, Z& may have the previous 
values. But it is more correct to take them as the slopes of the 
tangents to the corresponding aerodynamic characteristics at the 
points of steady-state flight (3°, 8°, <j* =  0).

Reducing this to standard form (Section 18), we find the equation 
of the regulated object (equation of perturbed motion of the aircraft) 
in the form

(T,p +  l)pA<\> =  -fcjAS-fcjsAp+  /!(<) , )
(T2p + l)A ^  = T2pA^ + m ,  \

or after eliminating the quantities A(3;
[{T1p +  l) {T2p +  l)  +  kiT2]pA<\>

=  -fti(2 ’*P +  l)A8 +  (Tsp +  l ) /1- f t 2/2 ,

(25.7)

where

T - i  -m ' T >
M i

mV
Z 9

M* Tt _zzL
M i

lc2 —Ml
m i

m  =
M „(l)~M l

M i
fi(t) —

Zp(t) —

(25.8)

(25.9)

The fact tha t A<p itself does not enter into the aircraft equation 
(25.8) but only the angular velocity pA | indicates the neutrality of 
the aircraft to the course direction (this is a result of the independence 
of the aerodynamics characteristics of the angle |  itself). In this case 
the aircraft represents an oscillatory element with introduction of 
integral (see Section 19) or a second-order aperiodic element with 
introduction of integral, depending on the corresponding coefficients.

To simplify the problem the motion of the aircraft is sometimes 
studied more coarsely, without taking into account the slip (p =  0). 
Then the equation of the regulated object takes the form

(T1p +  l)pA^. =  -fc lAS +  /1(0 (25.10)

(aperiodic integrating clement). The aircraft described by this ap
proximate equation is termed a neutral aircraft in the literature.
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Equations of the sensitive elements. The free gyroscope 2 and the 
rate gyroscope 3 (see Fig. 125) will be considered ideal, assuming 
that by the use of special corrections we have succeeded in obtaining 
without distortion an angle proportional to the angle <J> of rotation 
of the aircraft on the slider 4 connected with the free gyroscope, 
and on the sliders 5 and 6, connected with the rate gyroscope, angles

proportional to the angular velocity and the angular accelera
tion if. As a result the equations of the sensitive elements take the 
form

Vi =  lc3<\), Fa =  , V3 =  Sgif ,

or in deviations from the steady-state values:

AF, =  k3A<];, AFa =  fcspAif , AF3 =  Jc3 p4A<f , (25.11)

where in the steady-state
F? =  , Fj =  F? =  0 . (25.12)

Equation of the magnetic amplifier. The circuit of the 'differen
tial magnetic amplifier with positive feedback is given in Fig. 127. 
I t  has four pairs of control windings 1 ,2 ,3 ,  4 and a pair of windings 
for the internal positive feedback 0. Windings 1 ,2 ,3  are connected 
with the sensitive elements of the autopilot and winding 4 is con
nected in the negative-feedback circuit from the rudder.

The dependence of the total change of the constant components 
of the magnetic flux d> as a function of the magnitude of the magnetis-
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ing mmf is expressed for the given circuit in the form
® =  Y(ZiJTi +  I tN t +  I ,N , +  I tN t + I 0N 0) , (25.13)

where the components in the parentheses denote the ampere-turns 
of the windings 1, 2 ,3 ,  4 and the internal feedback of the amplifier 0 
respectively. The quantity y is a coefficient of proportionality de
termined experimentally.

For the circuits of each of the pairs of control windings it is possible
to write:

Z l- J V ld O  j  =  F,_.y,<M >
Zl B,. Rt. dt ’ 2 R s R 2 dt ’ (25.14)

Let us denote the gain factors of the magnetic amplifier with 
respect to current for each of the pairs of control windings (with 
the remaining disconnected) by qlt q2, q3, qi} i.e.

(25.15)

Neglecting delay in the alternating-current circuit we assume 
that the current I  at the output of the magnetic amplifier is propor
tional to the total change of the constant components of magnetic- 
flux ®. Consequently,

® =  -  and I 0 = I , (25.16)Gt
where a is a coefficient of proportionality which may be defined 
through the gain coefficients (25.15) for each of the four pairs of 
control windings individually, with the remaining control windings 
disconnected. In accordance with (25.13), (25.16) and (25.15) we 
obtain:

y (I1N 1 + INo) y (X i + q M ’
i _____________ q»

y (I tN t + IN 0) Y ^ s  +  f t W "

(25.17)

Further, substituting in equation (25.13) the quantities (25.14) 
and (25.16), we find:

y V 1 <g . ,  r
' Z j  B A l— t*No) i t  ' Z j  B,(l-Y*Jr<>) '

Then the quantity a in each of the four components in the left 
and right-hand sides of this equality is replaced by the corresponding 
expressions (25.17). As a result we obtain the following dynamic 
equation of the magnetic amplifier:

T, -  + 1 =  \V l +  fcsFa +  fc,Fa +  fc,F,, (25.18)
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or in deviations:
(T,p +  1)AT =  JctA V t  +  fcsAFa +  fc, AFS +  fc7AF« , (25.19)

where

<-l

Ni + qtEo y  
Ri ’ (25.20)

II 1c — —  kKb — -d 9 Ke ii k*7 — .R* ‘

The magnetic amplifier thus represents in the present case an 
aperiodic summation circuit with time constant T* and gain coef
ficients , A/0 , Tt, .

In  the steady-state, considering (25.12) and (25.18), we have:

f  =  +  (25.21)

E quation  of the regulating organ drive. The drive consists of an 
electric motor and gear reduction with transmission to the aircraft 
rudder (regulating organ). One of the windings of the motor (Fig. 125) 
is fed by alternating current from the output circuit of the magnetio 
amplifier and the second from an external source. The relation 
between the angle of rotation 8 of the rudder and the current in 
the first winding is written in the form

j§  +  fc'& =  Tt"I,

where J  and k'h are the moment of inertia of the entire mass rotated 
by the motor and the entire resistance moment reduced to the axis 
of the rudder, k " I  is the rotating moment, k' and It" are given coef
ficients. Dividing these equations by k’ and passing to deviations, 
we obtain the equation of the regulating organ drive in the form

where
(T «p+ l)pA 8 =  fcgAZ, (25.22)

T* =  F ’ k* = T r ' (25,23)

I t  is not necessary to set up separate equations for the regulating 
organ since its motion has already been taken into account here.

F eedback equation. The feedback consists of the potentiometer 9 
(Fig. 125), the 6lider of which is rigidly coupled to the shaft of the 
reduction gear. Therefore the voltage taken from it Vt is propor
tional to the angle of rotation of the rudder 8. Consequently, the 
feedback equation will be:

AF4 =  -fc,A8 , (25.24)
where in the steady-state

K  =  -fc,8°- (25.25)
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The voltage Vt is applied to the fourth control winding 4 of the 
magnetic amplifier and was taken into account in its equation (25.19).

Overal system equation. The equation of the closed automatic 
course regulation system (aircraft and course autopilot) thus consists 
of (25.8) (or (25.10)), (25.11), (25.19). (25.22) and (25.24).

Let us write the equations of the entire course autopilot indi
vidually. Substituting (25.11), (25.22) and (25.24) in equation (25.19), 
we obtain the equation of the course autopilot in the form

[(T,p +  l)(T 4p +  l)p  +  &,6]AS -  ( V f  fej,P +  fc*pW  , (25.26) 

where we have put

fctji — k3ktk3 , k^ -- k3k7k3, k'̂  -— k3k3k3, kjb — k7k3k3 . (25.27)

In  the regulation function (see Section 14 and Section 15) here, as 
we see, in addition to the deviation magnitude A<]< we have introduced 
also its first and second derivatives. In  the absence of feedback 
(k, =  kt =  0) the autopilot equation will be:

(T,p + 1) (T.p +  l)pA8 =  (fc,„ +  ft • p +  ftjp*) A+ , (25.28)

i.e. the integral of the deviation enters into the regulation function, 
eliminating the static error of the system with respect to the angle <{>.

In  fact, in the presence of stiff feedback the equation of the entire 
system (aircraft with autopilot) from (25.8), (25.26), (20.10) and
(20.11) takes the form

L(p)A+ =  £f1(p)/1(0-/S,(p)/,(*),
where

L(p) = [(T1p + l ) x ( T ip + l)  +  ft,TJ
[( ̂ 3? +  1) ( TiP +  1) P +  ft/ft] p +

+ k1(Ttp + l){k<l + k^p + k^p2) , 
Si(p) ==(T2p + l)[(T3p + l ) (Tt p + l )p  + kib], 
S2(p) = k2[(T3p + l ) (T4p + l )p  + kfb] .

(25.29)

(25.30)

From (21.35) the static error of the system with respect to each 
of the perturbations will be:

A+gii =  /Lax; A ** =  ^  /Lax; (25.31)

it drops out in the absence of stiff feedback 9, introduced into the 
circuit in Fig. 125, since without it k/b =  ft7fegft» =  0.

26. Equations of a servomechanism

Let us consider a servomechanism, the schematic diagram of 
which is shown in Fig. 128. The command device is a handwheel, 
rotated from without according to an arbitrary function a =  a(().
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This angle of rotation should be reproduced by the control object 
with change of 6cale factor: k0a.(t).

The error detector ED  is here a mechanical differential, the output 
shaft of which gives the difference of angles of rotation of the input 
device shaft and the feedback shaft (i.e. the error angle y). The 
mechanical feedback shaft may be replaced by an electrical one 
using selsyns, as in Fig. 21.

Input device

The error angle, obtained by means of the rheostat 1, is trans
formed to the error voltage Vx. The electric circuit consisting of the 
capacitance C and the resistances R x and R 2 is a differentiating 
device. -As a result, a voltage Fa is applied to the input of the dc 
amplifier equal to the sum of two terms, proportional respectively 
to the error angle and its first derivative with respect to time.

The amplified current I 3 passes through the field winding of 
generator O (its drive is not shown in the circuit). The armature 
circuit of the generator is connected in series with the armature 
circuit of the motor M  with independent excitation. The motor 
rotates the controlled object through a gear reduction P t .

Equation of the controlled object with motor. Let us denote (S 
(Fig. 128) the angle of rotation actually obtained a t the control 
object (regulated quantity). The differential equation of rotation 
of the object is written in the form

J$  =  Mr-  (26.1)

where J  is the moment of inertia of the entire mass rotating together 
with the shaft, reduced to the shaft, M r is the rotating moment at 
the shaft of the object from the drive side, M f is the moment of 
the friction force and resistance, Mt is the moment of the external 
load on the object.
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The rotating moment on the dc electric motor shaft with in
dependent excitation is:

M'r = pa207t °
where px is the number of pole pairs, p2 is the number of parallel 
pairs of branches of the armature winding, N  is the number of con
ductors in the armature winding, O is the field flux, I I is the current 
in the armature.

Since the reduction gear Px is characterised by the relation

(i =  Tct<x> (26.2)

(kT is the transfer ratio of the reduction box, fcr <  1), we obtain:

Mr = ±-M tr = elI t , (26.3)
where

_  pxN̂ >
Cl ~~ p2kT20n '

The friction and resistance moments

M f =  . (26.4)

The moment of the external load on the object

Mi =  Jf,(«), (26.5)
which plays the role of an external perturbation.

Substituting (26.3), (26.4) and (26.5) in equation (26.1), we obtain 
the required equation of the controlled object with motor:

(T,p +  l)pP =  \ h - H t ) ,  (26.6)
where

T, = * , = £ ,  /(*) =  — ■ (26-7)('a 2̂ 2̂
(aperiodic integrating element).

Feedback equation. Considering the required scale constant k9 of 
the forward circuit of the system, let us introduce into the feedback 
loop a reduction gear P 8, such that (see Fig. 128)

«l =  - p .  (26.8)Kq

Equation of the error detector. At the output shaft of the differ
ential ED, the angle of rotation y is equal to the difference of angles 
of rotation of the two input shafts a and a,, i.e.

y =  a - a ,  , 

where y is termed the error angle.

(26.9)
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Potentiometer equation. We shall consider that the voltage V1 taken 
from the rheostat is proportional to the angle of rotation y of its 
slider, i.e.

Vi = , (26.10)
where ka is the transfer or gain factor of the potentiometer, F, is 
the error voltage.

AT *--------- v, ---------

L 5 J
-v, fe te

F i g . 129

Equation of the differentiating device. This device consists of 
the network CR&  (Fig. 128), which is shown separately (Fig. 129). 
Writing the obvious equality

d ( F , - F 2) , Fx- F 2 Fa
R * ’

Ii = C dt Ri
we obtain from this the required differential equation of the device 

( T g P  +  l ) F a =  (fc3 +  fc;p)Fx , (26.11)

Cf2xR,
where

Tt =  K =

. -R«
Ri +  R i7 (26.12)

-Ri Ri
This is an aperiodic element with introduction of derivative. 

Using this, the derivative is introduced into the regulation function. 
The time constant T, indicates the non-idcalness (“ inertia” ) of the 
given device. A second type of differentiating device has been given, 
for example, in Fig. 89c.

Equation of the ampliefier and generator field circuit. Denoting 
by Z, and 12, the inductance and resistance of the generator field 
winding (Fig. 128) and by R{ the anode resistance of the amplifier 
tube, we may write the equation

L3^  + (Ri + R3)I3 = qVi , (26.13)

where q is the gain factor. From this, after division by (12,-+  R,), 
we obtain:

(T,p +  1)1, =  fe4Fg, (26.14)

Ls I . _  2
Rt 4- R» -Rf +  Ra

where
(26.15)



Equation of the armature circuit. The generator and motor arma
tures comprise a single circuit. Let Lt and JJ« denote its total in
ductance and resistance. Then

L* W + = (26.16)

where Eg is the emf of the generator, Em is the counter-emf of the 
motor.

I t  may be assumed that
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Eg -- kgtj  ̂,

since in the given circuit (Fig. 128) the generator operates in a recti
linear (non-saturated) portion of the characteristic.

The counter-emf of the motor is proportional to the angular 
velocity of the motor shaft i.e., taking into account (26.2)

Substituting the expressions for Eg and E m in equation (2G.1C), 
we obtain:

where
(T,p +  l ) I 4 — ftj/j—&«pP > (26.17)

fc6 = TcrR i ' (26.18)

We note tha t in equation (26.17) aside from the input quantity I , 
taken from the preceding circuit (generator field winding (26.14)), 
there is a further input quantity pp, which is equivalent to one 
taken from the last circuit of the system (from the output of the 
reduction gear P,). As a result of the appearance of the motor countcr- 
emf the term fcepP has appeared in equation (26.17), and this repre
sents an additional negative and transient feedback.

The overall system equation. From the above equations the structural 
block diagram of the system is represented in Fig. 130, where the 
transfer function of each element is given. In  accordance with the 
interpretation of the counter-emf as an additional transient feedback, 
equation (26.17) is divided into two parts:

(Tt p + l ) I t = U I 3- I fb),  i i » = - p ^ ,  (26.19)

i.e. the effect of the counter emf is reduced conventionally to an 
additional opposing current in the field circuit, proceeding from 
the feedback to the shaft of the object and proportional to the 
derivative of the quantity p.
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To obtain the equation of the entire system let us write first 
the equation of the block enclosed in broken line (Fig. 130), con
sidering it as a separate servomechanism with external signal Z, 
and regulated quantity (3. According to formulae (20.23) we obtain 
for this block the equation

[(T1p +  l)(T 4p +  l) +  fcIfc«]pP =fcik8I 8- ( T 4p +  l)/(t) . (26.20)

I_______________________________J
F i g. 130

Considering now the entire block enclosed by broken line (Fig. 130) 
as a single element 1 with equation (26.20), by the same formulae
(20.23) we find the equation of the entire servomechanism in the 
form

L(p)£ = F(p)*( t ) -S(p) f ( t )  , (26.21)
where

with

Z'(p) =  [(Z’iP +  l)(T 4p +1) +  x
X p { T 2 p  +  l ) ( T a p  +  1)+ fcx(ft +  T c ' p )  ,

N(p) = k0k1(k + k'p),
S ( p )  =  (TlP +  l)(T ,p +  l)(T 4p +  l);

_k jc jiik , ^  ̂ ktjcvfkiji^
K — k 1 K ~~ k ’A/q

(26.22)

(26.23)

the overall transfer factors of the system with respect to angle and 
with respect to derivative respectively. I t  is easily seen tha t re
lationship (7.18) is fundamental for the servomechanism, i.e. 
cv =  k0an, is here satisfied, since the polynomial N(p)  has a constant 
term <% =  k ^ k ,  while the polynomial L(p),  the constant term 

=  k\k*
If the equation of the system is written with respect to the error y, 

then from (20.21) we obtain:

Z(p)y =  N’r(p)a.(t) +  Sr(p)f(t) , (26.24)
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where

N y(p) =  [(^iP  +  l)(^«P  +  1) +  fci&e]p(2,aP +  1)(2’3P +  1) ,

Sy(p) =  (T2p +  l ) (T3p +  l ) (Ttp + 1 )  -  . (26'25)
K q

In  the fixed stationary state (a — const =  a, p =  const =  p) 
we have:

? = * • * - 6  >
/°

^  =  M V (26.26)

i.e. the angle p differs from the required one p =  k0a (mentioned 
at the start of the paragraph), where this static error of the system 
is proportional to the load on the object.

In  the steady-state process of following with constant velocity, 
when we have given a =  coa<, i.e. pa. =  to, and f  =  const =  /°, we 
obtain a certain steady-state process

P =  <o3J— Apgd , pP =  to3 .

Let us find the quantities co3 and Ap^- For this we substitute 
all the above relationships in equation (26.21):

[(1+  &!&«) p +  fĉ fc +  fc'p^P =  kak1(k + k'p)a — f°
or

[(l +  fc1ft6) +  A:1fc']co3 +  i 1fc(to3i — Ap^) =  kokjk^t +  kokik’̂ —/". 

Equating coefficients for t, we find:

to3 =  k0oia, (26.27)

i.e. the response velocity exactly follows the command. Equating 
all remaining terms taking into account (26.27), we obtain:

ApSd = (1 +  kjct) fc0(og -j-/® 
kjc (26.28)

This is the stationary dynamic error of the system during following 
with constant velocity, representing the divergence of the angle 
of rotation of the controlled object from the required one, with one 
part proportional to the velocity, the other to the load.

If the load /° =  0, then from (26.28) and (26.27) we have the 
error expression

Ap«j =  | - ,  where D = ^ , (26.29)

and we term the quantity D  the “quality” of the servomechanism. 
The greater it is, the less the stationary dynamic error at constant 
velocity (per unit velocity).



CHAPTER VII

STABILITY CRITERIA FOR ORDINARY LINEAR
SYSTEMS

27. Preliminary information

I t  was shown above (in Section 7) tha t for ordinary linear systems 
to be stable it is necessary and sufficient th a t all the roots of the 
characteristic equation of the given system have negative real parts 
(or, geometrically, tha t all roots be located to the left of the imagi
nary axis in the complex root plane). In  Section 18 this proposition 
was extended to linearised systems.

Therefore by calculating the roots of the characteristic equation 
it is always possible to determine whether the given system is stable 
or not. But there is no necessity to calculate the roots completely 
only to determine the stability of the system. On the other hand, 
such a method of studying stability is rarely convenient since we 
have only numerical methods to calculate the roots of equations 
of higher than fourth order, general formulae in algebraic form 
do not exist, as a result of which it is necessary to give all the coef
ficients of the equation in numerical form (see Section 39). But 
even for equations of the third and forth degree the general formulae 
for the roots are very cumbersome. This makes the solution of the 
problem difficult when the parameters of the system are to be chosen 
from a broad range according to the condition of stability of the 
system.

Therefore so-called stability criteria have been developed, which 
permit consideration of the stability or instability of a dynamic 
system without recourse to calculating the roots of the charac
teristic equation, when this is for any reason undesirable. Before 
describing the existing stability criteria, we shall present here certain 
preliminary remarks.

Obtaining the characteristic equation of the system. The differ
ential equation of motion of an automatic regulation system (and 
servomechanism) was written in the following general form:

L(p)x  =  S(p)f(t) + N{p)y(t) , (27.1)

241
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where x  is the deviation of the regulated quantity, f(t) is the external 
perturbation on the object, y{t) is the external command signal 
on the regulator. In  chapters V and VI we have obtained expressions 
for the operational polynomials L(p),  S(p),  N(p)  for various systems 
in the general form and in specific examples.

The characteristic equation of a closed automatic system from 
(27.1) will be

L{z) =  0 (27.2)
or

Q(*) +  J2(*).= 0 , (27.3)

where Q and R  are operational polynomials of the left and right- 
hand sides of the equations of the corresponding open network 
(see Sections 20 and 21) or, which is the same thing, the numerator 
and the denominator of the transfer function of the open network.

Consequently, methods of obtaining the characteristic equation 
of the system are the same as the methods of obtaining the left- 
hand side L{p) of the differential equation of the closed system, 
described in chapters V and VI, only substituting p by z.

The characteristic equation of the linear system is independent 
of the variable with respect to which the differential equation of 
the system is constructed and the perturbations and input signals 
introduced into this system. The right-hand side of equation (27.1), 
i.e. the operational polynomials S(p) and N  (p) change substantially, 
firstly, when the variable x  is not the regulated quantity but some 
other variable in the given system and, secondly, when the point 
of introduction of the perturbation f(t) or the command y{t) acting 
on the system is changed.

Necessary stability condition. We shall demonstrate tha t a neces
sary (but not sufficient) condition for stability of an ordinary linear 
system of arbitrary order is tha t all coefficients of the characteristic 
equation of the given system be positive.

Given the characteristic equation

dort1 +  a ^ - 1 + ... +  +  an =  0 (a0 >  0) . (27.4)

Here and below we shall everywhere introduce the condition a0>  0 
for concreteness. I t doeB not introduce any restriction, as in those 
cases where the equation has a0 <  0, the required condition Og >  0 
may always be satisfied by simple reversal of signs for all terms in 
the equation.

Let it be given that the system is stable, i.e. that all roots of 
the  above characteristic equation have negative real parts, namely,

Zj — — [ai]» S2,s =  — la2! i •••> =  l*nl • (27.5)
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I t  is required to prove tha t all coefficients of the characteristic 
equation are always positive.

I t  is known from algebra tha t equation (27.4) may be represented 
in the form

a0( z - z 1) ( z - z 2) ...{ z -a n) =  0 . (27.6)

Substituting here (27.5), we obtain:

«o(* +  k il) (z +  |aa| — ito-s) (z +  |a*| +  ico*)... (z +  |on|) =  0
or

«o(*+ H )[(*+  l«2|)2 +  ^ ] . . . ( 2 + K |)  =  0 . (27.7)

This equation may be brought to the form (27.4) by expanding 
and eliminating parentheses. I t  is obvious tha t since a0 >  0 and 
all the factors not explicitly written in (27.7) may be expressed 
only by one of the two forms given here, in expanding and multiplying 
nowhere can negative numbers or zeros be obtained, i.e. all coef
ficients of equation (27.4) are always positive if the system is stable. 
But this was to be proved.

We shall now prove the following three propositions.
1. The necessary condition of stability, the positiveness of the 

coefficients of the characteristic equation, is at the same time a suf
ficient condition for stability only for systems of first and second 
order.

In  fact, the first-degree characteristic equation

a(̂  + a1 = 0
has a single root

while the second-degree characteristic equation

ajt1 +  axz + aa =  0
has two roots

— <h± ro f—To0Og
^ ------------ 2^,---------•

I t  is easily seen tha t in both cases (with o„ >  0) the simple re
quirement of positiveness of the coefficients of the characteristic 
equation is necessary and sufficient to ensure negativeness of the 
real roots and the real parts of the complex roots, which means 
the stability of the system.

2. Necessary condition for stability—the positiveness of the 
coefficients of the characteristic equation—for systems of third 
and higher orders ensures negativencss only of the real roots, but 
does not ensure negativeness of the real parts of the complex roots
17
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(and is therefore insufficient for stability of systems of higher than 
second order).

Actually, if there are real roots in the characteristic equation
(27.4), then -with positive coefficients all these roots will be negative, 
since no positive number or zero can cause the left-hand side of 
equation (27.4) to vanish in the presence of positive coefficients, 
but this signifies tha t they cannot be its roots.

If in equation (27.4) (higher than second degree) there are complex 
roots 22,3 > then, for example, in the case where their real parts are 
positive we obtain in place of (27.7):

«o(2 +  H ) [ ( « — hs | ) 2+ K D  =  o
or

«ol> + ( |# i | — 2|aa|)2 +  (ot2 +  to*— 2|a]J • |a2[)2 +

+  |“i |(*2 +  “ 2)]*” (*+ |<*n|) =  0 •
I t  is easy to see that with certain relations between the numbers 

alt a2, a), the coefficients of the equation in the present case may 
be positive while the system is unstable.

Consequently, in the presence of only positive coefficients in 
the characteristic equation of higher than second degree the presence 
of positive real parts of the complex roots is not excluded, i.e. 
the possibility of instability of the system is not excluded.

3. Above (Section 20) we mentioned without proof the desirability 
tha t in the equations of a single-loop automatic regulation system 
there be an odd number of right-hand sides of the circuit equations 
with minus signs, if by Qt(p) and Ri(p) are understood operational 
polynomials with positive coefficients. We shall now explain this 
rule.

In  essence, in obtaining the equations of the closed system the 
expression R(p)  was transferred from the right-hand side to the left 
with change of sign. Therefore an odd number of system equations 
with minus sign at the right give a minus sign before the expression 
R(p)  before its transfer to the left-hand side and a plus sign after 
transfer. But this in turn  ensures satisfaction of the necessary condi
tion of stability—the positiveness of the coefficients of the charac
teristic equation (27.3).

If the system is multi-loop, this rule should be satisfied by the 
equations of individual blocks after reducing the system to a single
loop equivalent.

In  servomechanisms the same requirement is ensured by the 
presence of a minus sign before <r2 in the third equation (20.17), 
i.e. in the equation of the error detector.

The Mikhailov curve and its relation to the sings of the real parts 
of the polynomial roots. Below in different studies connected with
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the stability of automatic regulation systems a large role will be 
played by the so-called Mikhailov curve. We shall therefore here 
consider the general concept of this curve.

Let there be given some polynomial of arbitrary degree n:

L{z) =  a0̂  +  a1zJ*-1 +  ... + an- xz +  a„ . (27.8)

Substituting in this the purely imaginary value z = tco, we obtain:

L(iu) =  X(<o) -M F (g>) ,
where

X(w) =  an— +  ... , \
Y(to) =  — a„_8to3 +  a„_sco5—... j

(27.9)

(27.10)

From (27.9) and (27.10) the quantity L(ico) may be represented 
in the complex plane (X , i Y ) in the form of a vector for a given 
value of a  (Fig. 131a). If we vary the parameter <a in the interval 
0 to <  +  oo, the tip of this vector describes a certain curve, each 
point of which corresponds to a definite value of to.

The graph of the function L(ito) obtained in this way, plotted 
in the complex plane (X,  iY)  as the parameter varies in the interval 
0 ^  to <  +oo, is termed the Mikhailov curve for the polynomial L(z).

I t  is found that the signs of the real parts of the roots of the given 
polynomial may be decided from the shape of the Mikhailov curve. 
This was proved by A. V. Mikhailov in 1936.

Denoting the roots of the polynomial L(z) by zu  z2, ..., zn, we 
may write its expression (27.8) in the form

L(z) =  a0(z—z1)(z—z2)...{z—zn) . (27.11)

Then the expression for the Mikhailov curve will be:

L(ito) =  a0{i<>i — z1)(i<3i — z2)...{i<ii—zn) . (27.12)

Let us consider four types of positions of a single root or pair 
of roots of this polynomial in the complex root plane (a, ico):

(1) the negative real root 2, =  a, <  0 (Fig. 132a); from the rule 
for vector subtraction we find tha t the complex number ( ia—Zj) 
represents a vector AB]  if we let 0 <  co <  +oo, the point B  traverses
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the entire positive portion of the imaginary axis, where the vector AB  
becomes constantly longer, rotating about the point A  counter
clockwise by the angle

?i =  +  2 ’ (27.13)

(2) positive real root zx = ax >  0; to this there corresponds 
the vector tco —zx =  A B  (Fig. 1326), which for 0 <  co <  +oo rotates 
clockwise by the angle

<Pi =  -  |  * (27.14)

(3) a pair of complex roots with negative real parts z1>a =  ax 
±»&>i(ai<0); to this there correspond two vectors i(o—zl = A 1B 

and tco — z, =  A%B (Fig. 132c). As is evident from the drawing, the 
first of these with 0 <  co <  -(- oo rotates by the angle

? i = + ^ + Y ,  (27.15)
the second by the angle

< P a = + f - r ;  (27.16)

(4) finally, to the pair of complex roots with positive real parts 
zlA — «i±iwi(«i. >  0) there correspond two vectors tco —a, =  A XB  and 
tco — aa =  A 2B  (Fig. 132d), where the first of these with 0 <  co< +  oo 
rotates by the angle

<Pi =  - ( -  +  y) ,  (27.17)

and the second by the angle

<pa =  - ( j - r ) .  (27.18)

Let us now calculate the angle of rotation of the vector L(tco) 
with 0 <  co <  +  oo. I t  is well known that in multiplication of complex 
numbers the arguments are added. Therefore the required angle
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of rotation <p of the vector L{i<a), from (27.12), will be equal to the 
sum of rotations of the vectors ( t w— (ito—z2) , ..., (iw — z„), i.e.

9 =  <Pi +  9a +  ••• +  9« •

From formulae (27.13)-(27.18) it is clear tha t in this sum to each 
of the real roots there will correspond a component + tc/2 or tc/2 
(the signs are opposite to the signs of the roots), and to each pair 
of complex roots will correspond a component +2n/2 or — 2rt/2 
(the signs are opposite to the signs of the real parts of the pairs 
of roots).

From this there follows tha t if the nth-degree polynomial L{z)
(27.8) has m roots with positive real parts (both complex and real), 
and the remaining (n —m) with negative, the rotation of the vector 
i(tto) with 0 to <  +  oo will be:

This very important relationship will be widely used below.
In  deriving formula (27.19) we did not consider three particular 

cases: a zero root, an infinite root and purely imaginary, roots. In  
the case of a zero root the constant term a» of the polynomial (27.8) 
vanishes; therefore the Mikhailov curve begins at the origin of 
coordinates (Fig. 1316).

An infinite root (2 =  oo) of the polynomial (27.8) may be considered 
as a zero root for the variable 1 Jz of the polynomial

and therefore an infinite root is obtained when the coefficient o0 
vanishes for the highest-order term of the polynomial L(z) (27.8), 
which corresponds to change of sign of a0 (with all remaining coef
ficients positive).

In  the case of a pair of purely imaginary roots z =  ± tw 0 the 
polynomial (27.8) vanishes with the substitution z =  tw0; therefore 
the Mikhailov curve (27.9) passes through the origin of coordinates 
a t tha t point which corresponds to the value <o =  o)0 (Fig. 131c); 
therefore in this case the Mikhailov curve not only indicates the 
presence of a pair of purely imaginary roots of the polynomial, but 
their values as well.

Thus, from the Mikhailov curve i(ico), plotted for a given poly
nomial L(z), the number of roots having positive or negative real 
parts may be determined, and also if there are purely imaginary 
roots and, if so, their value. In  other words, the position of the 
Mikhailov curve with respect to the origin of coordinates defines

9 =  ( « - m ) | - m - =  (w -2 m )-  . (27.19)

+  + “ . + ® n - lz
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the distribution of roots of the polynomial with respect to the 
imaginary axiB in the root plane.

To the extent tha t it is important only to determine the position 
of the Mikhailov curve with respect to the origin of coordinates, 
it is not necessary to plot it exactly. In  point-by-point plotting 
from (27.10) may be used either the numerical tables of K. P. Ivanov 
(Reference 31) or the method of calculating the values of the poly
nomial given in Section 39.

Example 1. The polynomial is given

L(z) = z* + 22* +  2z* +  46a* +  89 g +  260; (27.20)

and it is required to determine the number of roots with positive 
real parts. The equation of the Mikhailov curve for this polynomial 
will be:

L(ia)  =  ito8 +  2to4—2itos— 46to2 +  89ito +  260 ,
where

X(to) =  2to4-46to2 +  260 ,
Y(to) =  to6—2oi3 +  89w ,

and also
d Y

d Y _dot _  5to4—6g>* +  89
d X ~ d X  w(8to2-9 2 )  ‘ 

dot

From this we find X  =  260, Y =  0 at to =  0 and two points of 
intersection of the curve with the Y-axis by solution of the bi
quadratic equation Y(to) =  2to4—46to* +  260 =  0, which gives:

Wl =  j/10 =3-162; to3 =  |/ l3  =  3-606 .

From the expression for dYJdX we find three points at which 
the curve has vertical tangents:

to =  0; toa =  ^ j/46 =  3 • 391 and to =  oo .2t

From these data alone without detailed plotting, the course of 
the required Mikhailov curve may be approximately sketched
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(Fig. 133), and it is clear tha t the vector L{ia>) with 0 <  to <  +oo 
passes through a total angle of 9 =  iz[2. Consequently, we have from
(27.19) n - 2 m  =  1 and

i.e. two roots of polynomial (27.20) have positive real parts (lie 
to the right of the imaginary axis in the root plane).

tr

Example 2. Given the polynomial
L  (2) =  +  1# +  232® +  372* +  562s +  362* +122 +  4 . (27.21)

In this case we have:
X(to) =  — 7to® +  37to4 —36to*-f 4 ,
Y(to) =  — (i)74-23wb — 56co3 +  12to

and

Let us plot the required Mikhailov curve point-by-point. The 
calculation will be carried out in the following order.

CO 12 to -36to* -56<o* 37 to* 23to» —7 to* -to1 X(to) r ( t o )

0 0 0 0 0 0 0 0 4 0
0-5 6 -9 - 7 2-31 0-719 -0-109 -0  008 -2-80 -0-289
1 12 -36 -66 37 23 -7 - 1 -2 -22
2 24 -144 -448 592 736 -448 -128 4 184
3 36 -324 -1512 2997 5589 -5103 -2187 -2426 1926
4 48 -576 -3584 9472 23,552 -28,672 -16,384 -19,772 -3632
+ O O

The curve plotted from these numerical values is shown in Fig. 134, 
where for clarity different scales are adopted, namely: along both
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coordinate axes in the interval from —10 to 10 a linear scale is used 
while from 10 to the end a logarithmic scale (in all four directions).

The vector L(tto) for 0 <  to <  +oo completes here (Fig. 134) 
a rotation by the angle 9 =  7tc/2. Therefore from (27.19) we have 
n —2m =  7 and

i.e. the polynomial (27.21) has no roots with positive real part, 
and all the roots are located to the left of the imaginary axis in the 
root plane.

28. Mikhailov’s stability criterion

Mikhailov’s stability criterion for linear automatic regulation 
systems (and other dynamic systems) of arbitrary order follows 
directly from the properties of the Mikhailov curve, expressed by 
formula (27.19). I t  was proposed by Aleksandr Vasil’evich Mikhailov 
in 1936 (Reference 8).

First formulation of Mikhailov's stability criterion. Let there be 
given a differential equation of the closed automatic system (27.1). 
We may then write its characteristic equation in the form (27.2) 
or (27.3). The expression for the Mikhailov curve of this equation 
will be:

L(to)) or Q(iu>) + R(i(a) . (28.1)

For stability of the system it is necessary and sufficient (Section 7) 
th a t all roots of the characteristic equation L(z) — 0 have negative 
real parts, i.e. in formula (27.19) for the polynomial L{z) we should 
have m  =  0.

From this we derive the following formulation of Mikhailov’s 
criterion.

For stability of an nth-order linear system it is necessary and 
sufficient tha t the vector L(ito) with 0 < g )<  +  oo complete a rota
tion by the angle

? =  » - ,  (28.2)

if L(z) denotes the nth-degree polynomial representing the left-hand 
side of the characteristic equation of the given system.

In  accordance with this stability criterion it is necessary to plot 
the approximate Mikhailov curve L(ico) for the polynomial L{z) 
(i.e. for the left-hand side of the characteristic equation of the 
system) according to the rule given in Section 27, and to find the 
angle of rotation 9 of the vector L(i<o), starting from the origin 
of coordinates, when its tip traverses the entire Mikhailov curve.
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If it  is found tha t <p =  nn/2, the system is stable, if 9 <  nnJ2, unstable. 
For example, the curve in Fig. 131a corresponds to a fourth-order 
stable system, in Fig. 133 fifth-order unstable system, and in Fig. 134 
a seventh-order stable system.

Let us consider what forms may be taken on by the Mikhailov 
curve for Btable and unstable systems. We limit ourselves only to 
polynomials with positive coefficients since, if this necessary condi
tion is not satisfied, there is no significance in investigating stability.

From formula (27.10) for the coordinates of the Mikhailov curve

X(to) =  an— an-.joy’ +  an-ico4— ... , |
Z((o) =  an_1to — On-sĜ  +  an-Bto6—••• I

and from the formulae for its derivatives

dX
dut = —2a, 2co +  4an_4co3 1

d Y
~3 — An—ac0 1 — 3an- 3o>2 +  5an_sto4 —

dY
dY _  dto 
d X ~ d X  

du>

(28.3)

(28.4)

there follow the general properties of the Mikhailov curve given 
below for polynomials with positive coefficients.

1. The origin of the curve (to =  0) is always located on the real 
X-axis at a distance an from the origin of coordinates, has a vertical 
tangent and is concave to the left (Fig. 135). This follows from 
the fact tha t from (28.3) the quantity X  decreases while Y  increases 
for small positive to.

2. The end of the curve (to =  + 00) is always located at infinity 
(from (28.3)) with vertical or horizontal tangent (from (28.4)) de
pending on the degree n of the polynomial, as shown in Fig. 135.

3. The total number of points of intersection with the coordinate 
axes, i.e. the points T  5= 0 and the points X  =  0 may not exceed n y 
including the initial point to =  0, in accordance with the maximum



possible number of positive roots of the expressions Y  (o>) =  0 and 
X(g>) =  0 (28.3).

4. The total number of points with vertical and horizontal tangents 
i.e. the points dX/dw =  0 and the points dY[da> =  0 may not ex
ceed n, including the points o  =  0 and to =  +co, in accordance 
with the maximum possible number of positive roots of the ex
pressions given for dXJda> and dY[du> (28.4).

252 The Dynamics of Automatic Control Systems

5. From properties 3 and 4 it follows th a t the Mikhailov curve 
with 0 <  to <  +oo may pass through not more than n  quadrants 
about the origin of coordinate.

6. If the curve passes through n quadrants in succession, then, 
in accordance with property 4, it has a monotonic spiral shape.

On the basis of this first formulation of Mikhailov’s criterion,
(28.2) may be expressed otherwise.
For stability of an wth-order linear system it is necessary and 

sufficient tha t the Mikhailov curve plotted for the characteristic 
equation of the given system pass through n quadrants in succession 
counterclockwise, circling the origin of coordinates (Fig. 136).

P ig . 137

I t  cannot pass through more than n quadrants. Therefore in
stability of the system is reflected here by the Mikhailov curve 
completely avoiding some quadrant, i.e. violating the sequence of 
passing through them (Fig. 137).

Second formulation of Mikhailov's stability criterion. The sequence 
of passing the quadrants shows tha t the curve alternately intersects
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the cordinate axes. Consequently, the coordinates X(to) and Y(w) 
of the Mikhailov curve alternately vanish for a stable system.

From this follows the second formulation of Mikhailov’s stability 
criterion.

For stability of the linear nth-order system it is necessary and 
sufficient tha t all roots of the two equations (28.3) taken separately.

Z(co) =  0 , Y(co) =  0 (28.5)

be real and alternating with each other or, in other words tha t the 
curves X(&>) and Y(to) d e f i n i n g  the real and imaginary partB of 
the expression for the Mikhailov curve for 0 <  o> <  +oo intersect 
the axis of abscissae to a total of n times (including the point to =  0) 
and tha t these pointB of intersection alternate.

In  Fig. 138a is shown an example of this criterion being satisfied 
(stable system), while in Fig. 1386 it is not satisfied (unstable system) 
for a fourth-order system. In  Fig. 138c are shown curves of X(to) 
and Y(to) for an unstable fifth-order system with characteristic 
equation L(z) =  0, where L(z) is the polynomial (27.20) for which 
the Mikhailov curve has the form of Fig. 133.

Limit of stability. .As was seen in Section 7, the limit of stability 
in the root plane is the imaginary axis ico, as the boundary between 
roots with negative and positive parts. Passage of the system to the 
region of instability is connected with passage of the roots through 
the purely imaginary values zXA =  or through the origin 2 =  0 
(i.e. a) =  0) or through infinity z =  o o (w  =  oo).

The requirement of the presence of a purely imaginary root z = io> 
in the characteristic equation of the system L(z) = 0 is equivalent 
to equating to zero the expression for the Mikhailov curve L(i<a) 
for the given system, i.e.

£ (io ) =  0 . (28.6)

Graphically this denotes passage of the Mikhailov curve L(ia>) 
through the origin of coordinates. In  Fig. 139 are shown four ex
amples of the passage of the Mikhailov curve through the origin 
of coordinates, where the graphs a and 6 correspond to incidence



on the origin of coordinates of a point of the curve with arbitrary 
value co =  to0 (purely imaginary roots z — ±ico), while for curveB c 
and d the point with co =  0 (zero root z =  0). We shall discuss the 
infinite root at the end of this section.
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However, aside from this, from the definition of the limit of sta
bility of the system corresponding to purely imaginary roots or 
a zero root, it is necessary to verify tha t all remaining roots of the 
polynomial L(z) have negative real parts. Let us apply the well- 
known proposition tha t a small shift of the roots of a polynomial 
corresponds to small changes in the coefficients of this polynomial 
and, consequently, to a small deformation of the Mikhailov curve. 
If we carry out a small deformation of the curve about the origin 
of coordinates, as shown in broken line in Fig. 139, then in cases 
a and c the Mikhailov stability criterion is satisfied while in cases b 
and d not satisfied (regardless of the side to which we have deformed 
the curve about the origin of coordinates).

(a)
Z+ X

( b )  t o , (c) tw 

*2'
U) *4

zc
Z5  *

0
•5”

0 xZ
*Z5

0 0
•4
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This signifies tha t with small shifts of the roots stable systems 
are obtained in cases a and c while in cases b and d unstable. From 
this it follows tha t in cases a and c all remaining roots of the poly
nomial L  (z) except the purely imaginary zli2 = ±  ico„ or zero z3 = 0 
lie to the left of the imaginary axis in the root plane as shown in 
Fig. 140a and c. In  cases b and d the presence of purely imaginary 
roots zh2 =  ±ico or a zero root z3 =  0 does not correspond to the 
limit of stability since here two roots are found to the right of the 
imaginary axis (Fig. 1406 and d). This is found on the basis formula
(27.19) by simply, finding the angle of rotation of the vector L(ico)
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as its tip  traverses the entire Mikhailov curve (with the above small 
deformation at the origin of coordinates).

The limit of stability of the system (corresponding to purely 
imaginary roots and zero root) is thus defined by passage of the 
Mikhailov curve through the origin of coordinates, when by a small 
deformation of the curve at the origin of coordinates it is possible 
to satisfy the Mikhailov stability criterion.

We note that the value of the parameter u =  to0 which corresponds 
to the point of the Mikhailov curve incident on the origin of coordi
nates (Fig. 139a) has the physical significance of the frequency of 
undamped self-oscillation of the system, when it is located on the 
boundary of stability. This follows from the fact that the charac
teristic equation of the system has a pair of purely imaginary roots 
±ico0, to which there corresponds a purely sinusoidal term of the 

solution £*(/).
Analytically the boundary of stability of the system in the Mikhai

lov criterion is represented by expression (28.6) or, if we separate 
the real and imaginary parts, then by equations

A(o>) =  0 , Y(to) =  0 , (28.7)

where both of these equations should be satisfied simultaneously 
for a given value of oj (we denote it as before by co0). Expression
(28.6) or (28.7) is the condition for the presence of a pair of purely 
imaginary roots z =  ±tto0 in the characteristic equation (in particular 
zero, if <o0 =  0). But, in addition, it is necessary to verify that here 
all remaining roots of the characteristic equation will have negative 
real parts. For this the polynomial obtained after division

m  
«*+«! ’

(28.8)

should satisfy the stability criterion, since the factor (z2+coo) corre
sponds to purely imaginary roots (or to the zero root to0 =  0), and 
the result of division (28.8) corresponds to all the remaining roots.

Let us now consider the case of an infinite root. As was explained 
in Section 27, an infinite root (z =  oo) corresponds to vanishing 
of the coefficient a0 of the highest-order term of the characteristic 
equation

agg"1 +  ajZ"-1 +  ... +  a„_!« +  an =  0 . (28.9)
This condition

Oo =  0

as the limit of stability of the system, represents the boundary 
between the positive and negative values a0 (whero all remaining 
coefficients of the equation remain positive). In  the expression
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for the Mikhailov curve with change of 6ign of a0 only the sign of 
the component a0(to>)n changes. If n  is even, then this component 
enters into formulae (28.3) in the expression for X(w), but, if n is 
odd, then into the expression for Y (to). Consequently, change of 
the value of a0 changes the value of one of the coordinates of the 
Mikhailov curve, namely tha t along which the end of the curve 
passes to infinity (Figs. 135 and 136). For example, in the case of 
a stable fourth-order system (» =  4) with reduction of a0 the Mikhai
lov curve is deformed as shown in Fig. 141, where at the moment 
when the quantity a0 changes sign from positive to negative the

end of the Mikhailov curve passes over to the opposite side and the 
Bystem becomes unstable. This is an illustration of passage to the 
region of instability through the infinite root in the characteristic 
equation of the system.

Below it will be seen tha t an infinite root plays a smaller role in 
determining the limits of stability than purely imaginary and zero 
roots. But we may return to the concept of infinite root in another 
question—in reduction of the order of the differential equation of 
the given system through neglecting some of its parameters having 
small values in comparison with the magnitudes of other similar 
parameters (this most frequently concerns small time constants). 
In  essence, reduction of the order of the equation by unity is equiva
lent to vanishing of the coefficient of the highcst-order term of the 
characteristic equation, which in turn  is equivalent to passage of 
one root to infinity.

29. Algebraic stability criteria

As was explained in Section 27, for stability of a first or second- 
order linear system it was necessary and sufficient that all coef
ficients of the characteristic equation be positive.

For a third and higher-order system it was demonstrated that 
positiveness of all coefficients of the characteristic equation ensures 
negativeness only of its real roots but does not ensure negativeness 
of the real parts of the complex roots. I t  was found tha t to ensure 
the last condition in the case of third and fourth-order systems it

Fig. 141
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was necessary to satisfy one additional relationship between the 
coefficients of the characteristic equation (aside from their positive
ness). In  the case of fifth and higher order systems there will be 
two and more additional relations.

Let us derive these additional relations individually for third, 
fourth, fifth and sixth-order systems, and then give a general formula
tion of the Hurwitz and Eouth stability criteria for systems of any 
order.

VyshnegradsTtiVs stability criterion for a third-order system. The 
founder of the theory of automatic regulation I. A. Yyshnegradskii, 
in investigating a given third-order automatic regulation system 
in 1876 proposed a stability criterion having general value for arbi
trary dynamic systems described by ordinary third-order* linear 
differentia] equations.

Let us derive this stability criterion from the proof in Section 28 
of the Mikhailov stability criterion.

The characteristic equation of the third-order system will be:

a<f? +  <h? +  a& + at =  0 . (29.1)

Let us assume that all coefficients of this equation are positive, 
which is, as proved in Section 27, a necessary condition for stability.

From the general properties of the Mikhailov curve (Section 28) 
it is clear tha t for the third-degree polynomial

L{e) = a ^  + â ŝ  + a^s + ai

with positive coefficients the Mikhailov curve may have only two 
types of positions relative to the origin of coordinates (Fig. 142). 
The expression of this curve will be:

i.e.
L(ia) = -  a0£ti)3— a ^ 2 +  a2iu> +  a3,

X(co) =  a3 — a1ai2 ,
7 (a>) =  (a2— a°to2) a> .

The stability or instability of the system depends exclusively on 
whether the point A  of the Mikhailov curve (Fig. 142) is to the 
left or to the right of the origin of coordinates. The abscissa of the 
point A  is determined by equating the coordinate 7  to zero. Then 
from the formulae written for the X- and Y-coordinates we obtain:

.. 2 ®2 ir _ ®2 , „ — aia2 +  °Q®3

* There is evidence that this was already done by him in 1871-1872.
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where for stability of the system X A <  0 (Fig. 142). From this there 
follows the following formulation of Vyshnegradskii’s stability 
criterion.

For stability of a third-order linear system it is necessary and 
sufficient:

(1) that all coefficients of the characteristic equation be posi
tive, i.e.

< ^ > 0 , a2> 0 , « 3 > 0  (with a0 >  0); (29.2)

(2) tha t the product of the middle coefficients of the charac
teristic equation be greater than the product of the extreme coef
ficients, i.e.

>  0̂̂ 3 • (29.3)

The limit of stability from Section 28 is defined here by incidence 
at the origin of coordinates of either the point A  or the point to =  0 
(Fig. 142), which gives either

ala2 =  OqOj (29.4)

(the presence of a pair of purely imaginary roots), or

<H =  0 (29.5)

(the presence of a zero root) with all remaining coefficients positive, 
or, finally,

a0 =  0 (29.6)

(the presence of an infinite root).
VyshnegradsTciVs hyperbola. The limit of stability (29.4) was 

represented graphically by Yyshnegradskii on the so-called para
metric plane in the following manner.

Through division by <*» and introduction of the new variable

u = — z (< * 0  >  0  ,  <*a >  0 )
ffl3

(29.7)

equation (29.1) is reduced to the so-called normalised form:

u3 +  Au* +  Bu  +  1 =  0 , (29.8)
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where the dimensionless coefficients

A = r b >  B = r h  <29-9>V a0Os V a0dt
are termed Yyshnegradskii parameters.

Applying condition (29.4) to  equation (29.8), we obtain the limit 
of stability in the form

A B  =  1 with A  >  0 , B >  0 . (29.10)

In  the parametric plane A  and B  (Fig. 143) this equality is re
presented in the form of a hyperbola, termed the Yyshnegradskii 
hyperbola. The Yyshnegradskii stability criterion for equation
(29.8) is written in the form

A >  0 , B >  0 , A B >  1 . (29.11)
B

F ig. 143

The region of stability therefore lies above and to the right of 
the hyperbola (29.10), which is proved in Fig. 143. The region between 
the hyperbola and the coordinate axis for which

A  >  0 , B  >  0 , A B  <  0 ,

as well as all quadrants of the plane except the first, do not satisfy 
the stability criterion (29.11). Consequently, to the left and below 
the hyperbola is the region of instability.

Contradiction between static precision and dynamic stability. The 
differential equation of the third-order system has the form

a $  +  Oj® +  Ogi +  a^c =  f^t) , (29.12)

where x  is the increment to the regulated quantity while fi{t), from 
Chapters Y and YI, is expressed by the perturbation on the object 
f(t) and its derivatives.

If, for example,
fi(t) = bj ( t )  + bj(t )  + b,f{t) , (29.13)

then in the steady-state, where a certain constant value /  =  const =  f° 
occurs, we obtain a static deviation of the regulated quantity (static
18
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error of the system)

(29.14)

If
(29.15)

(i.e. the incremental load /  does not enter into the equation), then 
6tatic error is absent from the above steady state:

The first case corresponds to static systems and the second to 
astatic.

Starting only from the static calculation (29.14), a t first glance 
it appears possible to obtain any degree of precision of regulation 
by simply increasing the coefficient o3. However, if the system is 
not checked for stability with increase of a3 it is possible to obtain 
in general a system incapable of operating with divergent or poorly 
attenuating transients because of violation of condition (29.3) or 
because of appreciable approach to its boundary).

This “contradiction” between the static precision and dynamic 
stability, observable in practice, was first resolved in 1876 by 
I. A. Vyshnegradskii, who indicated the technical solution of this 
“contradiction” by application of this stability criterion.

On the other hand, consideration of the suitability of a system 
only from the stability criterion (29.3) may easily lead to a system 
which in practice does not fulfil the task of regulation due to a large 
static error (29.14).

The Hurwitz stability criterion for a fourth-order system. A. Sto- 
dola, developing the ideas of I. A. Vyshnegradskii and encountering 
the necessity of investigating the stability of systems of higher 
than third order, put this problem to the mathematician Hurwitz. 
The latter developed an algebraic criterion of stability for ordinary 
linear systems or arbitrary order in 1893, evidently not knowing 
that this had already been done previously, although in a somewhat 
different form, by Eouth. We shall give the general formulation 
of their criteria below, and shall consider one important case—a 
fourth-order system starting from Mikhailov’s criterion.

The characteristic equation of the system has the form

For the polynomial
L { z )  =  +  a ^ f  +  a ^ z 2 +  a ^ z  +  a4

with positive coefficients the Mikhailov curve, in accordance with 
its general properties (Section 28), may have various positions with

af> — 0 with arbitrary f° = const. (29.16)

+  a xz 2 +  a %z 2 +  a &  +  a4 =  0 . (29.17)
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respect to the origin of coordinates, but in all cases the stability 
(Fig. 144a) on instability (Fig. 1446) are here defined by whether 
the point A  lies to the left or to the right of the origin of coordinates.

For the given polynomial the expression for the Mikhailov curve 
will be:

L(i<a) =  a0co4— ajico3—a2w2 +  a3ico +  a4 ,
from which

X(a>) =  a0a>4 — a2co2 +  a4 , Y(co) =  — alto3 +  a3co .

For the point A  (Fig. 144) we obtain according to these formulae 
from the condition 7 A =  0:

2
U  A  = ~  ,

<h
o|A  a — ao — a2 — +  a4 —
®i

flj — ̂ 3 ( — **0̂ 3) ~h ai
a\

But since for stability of the system we require X A <  0 (Fig. 144a), 
we arrive at the following formulation of the stability criterion.

For the stability of a fourth-order linear system it is necessary 
and sufficient:

(1) that all coefficients of the characteristic equation be posi
tive: i.e.

a4 >  0 , a2 >  0 , O3 > 0 , a4 >  0 (with a0 >  0);
(2) tha t the inequality

03(a4a2—aoOg) a4a4 ^  0 (29*18)
be satisfied.

The limit of stability is defined by incidence on the origin of 
coordinates of the point A  or the point u  =  0 of the Mikhailov 
curve, which corresponds either to the condition

a a ( a i a 2 — ) a ,  a ,  — 0  ( 2 9 . 1 9 )

(the presence of a pair of purely imaginary roots) with all positive 
coefficients, or

a4 =  0
(the presence of a zero root) with satisfaction of the remaining sta
bility conditions, or, finally,

a>o — 0
(the presence of an infinite root).
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The Hurwits stability criterion for a fifth-order system. The char
acteristic equation, 'will be:

+ a#* + ajP + a# + at =  0 .

From the Mikhailov criterion the system will be stable if the Mikhai
lov curve successively passes through five quadrants (Fig. 144c). 
This, in turn, as is evident from the general properties of the Mikhai
lov curve with positive coefficients (Section 28), is ensured by a cor
rect location of only two points A t and A 2 (Fig. 144c), i.e. by the 
conditions

X Al <  0 , X At >  0 , (29.20)

which are necessary and sufficient. With their violation the Mikhailov 
curve will not pass through one or two of the five quadrants.

The real and imaginary parts of the expression for the Mikhailov 
curve for a fifth-degree polynomial will be:

X(oi) =  a5 — â co2 +  Ojto4 ,
Y(a>) =  (o4— aaa)2+ a 0ti>4)&).

Putting Y(a)  =  0, we find the values of o>2 at the points J., an A 2:

2 2̂ i  Vo,— 4&0̂ 4
= --------20q-------- •

Substituting this in the expression for X(oi), after reducing similar 
terms, we find:

X A, =  - {&2( a2a2 2Uq( â â  a0a$) ( a^a^/ a% 4®o®4} >
4ao

X Ai =  — - \^a^a2a2— — 2fl0(®i®i—®o®s) (%®2 ®2 4d0ffi4} .
4ao

The difference here is only in the signs of the last terms. From this 
it is evident th a t the conditions (29.20) will be satisfied if, firstly, 
these last terms are positive, i.e. if

— floflj >  0 ,
and, secondly, if

|u2(^i^2— UqUj) — 2 a ^ a ^ P n — u„Ug)[ < z  (d ^ — ^ 2  4 a ^ a ^ .

Squaring both sides of this inequality (which is valid, since they 
are both positive) and reducing sim ila r terms, we obtain the result:

(djA4 Upflg)® (fljfl, ®o®s) (%®4 a 2a§) <c 0 .

Thus, we come to the following formulation of the stability cri
terion. For stability of a fifth-order linear system it is necessary 
and sufficient:
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(1) tha t all coefficients of the characteristic equation be positive, 
i.e.

ax >  0, aa >  0, ..., as >  0 (with a0 >  0);

(2) th a t there be simultaneously satisfied two inequalities:

®i®g a0(i;t !> 0 j 
(®i®a Oo®a) (®s®4— ®2®3) — (®i®4— ®o®6)a 0 •

The limit of stability is defined either by the equality

( ® ] ® 2  ®o®3 ) (®3®4 ®2®e) (® ]® 4 —  ®0® s)2 =  0

(29.21)

(purely imaginary roots) with satisfaction of the remaining condi
tions, or a6 =  0 (zero root), or o0 =  0 (infinite root).

The Hurwitz stability criterion for a sixth-order system. The 
characteristic equation has the form

â z6 +  OjS5 +  agt +  OaZ3 +  a4z2 +  a6s +  at =  0 .

In  accordance with the Mikhailov criterion and the general properties 
of the Mikhailov curve with positive coefficients, in the case n =  6 
(Fig. 1445) the stability conditions remain in the form (29.20). The 
real and imaginary parts of the expression for the Mikhailov curve 
are here:

X  (to) =  ®6— a4to2 +  a 2co4—a0to® ,
Y(to) =  (Oj — flgtO2 -}- ®xtO®) tO .

From the condition Y  =  0 we find:

2 ® ji  — 4®4®5
aUb^ l -  2al ~ •

Substitution of these values in the expression X(to) after reduction 
of similar terms gives:

X j t j  =  — -  +  ( a g — 2 ® 1® 6 )(® 4®2 — ® o® 3)—  ® i® 3(® i® 4 ®o®s)
8®i
— [a^ ® ^ — a0aa) — a^a,®*— a0®6)] V<&—4® ^ ,

 ̂+  (<Zg — 2a1<i5) (^1^2— ^0̂ 3) — ^ô s)
8a!
+  [a3(a1aa— a0a3) — a1(a1®4— a0®5)] l/ajj—4®^} .

For the first of these expressions to be negative and the second 
positive, from (29.20) it is necessary, firstly, tha t

—a0a3)— o1(a1a4—ao^)] >  0
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and, secondly

[2a?aa -f- (®s— 2a1a5) (®j®a a0a2) ala^(aia  ̂ ®o®6)] |
t®3(®i®2 ®o®3) ^i( ®i®4 ®o®b)J 4ttjflg.

Squaring both sides of the last inequality and reducing similar terms, 
we come to the expression

® i® a—  { a xa 2—  ®o®a) [®5(®4®3—  ®2®s) "1“ ®a(2®i® 5 ^ j ) ]  —

— — a0ab) [djd'jflg ®&(®i®4 ®o®.r>)J ^  0 .

We thus obtain the following formulation of the stability criterion. 
For stability of a sixth-order linear system it is necessary and 

sufficient:
(1) that all coefficients of the characteristic equation be posi

tive, i.e.
aL >  0, a2 >  0, ..., a„ >  0 (w ith ao> 0 );

(2) th a t there be simultaneously satisfied two inequalities:

axa2 a0a2) ®i(®i®4 a^ab) >  0  ,

(ffljtta— ®o®s) [®b(®4®3 — ®2®s) ®#(2®,®5 ®;i) 1 -j-

-f" (® 1 ® 4 — ® 0® 5)[® 1® 3® 8 ®&(®1®4 ®0®& )] ®1®6 --> 0  .

(29.22)

At the limit of stability the last of the inequalities becomes an 
equality (appearance of purely imaginary roots) with the remaining 
inequalities satisfied. The zero root is obtained with <z6 =  0 and the 
infinite root with a0 =  0.

General formulation of the Eurwitz criterion. Above we have 
derived expressions for the Hurwitz criterion for systems up to 
6ixth-order inclusive on the basis of the Mikhailov criterion proved 
in the preceding sections. With further increase of order of the 
system the Hurwitz inequalities will become very complicated and 
their number will increase. Thus, for seventh and eighth-order 
systems not two but three additional inequalities will be required, 
since the Mikhailov curve will have not two (such as A x and A 2 
in Fig. 144), but three points of intersection with the X-axis, where 
the quantity from the condition T  =  0 will be defined not by 
a bi-quadratic but by a bi-cubic equation.

To derive the algebraic stability conditions of a system of higher 
than sixth-order it is necessary to turn  to the following general 
formulation of the Hurwitz criterion.

For stability of an nth-order linear system it is necessary and 
sufficient tha t the n  determinants composed of the coefficients 
a0, % ,..., a„ of the characteristic equation of the given system

®oZn +  GiZ71-1 +  •.. +  ®n-i« +  an =  0 ,
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be positive, -where these determinants are taken as the principle 
minors of the following square matrix:

«1 <z3 a5 t ■. 0 0 0
Aq ax O.Q .. . 0 0 0
0 a5 .. . 0 0 0
0 a® &2 ai . 0 0 0

0 0 0 0 ..■ ®m-2 &n 0
0 0 0 0 ..• tin—3 an-x 0
0 0 0 0 .. • 4 an-2 a,

(29.23)

Let us consider the rule of composition of the matrix (29.23). 
In  the first row all the coefficients of the characteristic equation 
with odd indices are written, after which enough zeros are written 
so that the row will have a total of n elements (where n is the degree 
of the characteristic equation). In the second row we write all the 
coefficients of the characteristic equation with even indices, beginning 
with a0, in the same manner.

The third and fourth rows constitute the first two rows, shifted 
to the right by one element. The fifth and sixth are the same rows, 
shifted by a further element to the right, etc. A total of n rows 
should be written in this manner.

The first determinant, the positiveness of which is here required, 
will be:

the second,

the third,

Ax =  Oi >  0 ,

>  o,

« 1 <h « 5

A3 — a0 ®2 « 4

0 ax 0>2

etc. These are termed the Hurwitz determinants. We note tha t the 
last determinant A„ constitutes the entire matrix. If it is expanded 
in elements of the last column, it is immediately evident that

An — «n An_!.

Consequently, the requirement of positiveness of the last, nth 
determinant always reduces to the requirement of positiveness of 
the constant term an of the characteristic equation of the system. 

The limit of stability is defined either by the condition

A n-i =  0 (29.24)
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(the presence of a pair of purely imaginary roots) with satisfaction 
of the positiveness of all remaining determinants, or

an= 0
(the presence of a zero root) with satisfaction of all the remaining 
stability conditions, or, finally, a0 =  0 (infinite root).

I t  is easy to verify tha t the limits of stability (29.4) and (29.5) 
are particular cases of the expressions (A„_, =  0 and an — 0 with 
n =  3, and the boundary of stability (29.19) with n  =  4.

The stability criteria for third, fourth, fifth and sixth-order 
systems, considered above, are also obtained from (29.23) with 
» =  3, «  =  4, » =  5 and n =  6. Let us demonstrate this, for example, 
for a fourth-order system. Here the matrix (29.23) takes the form

a l «3 0 0
a 0 a2 o4 0
0 ox <h 0
0 «o a>2 a4

Therefore the Hurwitz criterion is expressed in the form of the 
following four inequalities

Ai =  >  0 ,
<h. °3A2 — — &1&2 — ^  ^ j

— Os(<iia2—®ô s) — >  0 ,
<h <h 0 
a0 &2 
0

A4 =  a4A3 >  0 .
The last of them from the condition A. >  0 reduce to

o4 >  0 .
But if o4 >  0, for satisfaction of the preceding inequalities in the 
determinant A3 we should have a t least

— ®o®s) ^  0 ,
which may be written in the form OsAa >  0; but this from the condi
tion Aa >  0 reduces to

a, >  0 .
We therefore require in the determinant Aa, taking into account 

the condition Oq >  0, a t least a1a2 >  0, which in accordance with the 
first condition (Oj >  0) reduces to

«2 >  0 .
We have thus obtained the already known requirement of posi

tiveness of all coefficients of the characteristic equation. I t  is
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further obvious th a t with <*3 >  0 and a4 >  0 the condition A3 >  0 
may be satisfied only if o ^ —a0a, >  0. Therefore the condition 
Aa >  0 is superfluous, 6ince it is automatically satisfied if we satisfy 
Aa >  0, i.q. (29.18), which was to be proved.

The Bouth stability criterion. For a high-order system, with 
parameters-given numerically, the following criterion of Eouth for 
verifying the stability of the system may be convenient.

The characteristic equation of an nth-degree system is given 
with numerical coefficients. We calculate according to the following 
scheme, containing (n +  1) lines:

«0 a4 a.

a, 0 , a6 <h

L L OjO® —bi —
Oi b2 — ax

bs =
ax

O4 —
ax

btaa — 0 , 6 , bi<h — <h.bt 6 , 0 ,  — Oi6 ,
C1 -  L 61 h C* h c* =  .01

o,6, — 6 ,c ,
®i *= Cl

c , 6 , — 6 , 0 ,
d\ - -

Cl
o,64 — 6,c4d, -

Cl
0 , 6 , - 6 1 0 ,

d, -
Cl

... ... ...

For the system to be stable it is necessary and sufficient tha t 
all numbers in the first column of the matrix (a,, b1} clf  d i , ...), 
be positive, if a0 >  0. This corresponds to positiveness of the Hurwitz 
determinants.

For example, the characteristic equation is given
+  2z* -{- 2z^ +  462P +  89z +  260 =  0 .

We write according to the above procedure (n +  1) lines:
1; 2; 89;
2; 46; 260;

—1; — 1-95 (after division by 21);
1; 6.18 (after division by 42.1);

4-23;
6-18.

This system is unstable since the first elements are not positive in 
all rows. Instability of this system was also evident from the Mikhai
lov curve plotted for it in example 1 of Section 27.
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30. Frequency stability criterion

All the above presented stability criteria are applicable when 
the characteristic equation of the entire system is known, with 
coefficients expressed in a definite manner through the parameters 
■of the circuits of the system.

In  practice there exist cases where for certain elements of the 
system it is difficult to construct sufficiently reliable differential 
equations, but it is easy to construct an operating model of an in
dividual circuit or simply to take it in finished form. In  these cases 
we use experimental recording of the frequency characteristics and 
the frequency criterion, permitting determination of stability of 
a  closed automatic system from the frequency characteristics of its 
circuits.

In  other words, the frequency method permits judging the be
haviour of a closed system in the transient state (stability) from 
the properties of its open network in steady-state forced sinusoidal 
oscillations (frequency characteristics). These may be determined 
experimentally for the individual elements.

The frequency criterion of stability applied to amplifier theory 
is due to Nyquist (1932). In  1936 it was first introduced into the 
theory of automatic regulation by A. Y. Mikhailov, who proved 
mathematically and showed on concrete systems the applicability 
of this criterion to an arbitrary closed automatic system.

Opening of the system. Eliminating external perturbations, we 
open the automatic regulation system in an arbitrary manner, but 
in such a way that at the point of opening of the closed system the 
interaction between the separated circuits is expressed by only 
a single variable. This variable breaks up into two: the input and 
output quantities of the open network (Fig. 145a). The open network 
itself may have a structure of arbitrary complexity.

For example, the open network for an engine speed regulation 
system (Fig. 78) may be taken in the form shown in Fig. 1456. In 
this case the circuit was opened at the input to the regulator, where 9 
in the closed system denoted the relative change of the regulated 
quantity (angular velocity, see Section 22). Now, in the open network, 
it has separated into two quantities: (1) 9™, an arbitrarily given 
relative change of angular velocity a t the input to the centrifugal 
mechanism, (2 ) 90Ut obtained at this angular velocity at the output 
of the regulated object (which in the closed system was measured 
by the centrifugal mechanism).

For the open network we shall adopt the convention of not intro
ducing minus signs in the right-hand sides of the circuit equations, 
as was done for the closed system (see formulae (20.8), (22.58),
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(25.8)). For the open network this constitutes only an insignificant 
change of polarity of connection or direction of reading variables 
(while in the closed system this was necessary in principle for satis
fying the regulation problem).

F ig . 145

Thus, if the equation of the closed velocity regulation system 
has the form (22.58), the equations of the corresponding open network 
(Fig. 1456) will be:

(Lip2 +  TkP +8)7] — (pin >
(Tsp + l ) i  = 7] ,

LaP^fout =  5 ■
(30.1)

Analogously, for a system for the automatic regulation of aircraft 
course (Fig. 125) the open network may be represented in the form 
shown in Fig. 145c. Its equations, in accordance with (25.26) and
(25.8) will be:

[(T3p +  l) (T 4p +  l)p  +  ftbf]A8 =  (^  +  ^ p  +  ^ )A < P ln, 1 
[(T 1p +  l ) ( T 2p - t - l )  +  fc2T 2]pA ^out =  fc1(T 2p +  l ) A 8 .  j

For a servomechanism (Fig. 128) the open network is shown in 
Fig. 145d, where y =  and ax =  aout- Its equations, from (26.10),
(26.11), (26.14) and (26.20), taking into account (26.8) will be:

(T2p + l ) ( Tap + l ) I 3 =  (fc3 +  fcsp)&2fc4ain f I 
l(T1p + 1 ) (Ttp + 1 ) +  fcjfc8]impotent =  K K h  • J (30.3)
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The frequency characteristics for the open networks are con
structed in accordance with the discussions in Sections 20 and 21 
on the basis of either the differential equations (transfer functions) 
or the experimentally seconded frequency characteristics of certain 
elements and the equations (transfer functions) of the remaining.

In  accordance with Sections 20 and 21 the transfer function of 
the open network is written in the form

V( p)  - 1 * 2 ! ,  (30.4)

where Q and R  are operational polynomials having differing ex
pressions for different systems, where the degree of the polynomial R  
for all real systems is usually lower than the degree of the 
polynomial Q, but in rare cases the opposite may be encountered 
which we shall also take into consideration.

The amplitude-phase frequency characteristic of the open network 
will be:

W  (ico) R{ia>)
Q(iu) (30.5)

Possible forms of this curve for various networks are shown in 
Fig. 146. The curves a , b , c  correspond to the case where the degree 
of R  is lower than the degree of Q (therefore W^.oo =  0) and the 
polynomials Q and R  have positive constant terms, i.e. 12(0) ^  0 
and @(0) #  0.
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If the denominator Q (p) of the transfer function of an open network 
(30.4) has a zero root, i.e. p may be factored out of the denominator 
Q(p) =  pQj{p), where Qi(p) has a positive constant term, the ampli
tude-phase characteristic of the open network will be:

W (ico) B(i<&)
ioiQ^ia)

. B(io>)
1 ’

and as to->-0 it passes to infinity in the direction of the negative 
imaginary axis (Fig. 146d). Similarly, with a double zero root in 
the denominator the transfer function of the open network, when 
Q(p) =  p*Qx{p) and a triple zero root, when Q(p) =  p^QAp), we 
have respectively:

W(ico) = 12(ito) 
oPQxiiui) ’ W  (ico) =  i It (ico)

J

which indicates the passing of the curve to infinity as <o->0 towards 
the negative real axis (Fig. 146e) and the side of the positive imaginary 
axis (Fig. 146/) respectively.

if  Q(P) has a pair of purely imaginary roots p =  ±ito, i.e. if

Qiv) =  (P2+<4)Qi(2>) ,

expression' (30.5) becomes infinite at p =  iu 0, changing sign 
(Fig. 1460.

The case of equal degrees of polynomials B  and Q is shown in 
Fig. 146h, and in Fig. 146i the case where the degree of B  is higher 
than the degree of Q (curve 1, higher by unity, curve 2, higher by two).

We note th a t the differential equation of the open network 
Q(p)*out =  -Z2(p)aSin corresponds to the characteristic equation of 
the open network

Q(z) =  0 ,  (30.6)

while the characteristic equation of the closed system (27.3) has 
the form

Q{z) + B{») = 0 .  (30.7)

Consequently, their roots will be different, signifying th a t the dy
namic properties of the open network and closed system, consisting 
of the same elements, will be completely different. In  particular, 
it is possible tha t a stable open network will correspond to an un
stable closed system while an unstable open network may become 
stable in the closed state.

First formulation of the frequency stability criterion. We mark 
the point C on the real axis (Fig. 146) with the coordinates (— 1, *0) 
and plot from it the vector CN  to an arbitrary point N  of the ampli
tude-phase characteristic W  (io>) of the open network. Then the
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most general formulation of the frequency stability criterion will 
be as follows.

For stability of a closed linear automatic system it is necessary 
and sufficient that with motion of the point N  along the entire 
amplitude-phase characteristic of the corresponding open network 
(0 <  to <  +oo) the vector CN rotates by the angle

< ? C N  =  ( » - « i  +  2 w ) | ,  ( 3 0 . 8 )

where n and are the degrees of the characteristic equations of 
the closed system (Q(z) +  i2(«) =  0) and the open network (Q{z) = 0), 
m is the number of roots with positive real parts in the characteristic 
equation of the open network (in case the latter is unstable). The 
proof is given below.

In calculating the angle of rotation of the vector CN and in employ
ing formula (30.8) it is necessary to traverse an arc a t infinity in 
those cases where Q(p) has zero and purely imaginary roots (broken 
line in Fig. 146, e, /, g).

The frequency stability criterion is not usually applied in such 
a general formulation but in a simpler one. In  essence, the degree 
of the polynomial R{z) is usually lower in real systems than that 
of Q(z). Therefore the degrees of equations (30.6) and (30.7) are the 
same, i.e. % =  %. Then from (30.8)

? c w  =  m n  . ( 3 0 . 9 )

An open network is frequently stable or neutral (on the boundary 
of stability), i.e. m =  0 and

<fCN =  0 . (30.10)

Consequently, for cases where the degree of the polynomial Q(p) in 
the transfer function of the open network (30.1) is greater than (or 
a t least equal to) the degree of the polynomial R(p) the frequency 
stability criterion is formulated as follows (and always used in practi
cal cases):

If the open network is stable or neutral*, then for the correspond
ing closed system to be stable it is necessary and sufficient tha t 
the amplitude-phase frequency characteristic of the closed network 
not enclose the point C with the coordinates (—1, iO). All the curves 
in Fig. 146, for example, satisfy this criterion except the curves c, i, 
relating to other cases (to ^  0 and ny ^  n).

* In other words, if there are no roots with positive real parts in the charac
teristic equation of the open network (Q ( e ) =  0), but there may be zero or 
purely imaginary roots.
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If the open network is unstable, then for stability of the corre
sponding closed system it is necessary and sufficient tha t the ampli
tude-phase frequency characteristic of the open network encircle 
the point C with the coordinates (—1, iO) by the angle miz (counter
clockwise), where to is the number of roots with positive real parts 
in the characteristic equation of the open network (Q{z) =  0); see,, 
for example, the curve in Fig. 146c, where to =  2.

Consequently, for correct application of the frequency criterion 
it is necessary to know whether the open network is stable or unstable 
and to know the number w. For single-loop systems this is immedi
ately evident from the circuit equations. In  other cases it is first 
necessary either to determine the roots of the polynomial Q(s) or

( b )

j r £  {

i l /  ( c )

> u  ( - S ' .

t v

) ~
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to plot the Mikhailov curve Q{ioi) which, from Section 17, shows- 
the number of roots with positive real part, if present. When, 
for certain elements, the amplitude-phase characteristic is recorded 
experimentally, the stability of these is evident from the experiment. 
But a preliminary investigation of the stability of the remaining 
parts of the open network is necessary.

When the conditions stated in the formulation of the frequency 
criterion are not satisfied, the closed system will be unstable.

The limit of stability for the closed system corresponds to the 
case where the amplitude-phase characteristic of the corresponding 
open network passes through the point C with coordinates (—1. i0) 
with the condition tha t the stability criterion will be satisfied by 
a small deformation of the curve close to the point C (Fig. 147). 
Thus, if the degree of E  is smaller (or equal to) the degree of Q and 
the open network is stable or neutral, the limit of stability of the 
closed system is defined by the amplitude-phase characteristic of 
the open network passing through the point C without encircling it.

This circumstance may be given the following physical inter
pretation. Let us denote the negative of to corresponding to the 
point C of the amplitude-phase characteristic by <oc. At this point 
we have A  =  1, (3 =  — k  (Fig. 147a). Consequently, at the frequency 
of the input oscillation co =  toc the forced oscillations at the output 
of the open network have the same amplitude as at the input but 
with a phase shift of — 7t. If such a system is closed (with reversed
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polarity, according to the condition), the output oscillation agrees 
exactly with the input and there is no obstacle to continuation of 
the oscillation at frequency to =  coc in the closed system in the 
form of an undamped free oscillation with constant amplitude. 
The possibility of this taking place indicates, as is well known (Sec
tion 7), tha t the closed system is at the boundary of stability.

This stability boundary corresponds to the presence of a pair 
of purely imaginary roots ±icoc in the characteristic equation. 
The second boundary of stability, corresponding to a zero root 
in the characteristic equation is found simply by the fact th a t either 
B (0) =  Q (0) =  0 or 12(0) =  — Q (0), where in the first case the stability 
criterion must be observed for the transfer function B^pjjQ^p),  
obtained after dividing by the common factor p.

Finally one limitation on the use of the frequency stability criterion 
should be noted, concerning a completely special, rarely possible 
case, namely: the frequency stability criterion formulated above 
is valid under the condition tha t the polynomials Q(p) and B(p)  
do not have common roots with non-negative real part, i.e. do not 
have common factors corresponding to such roots.

This limitation is explained in the following manner. Let us assume 
tha t Q{p) and B(p)  have the form, for example,

Q(p) =--Qi(p)(i-TiP), \ 
B ( p ) = B 1( p ) ( l - T 1p ) . \ (30.11)

Then the amplitude-phase characteristic of the open network will be:

W(iat) = B(ia>)
Q(ioi)

B^ia)
Qi(ioi) ’

since the factor (1 — Txp) is cancelled.
The same characteristic will obviously occur for another open 

network, in which
Q(P) =&(P) , 1 
B{p) =12i(p) . J

(30.12)

The open network (30.11) corresponds to the closed system with 
characteristic equation

[&(*) +  ̂ ( 2)] (1 -  l\z )  =  0 , (30.13)

and the open network (30.12) to the closed system

g i(2) +  H:1(2) =  0 . (30.14)

L et” the second closed system be stable. Then the first closed 
system in accordance with (30.13) will be unstable since its charac-
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teristic equation has a positive root

1

But since the amplitude-phase characteristic of the open network 
for this first system is the same as for the second system, the frequency 
stability criterion gives for both systems one and the same result, 
namely: “stable system” , which is invalid for the first system.

This indicates tha t the frequency stability criterion in calculating 
the stability of a system according to the equations (or, what is 
the same, from the transfer functions of the circuits) may be more

complicated than the Mikhailov criterion and more laborious. There
fore its application is preferable in those cases where for some of 
the elements of the system the equations and transfer functions 
are unknown and experimentally recorded frequency characteristics 
are given, or when the plotting of the frequency characteristics is 
necessary in any case for a subsequent calculation of the forced 
oscillations of the system, or when it is desired to employ frequency 
methods for other special reasons.

Proof of the first formulation of the frequency stability criterion. 
Let us consider the function

The function W (ito) constitutes the amplitude-phase characteristic 
of an open network (for example, Fig. 148a). The function Y(tca) 
will obviously be represented by the same curve, but shifted by 
unity to  the right (for example, Fig. 1486).

Substituting in formula (30.15) the expression W (ico) from (30.5), 
we obtain:

F ig . 148

'F (ico ) =  1 +  W ( i u > )  . (30.15)

19

(30.16)
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where the numerator represents the expression for the Mikhailov 
curve (28.1) of a closed system. I t  corresponds to the characteristic 
equation of the closed system Q{z) + R(z) =  0. The denominator 
of expression (30.16) corresponds to the characteristic equation of 
the open network Q(z) =  0.

As already mentioned, the degrees of both characteristic equations 
are usually the same. But to prove the general formulation of the 
frequency criterion we shall assume that they are different and 
denote them respectively by n  and nx.

The closed system should be stable. Starting from this, in ac
cordance with the Mikhailov criterion (28.2) we should require 
tha t the vector L(iu)  rotate by the angle

tpL = n~  with 0 <  w <  + o o . (30.17)
Z

If it is known that the open network is stable, then we have for 
it a rotation of the vector Q(ico) by the angle

9o — ni with 0 <  co <  +  oo . (30.18)
Z

If it is given tha t the open network is unstable and its charac
teristic equation Q(z) — 0 has m  roots with positive real part, then 
from (27.19) we obtain a rotation of the vector Q(ito) by the angle

<pq =  (Wj — 2m) -  with 0 <  co <  +  oo . (30.19)

Let us now turn to the vector T"(ico) (Fig. 1486), representing the 
ratio of two complex numbers L(iu>) and Q(tco) in accordance with
(30.16). Since in the division of complex numbers their arguments 
are subtracted, with variation of co from 0 to + o o  the vector 'F(ici>) 
should rotate by an angle equal to the difference of angles of rotation 
of the vectors L(iw) and Q(ioj), i.e.

=  <pz,— <pQ . (30.20)

In  the general case, from (30.17) and (30.19) this will be:

<Py =  {n—ni~\-2m)-^r. (30.21)z

In  particular cases we find: with =  n

<pT =  mz , (30.22)

and with nx = n and m  =  0

<Py =  0 . (30.23)



277Stability Criteria for Ordinary Linear Systems

If we pass from the function Y(ito) (Pig. 1486) to the function 
TF(ito) (Fig. 148a), then the entire curve is shifted by unity to the 
left and the role of the vector 'F(ito) =  01N l will be played by the 
vector CN , the origin of which lies at the point C with coordinates 
(— l,tO ). Therefore the results of (30.21), (30.22), (30.23) relate 
without change to the vector CN. This proves the above general 
form of the frequency stability criterion (30.8) and its particular 
cases (30.9) and (30.10).

On the application of inverse amplitude-phase characteristics. In  
the denominator of expression (30.5), the amplitude-phase charac
teristic of the open network W (ico), there is the polynomial Q(io>), 
corresponding to the left-hand side of the equation of the open 
network Q(p) =  0. When Q(p) has a high degree, the expression 
W(iu>) becomes very cumbersome after elimination of the imaginary 
part of the denominator. The polynomial R(ioi) usually has a low 
degree. I t  is therefore easier analytically to construct not W(ito) 
but the inverse quantity

M(iat) . 1 =  <?(**>).
W(io)  -R(ico)’

such an inverse amplitude-phase characteristic (Pig. 148e) is used 
sometimes. Now the formulation of the stability criterion changes. 
As above it is easily proved tha t for stability of a closed system it 
is now required tha t vector CM with motion of the point M  over 
the curve (0 <  gj <  +oo) rotate by the angle

<pc m  =  (w— +  2wia) ^ , (30.24)

where n  is the degree of the characteristic equation of the closed 
system (Q(z) + R(z) =  0), n2 is the degree of the polynomial R(s) 
while ma is the number of its roots with positive real part.

I t  has meaning to employ this way of simplifying the construction 
when it is desired to employ experimentally recorded frequency 
characteristics. Theoretically this represents a step towards using 
the Mikhailov criterion. For the maximum simplification (when 
calculating from the equations) the Mikhailov criterion should be 
used directly (Section 28), since the analytic plotting of the Mikhailov 
curve is simpler than plotting of the amplitude-phase characteristic 
including the inverse.

Second formulation of the frequency stability criterion. The first 
formulation of the frequency stability criterion considered above 
may be restated with application to the logarithmic amplitude and 
phase frequency characteristics of the open network. The construc
tion of these characteristic was discussed in Section 20, where for
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individual elements we may also employ experimentally given charac
teristics instead of the equations.

Let us take only the simplest, most widespread case, where the 
open network is stable or neutral and the degree of It is less than 
the degree of Q. In  this case, from the first formulation of the 
frequency criterion it follows that the real t7-axis either should not 
at all intersect the curve to the left of the point C(— 1, iO), as in 
Fig. 146a, d, e, g, h, or it should intersect an even number of times 
to the left of the point C (Fig. 1466, /). This signifies tha t with 
p =  — 7tj p =  — 37t, p =  — 5tz, ... either A > 1 should not occur or 
values A  >  1 are admitted an even number of times with the cor
responding direction of variation of p at these points. From this 
we obtain the following formulation of the frequency criterion.

If the open network is stable or neutral and the degree of B  is 
less than the degree of Q, then for the stability of the closed system 
it is necessary and sufficient that the number of real roots of each 
of the equations P(to) =  —tc, p(to) =  — 37t, p(to) =  — 5tc, ... be even 
or in th a t interval of frequencies to for which the logarithmic 
amplitude characteristic Ai(as) =  201ogjl(to) is positive, zero and 
a t the given points the derivative dp/dto alternate sign. In  other 
words, the curve p(to) should either intersect an even number of 
times with the lines p =  —n, p =  — 3it, p =  — 5tc, ..., or not in
tersect them at all on those segments where the curve .4j(<o) lies 
above the axis of abscissae, and the slope of the curve a t these points 
of intersection should alternate in sign. Here, as is evident from 
Fig. 146/, the branch A  =  a should be taken into consideration at 
a  =  0, as shown in Fig. 146/ by broken line.

In  Fig. 149a and h are shown cases where this stability criterion 
is satisfied, i.e. the corresponding closed system will be stable. 
In  Fig. 149o the requirement of an even number of points p =  —n 
with A t >  0 is not satisfied, while in Fig. 149d the requirement of
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sign alternation of the slope of the tangent a t two points p =  — tc 

with Ai > 0 is not satisfied. In  both these cases the closed system 
will be unstable. For comparison with the first formulation of the 
frequency criterion in all cases the amplitude-phase characteristics 
of the open networks are shown in Fig. 149.

In  a similar manner it would be possible to restate the frequency 
stability criterion for cases where the open network is unstable or 
when the degree of B  is greater than the degree of Q.

31. Width of stability region and stability reserve

Using the above stability criteria it is possible to solve two funda
mental problems: (1) to verify the stability of a system with given 
structure and given parameters, (2) to select the structure of a system 
and numerical values of its parameters, starting from the requirement 
of. stability of the system.

The conditions of system stability should be satisfied simul
taneously with the requirement of small static errors discussed 
previously. Ordinarily it is possible to satisfy the stability condi
tions and the condition of smallness of static error in a fairly wide 
range of numerical values of the system parameters. The width of 
this stability region depends to a large degree on the structure 
of the system, on the presence of auxiliary feedback, on the introduc
tion of derivatives into the regulation function, etc.

But all this is only the first step in calculating an automatic 
By stem. Further it will be necessary to judge the quality of the 
transient response and to take into account, if necessary, con
tinuously acting perturbations (transient, stationary and additional 
dynamic errors).

To carry out these last stages of the calculation and to provide 
freedom to manipulate the values of the system parameters to 
satisfy various technical requirements, it is advantageous to have 
a wider stability region.

Determination of the limits of the stability region was described 
in presenting each of the stability criteria. This question will be 
developed in the next chapter and examples presented for finding 
the boundaries and stability regions for concrete automatic systems. 
In  Chapters IX  and X the most advantageous location within these 
stability regions will be found, starting from various criteria for 
quality of the regulation process.

Meanwhile we shall only mention tha t it is not possible to select 
the system parameters too close to the stability boundary. A certain 
stability reverse in the system is necessary for the following reasons:

(1) in constructing the equations of the regulated objects and 
other elements of the automatic system certain (sometimes very
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coarse) idealisations of the actual phenomena are adopted. Only 
the principle ones are taken, the corresponding fundamental laws 
of mechanics, heat engineering or electrical engineering are applied 
and a mass of secondary factors is omitted;

(2) the approximation of the element equations is aggravated in 
their linearisation;

(3) the system parameters entering into the coefficients of the 
equations (masses, moments of inertia, capacitances, resistances, 
gain factors, time constants), are defined with more or less ap
preciable errors; it is well known, for example, tha t the inac
curacy of knowing the aerodynamic coefficients of an aircraft 
on the basis of wind tunnel tests sometimes reaches 10 per 
cent;

(4) if equations are not employed but experimentally taken 
characteristics, there is sometimes an unavoidable error both in 
the method of experiment itself and in the technique of carrying 
out and processing the results;

(5) when an automatic system is calculated there is most frequently 
in view not the production of a single model but a larger or smaller 
series; in this series the parameters of the individual units cannot 
be exactly the same; there is always a random scatter of the para
meters for various units as a result of the technical tolerances on the 
manufacture of parts, etc.;

(6) in the operation of each given model there can also occur 
certain variations of the parameters having a random character 
(deformations, instability, changes of temperature, etc.).

This signifies tha t having determined the stability of the system 
we cannot be certain tha t the real system will correspond exactly 
to tha t point of the stability region which we have found by calcula
tion (even when recourse has been had to experiments). The first 
three reasons alone are enough to make it diverge substantially 
from the calculated position, not to speak of the scatter in a series 
of units and of the possible variation in the course of time of the 
operation of the system. Consequently, if the calculated state was 
too close to the limit of stability, the real system may become un
stable because of the above reasons.

The stability reserve provides for this drift of the calculated 
parameters of the system from the values corresponding to the 
limit of stability, so as to provide safe operation of each real model 
of the given system at least in the region of stability (taking into 
account all the above causes of deviation of the actual system from 
the calculated). Of course, the stability reserve does not express 
anything about the quality of the regulation process, which requires 
further special investigation.
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The form in which the stability reserve of the system is given 
depends on which stability criterion is employed.

When using the first formulation of the Mikhailov criterion the 
stability reserve of the system is expressed in the requirement tha t 
the Mikhailov curve be distant from the origin of coordinates a t all 
points by not less than a given quantity r, i.e. satisfying the stability 
criterion, the Mikhailov curve should also not pass within a forbidden 
circle of given radius r about the origin of coordinates (Fig. 150a) or

|£ ( ic o ) | ^  t  w ith  0 <  co ^  oo .

In  applying the second formulation of the Mikhailov criterion 
the necessary stability reserve of the system is expressed in tha t 
the curve .X(co), satisfying the stability criterion, in addition not 
pass inside circles of given radius r about the points of intersection 
of the curve Y(co) with the co-axis (Fig. 1506).

In  using algebraic stability criteria, expressed in the form of 
inequalities, the stability reserve of the system will consist in these 
inequalities being sufficiently far from the corresponding equalities. 
For example, aside from the essential positiveness of all coefficients 
of the characteristic equation for a third-order system (Vyshne- 
gradskii’s criterion), we require:

where e is a  given positive quantity defining the stability reserve: 
for a fourth-order system (Hurwitz criterion):

a^a^a^— agOg) ®4®i s .
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In  the general algebraic form the stability reserve is expressed in 
the analogous requirement either for the Hurwitz determinants

Aj >  e, A2 >  s, ..., An-! >  £j an >  e , 

or the elements of the first column in the Eouth calculation scheme

^  Ej Gj Ci ^  ^
With the first formulation of the frequency criterion the stability 

reserve of a closed system is expressed in the requirement tha t the 
amplitude-phase characteristic of the open network, satisfying the 
stability conditions, not pass inside a circle of given radius r about 
the point G with coordinates (— 1, iO), as, for example, in Fig. 150c, i.e.

|W (£w) +  1| r with 0 ^  to <  -f oo.

Using the second formulation of the frequency criterion the stabil
ity reserve of a closed system is expressed in tha t for the open 
network with phase values

- ( * — Y) <  0 <  — («  +  Y) 
the logarithmic amplitude frequency characteristic must not pass 
inside given “forbidden” zones:

201og(l — h) <  A  <  201og(l +  ft) ,

hatched in Fig. 150d. The positive numbers h and y  are here termed 
respectively the stability reserves of the closed system with respect 
to amplitude and with respect to phase.

Finally, if the stability region is plotted according to any of the 
stability criteria in the plane of any arbitrary parameters of the 
system (see Chapter VIII), then to ensure the necessary stability 
reserve of the system it is required tha t the point corresponding 
to the numerical values of the parameters of the given system be 
located inside the stability region not closer to the stability boundary 
than a given distance. For example, for a third-order system—inside 
the hatched region in Fig. 143 not closer than a given distance from 
the Vyshnegradskii hyperbola.

In  certain special cases in connection with the above causes for 
the difference of equations and parameters of actual systems from 
the calculated ones there may sometimes be value in separating the 
stability boundaries into “safe” and “unsafe” , as is done in the 
books of N. N. Bautin (Reference 14) and A. I. Lur’e (Reference 20) 
using the nonlinear Liapunov theory.



CHAPTER VIII

CHOICE OF STRUCTURE AND PARAMETERS OF 
ORDINARY LINEAR AUTOMATIC REGULATION 

SYSTEMS FROM THE STABILITY CONDITION

32. Use of the Vyshnegradskii stability criterion

Let us consider examples of application of the Vyshnegradskii 
stability criterion to the study of stability of certain concrete auto
matic systems and to the choice of parameters in designing the 
systems, starting from the stability condition.

Automatic pressure regulation system. The equation of this system 
(23.31) is of the fourth order. Neglecting the mass of the sensitive 
element (Tr = 0), which in this case (Fig. 117) is really small, we 
obtain a third-order system and the third-degree characteristic 
equation for it in the form

TaTkT ^  +  (TaTs8 +  TaTk +  (3 TkTa) + (Ta 8 +  T t f  +  T4|38) 2 +
+  (j38 +  l )  =  0 .  (32.1)

We note th a t Ta, TC1 TS1 8 are positive numbers while (3 from 
(23.11) may in general be even negative. Therefore to satisfy the 
necessary stability condition positiveness of all coefficients—it is 
necessary tha t

TaTkTa > 0 , TaTa8 +  TaTk +  (3TkTs >  0 ,
Ta8 +  Tft(3 +  Tg[38 >  0 , (38 +  :

Ts >  0 , 1 
1 > 0 .  J (32.2)

Equation (29.3) of the Vyshnegradskii stability criterion now 
takes the form

or
(TaTa8 +  TaTk +  (3T*T4) (Ta8 +  Tk$ +  Tgj38) >  TaTfcTa((3S +  l )

( ^ ■ + ^ , +  l ) ( ^ + ^  +  1) > (1 +  - ) .  (32.3)

To estimate the static error of the system we employ formula 
(7.16), which in this case gives

8
<Ps< = i  +  ps 'l»°>

283

(32.4)
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where <jj° is caused, as is evident from (23.11), by change of the steady- 
state external conditions of operation of the system while <p* is the 
relative increment of the regulated pressure in the chamber (see 
formula (23.9)), constituting the static error (since ideally the pressure 
in the chamber should be a constant independent of external con
ditions).

To reduce the static error of the system (32.4) it is necessary 
to reduce 8 (for given (3), but in such manner as not to disturb the 
stability condition (32.3). For convenience of calculation it is useful

to plot the stability region in the parameter plane (8, Tc/Ta), con
sidering tha t the quantities TajTB and p are given (let p >  0). The 
equation of the stability boundary (29.4) from (32.3) will be

4 ( ^ ) ’ +  („68_ l ) |  +  (l8. „ 0 ,  (32.5,

where we put

°  = 1 + w . ’ b - 1 + i t ■ (32-6)

This stability boundary is represented by the curve in Fig. 151a. 
The other stability boundaries (29.5) and (29.6) will be

8 =  —| , and Tk = 0 .
P

These two boundaries are, respectively: a vertical straight line 
to the left of the axis of ordinates and a horizontal straight line 
coinciding with the axis of abscissae.

To find on which side of these boundaries the stability region 
lies, an aibitrary point may be chosen, for example M  (Fig. 151a), 
and, substituting its coordinates 8 and Tc/Tg in both parts of in
equality (32.3), we examine if it is satisfied or not. If so, then the 
stability region lies on that side of the boundary where the point M  
has been chosen; if not, the opposite. The stability region for the 
present problem is hatched in Fig. 151a.
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Thus, the regulator parameters 8, T c and Ts are chosen, firstly, 
60 th a t static error (32.4) does not exceed a given limit, which is 
ensured by a sufficiently small value of 8. The latter is defined by 
the stiffness of the spring c1 and membrane ca according to formula
(23.19). Secondly, in choosing the parameters it is necessary to 
ensure stability of the system according to the graph in Fig. 151a. 
The quantity Tc depends on the damping factor in the sensitive 
element ca in accordance with formula (23.19) and the quantity Ts 
on the properties of the pneumatic drive (23.27).

Thus, these parameters may be chosen in designing the system, 
simultaneously considering the stability and the admissible static 
error (subsequently it will be necessary to consider the dynamic 
errors also). From Fig. 151a and from formula (32.4) it is evident 
th a t the static error of the system may be reduced without limit 
if we take

But this is possible only when the regulated object has a sufficiently 
large self-regulation coefficient (3. With decrease of the latter the 
stability region shifts towards larger values of 8 (Fig. 1516) and the 
static error of the system increases (32.4). The graph of Fig. 1516 
may be considered as a plot of the stability region in three para
meters (8, TC[T„, p).

In  the limiting case p =  0 (neutral regulated object without 
self-regulation), when the stability boundary (32.5) takes the form 
(Fig. 1516)

we obtain the greatest static error. In  addition, in distinction to 
objects with high self-regulation, now, to reduce the static error, 
it is inexpedient to increase TCITS.

If the regulated object is unstable (P <  0), where we assume

then from the equation for the stability boundary (32.5) we obtain 
the curve OA (Fig. 151c). However in this case it is necessary to 
consider also satisfaction of condition (32.2) for the positiveness 
of the coefficients in the characteristic equation. The corresponding 
stability boundaries with the notation of (32.6) may be written in 
the form

| P l < ^ ,  ( P < 0 ) (32.7)
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where in accordance with condition (32.7) p <  0, a < 0, b > 0. These 
four equalities give the straight lines OS, OE, OD and BC (Fig. 151c). 
From them the boundaries of the stability region are only the 
straight lines OS and BC, which corresponds to (29.6) and (29.5). 
The latter (BC) substantially limits the possibility of reducing the 
static error (32.4).

We shall now clarify the role of the additional feedback 7 (Fig. 117). 
If this feedback is removed (£ =  0), there will be no static error 
(an astatic system is obtained) while the characteristic equation 
(with the previous condition T r = 0), in place of (32.1), takes the 
form

TaTkTsz3 + (TaTsS + ^TkT3)z  ̂+ ^ T az + l  =  0 .

Therefore in place of (32.2) and (32.3) the stability condition will be: 

TaTkTs >  0 , TaTsS +  $TkTs >  0 , (3STs >  0

From this it is evident tha t without additional feedback the 
given system may be made stable (with the necessary reserve) only 
if the regulated object has a sufficiently positive value of self-regula
tion p. For a neutral (P =  0) or unstable (p <  0) object it cannot 
be made stable for any values of the parameters. Consequently, the 
feedback has a beneficial effect on the stability of the system.

Servomechanism. If we consider tha t in the circuit shown in 
Fig. 128 the time constants of the electric drive circuits (motor- 
generator) are small (T3 <  1 and Tt <  1), then in the first (and in 
practice sometimes sufficient) approximation it is possible to take 
T3 =  T4 =  0. In  this case the characteristic equation of the system, 
which in accordance with (26.22) is of fifth degree in the complete 
form, is a third-degree equation

T1Tiz5 + [T1 + (7c1ke)T 2\z'* + (l + kLlct + k1k ')2 + kllc =  ° ■

Since all the coefficients are positive, according to the Yyshne- 
gradskii criterion (29.3) there is only one stability condition

Here the beneficial effect of the introduction of derivative on the 
system stability is evident, since from (26.11) the derivative is here 
introduced with coefficient k3 and its introduction into condition

[T1 -|- (l+fc^/tj) T,f\ [1 +  fcjfcg +  k jt ] >  T1T2k1lc, 

or, dividing by TxTJc-Jc and taking into account (26.23),

(32.8)
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(32.8) increases the left-hand side of the inequality, i.e. facilitates 
satisfaction of this stability condition and broadens the region of 
stability of the system.

The presence of the coefficient in condition (32.8) is also useful 
for stability; it arises because of the presence of the counter-emf 
of the motor, as is evident from formulae (26.16) and (26.17), which 
in the present case plays the role of an additional transient feedback 
(see circuit of Fig. 130).

Increase of any of the time constants here in accordance with
(32.8) has a negative influence on the stability, as has increase of 
the overall gain factor Tc (26.23).

From the adverse influence of the time constant T2 on the sta
bility of the system it is necessary to conclude tha t the electrical 
differentiation circuit 6hown in Figs. 128 and 129 is not completely 
successful. In  fact, if we increase the coefficient k2 useful for sta
bility, simultaneously, as is evident from (26.12), it will be necessary 
to increase the adverse time constant T2. Thus, from a simple appli
cation of the Vyshnegradskii criterion the important practical 
conclusion follows on the desirability of changing the diffferentiation 
device of Fig. 128. I t  should be designed so tha t the useful quantity K  
may be increased while the adverse T2 decreased in required limits. 
An example of such a differentiation device is, from (15.2), a tacho- 
generator in the circuit of Fig. 89c.

Let us consider the static calculation.
With a constant given angle « at the output of the system we 

have a static error (26.26) proportional to the load on the object, 
so th a t with zero load (/ =  0) the system in this state will not give 
an error in the magnitude of the angle.

In  steady-state following with constant velocity, according to
(26.27) and (26.28) the system has no error in the magnitude of the 
velocity but has a stationary dynamic angular error dependent not 
only on the load but on the velocity of following.

In  this example the contradiction between the precision and 
stability of the system is also clearly evident. Actually, increase 
of the coefficient

1 +
JCik (32.9)

is useful for stability, in accordance with (32.8), but is inadmissible 
because of increase of error (26.28). From this it is evident that 
with introduction of the derivative, i.e. with introduction of k's, 
without disturbing stability (32.8) we may choose a sufficiently 
small coefficient (32.9) to obtain a 6mall stationary dynamic error
(26.28).
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Consequently, the differentiating device in the given system is 
useful also because of the fact that although it does not influence 
the magnitude of static and stationary dynamic errors directly it 
permits applying measures for their reduction.

Let us now pose the problem of choosing the parameters of the 
differentiating device Jĉ and k3 (defined by the quantities C, -R1} Ra 
according to formulae (26.12)) from the stability and precision 
conditions simultaneously, under the assumption tha t all remaining 
parameters of the system are given.

For this we plot the stability region in the parameter plane (fcj, k'a). 
The limit of stability from (32.8), taking into account the equality 
Ta =  ka (26.12), will be

where
8̂ =  (^7 +  «) (K  +  &) J

a = 1 +  kjfcg
T “ ’

1 +  kjcg
° ‘

(32.10)

Graphically this is represented in the plane (k3, k3) in the form 
of a curve (Fig. 152). To decide on which side of the curve the stabi
lity region lies, it is sufficient to recall that increase of fc3, and there
fore also k (26.23), weakens inequality (32.8). The stability region 
therefore lies to the left of the boundary of stability. I t  is shown 
hatched in Fig. 152. Since all parameters of the system and all coef
ficients of the equation are known to be positive, we shall not seek 
the other boundaries of stability ((29.5) and (29.6)) or investigate 
the other quadrants of the parameter plane.

Thus, wishing to take the quantity k3 sufficiently large on the 
basis of the condition of smallness of stationary error of the system
(26.28), we shall always choose the values k3 and k3 in such manner 
tha t in the diagram of Fig. 152 the point M  with coordinates (k3, k3) 
lies within the stability region. From the diagram it is evident th a t 
if k3 is taken in the interval 0 <  k3 < k3cT, where k ^  =  (l+p/od)2,
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the system is stable for arbitrary k3. If Tea ^  k3cr, then it is absolutely 
necessary to have a special choice of k3 as shown in the diagram 
of Fig. 152.

Voltage regulation system. Let us take the case where in the 
system considered in Section 24 we may consider T4< T 3. From
(24.29) this signifies tha t the armature of the electromagnet has 
a negligible moment of inertia while the damping factor c3 +  c'2bl 
is sufficiently large. Then in the equation of motion of the armature 
(24.28) we may put T4 =  0 as a result of which the characteristic 
equation of the system, in accordance with (24.39), is of third degree:

TXT%T #  +  ( M  +  T ,T t)*  + (T1 + n ) z  + ( 1 +  f c i =  0 , (32.11) 

where, from (24.32)
Ti =  Ta +  T3 +  JcJCtTl. (32.12)

The necessary condition of stability—the positiveness of the coef
ficients—is satisfied. The second condition (29.3) of the Vyshne- 
gradskii stability criterion takes the form

{TiT'3-\-T3Ta)(T1-\-T3) >  T iT3T3{1 +  kjcjijc^),
from which

* i <  ( ^  +  ^ rf r)  (T, +  TJ) — 1 . (32.13)

From this inequality and (32.12) we conclude th a t increase of 
the transient feedback coefficient in the sensitive element r£ (see 
formulae (24.30) and (24.17) and Fig. 121 and Fig. 123), i.e. increase 
of intensity of change of flux of the electromagnet 0 2 in dependence 
on the magnitude of change of the gap 8 (increase of the slope of 
the graph of Fig. 1216), is useful from the point of view of system 
stability since it increases the right-hand side of inequality (32.13).

Increase of the remaining gain factors (transfer factors) fe2 (24,21), 
k3 (24.29), kt (24.37) has a negative influence on the system stability, 
weakening inequality (32.13). However, we are interested in increasing 
these coefficients k2,k 3, kt from the point of view of reducing the 
static error of the system (24.40).

The feedback factor in the sensitive element r 2 has no effect on 
the static precision since, it has a coefficient p in equation (24.20) 
(i.e. because this feedback is transient).

33. Employment of the Hurwitz stability criterion

The use of the Hurwitz criterion and the procedure for selecting 
the system parameters from the stability condition remain here in 
general the same as for the Yyshnegradskii criterion, but with more
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complicated calculations, the magnitude of -which sharply increases 
with increase in the degree of the characteristic equation. For 
a fourth-order system, where the stability condition consists of 
a  single inequality (29.18) in addition to positiveness of the coef
ficients, the entire method of plotting the stability region in the 
parameter plane remains completely the same as for a third-order 
system considered in Section 32.

For fifth and sixth-order systems, where there are two inequalities
(29.21) and (29.22), the following features arise in the method of 
plotting the stability region. The boundary of stability is obtained 
by equating the left-hand side of the second of inequalities (29.21) 
or (29.22) to zero, under the condition tha t the first or these in
equalities is satisfied and th a t all coefficients are positive. Therefore 
the curve plotted in the parameter plane from the second of the 
inequalities may have superfluous blanches on which the first in
equality is not satisfied. These superfluous branches must be elimi
nated by simple verification of satisfaction of the first inequality 
(thiB verification may be done merely for a single point on each 
branch of the curve). In  addition, as before, it is necessary to mark 
the boundaries of stability a» =  0 and a0 =  0.

The same occurs also for systems of higher than sixth order, where 
the stability boundary has expression (29.24) as well as an = 0 and 
a0 =  0, where the number of excess branches of the curve (29.24) 
in the parameter plane will increase with increase of the number of 
additional inequalities (positiveness of the Hurwitz determinants) 
which are to be satisfied. I t  is possible to proceed otherwise.

Plotting all branches of the curve (29.24) and the lines =  0 
and a0 =  0, it is necessary to find among them a region where the 
stability criterion is satisfied, which is verified by a single point 
inside each region. This test is most easily carried out by the Eouth 
calculation scheme given in Section 29.

The system aircraft—course autopilot. Let us take the simplified 
equations of the system, when the time constants of the magnetic 
amplifier Ta and drive Tt are neglected, i.e. the autopilot is con
sidered ideal. This is admissible in practice only in a preliminary 
approximate analysis of the system. In  the given case from the 
complete equation (25.29), putting Ta =  Ti =  0, we obtain the 
simplified characteristic equation of the system in the form

+  (TiTJtfi + 1\ + T 2 +  kJc^TJ 2® +

+ +  T a) kjb +  k2T2 + 1  +  +  kjc  ̂• T 2] z * +  (33.1)
+  [(k2Te + 1 ) kjb +  kjc^ +  k1k^,T2]z 4- kje^ =  0 ,

where the abbreviated notation (25.27) is introduced.
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All coefficients of the characteristic equation (33.1) are positive. 
Therefore there remains only to write the stability condition (29.18), 
which from (33.1) takes the form

[(fcjTg +  1) hfb +  fti ft* +  {(TyTJtfi  +  +  P*-\-

+ \ k ^ T a)l{Tl + T a)k/b + kaTa + l  + klk^ + klk^Tt\ —
(33*2)

TlT£(kaTa-\-1) hfb +  kJc^-\- ft,ft*2VI} kjc$( TyTak/b-\~
+ Tl + T a + Telk-i Ta)t > 0 .

By considering the coefficients of the characteristic equation (33.1) 
and the stability condition (33.2) it is evident how the stability of 
the system is influenced by the coefficients ft*, fĉ  and ft", appearing 
with introduction into the autopilot of sensitive elements measuring 
the angle of deviation of the aircraft axis from the course tp and 
its first and second derivatives, and the coefficient k/* characterising 
the feedback.

If the autopilot has no feedback, i.e.

k/b =  0 , ft* ^  0 , ft̂  ^  0 , k'̂  7̂  0 , (33.3)

the stability condition (33.2) will be

&i(ft* +  k^,T2)[(Tl -\- T2 +  k1k-T2) (&22’2 + 1 +  k ^ -  +  kik^Ta) —
+  +  +  >  0 . (33.4)

If in addition the autopilot lacks an element reacting to the second 
derivative of <{/, i.e.

ft* 0 , ft̂  #  0 , ft" =  0 , ft/* =  0 , (33.5)

the stability condition (33.2) takes the form

(** +  ft*Ts)[(2\ +  Ta) (ft,TX + 1 ) +  f t ^ f t ^ — T.ft*)]-
— f t ^  +  T , ) ^  0 . (33.6)

Further in the absence of an element reacting to the first derivative 
of the angle <p, i.e. with

ft* 7̂  0 , k^ =  0 , ft" =  0 , k/b =  0 , (33.7)

we find from (33.2):

T l(T ,  +  Ta) (kaTa + 1) — T^& ft*] -  (Tx +  T,)2 >  0 . (33.8)

Finally, in the presence of feedback but in the absence of elements 
reacting to ip and ip, i.e. with

20

k/b #  0 , ft* #  0 , ft̂  — 0 , ftj — 0 , (33.9)
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the stability condition (33.2) will be

[(kaTa + 1 ) ft* >+ W J  {(T, Ttkib + Ta +  Tt) [(Tt +  Tt) &^+
+  h2Ta +  1]— TlT t[(kiTt +1) Tt/b +  kJc^T^} —

-  fcxf c * ( +  Tx +  Tz)* > 0 . (33.10)

Let ns first consider the stability of the system under condi
tion (33.7), when the autopilot has no feedback and reacts only to 
the angle <];. In  this case, as is evident from (33.8), the autopilot 
docs not in general contribute to the stable operation of the system 
since the parameter has only a negative influence on stability, 
weakening inequality (33.8). Consequently, in principle, the course 
autopilot based on (33.7) cannot in general be constructed.

Therefore the simplest course autopilot which gives the possibility 
of favorably influencing the stability of the system is either an 
autopilot with introduction of the derivative of <p without feedback 
or an autopilot with introduction of feedback without the derivatives 
of tji. Frequently, however, when a sufficiently wide stability region 
is achieved and the quality of the regulation process remains insuf
ficient, in the second case there is sometimes introduced <J> and in 
the first $.

Let us solve the problem of choice of coefficients k  ̂ and k^ from 
the stability condition when constructing an autopilot according 
to (33.5). For this we plot the stability region in the plane of the 
two parameters k.b, k^), considering all the remaining parameters 
(Tj , T a,k l , k2) as given.

The stability boundary (29.19) is defined by substitution in formula
(33.6) of an equality sign for the inequality sign. As a result we 
obtain the equation

(ftj, +  Tjcty) (a 4- bk  ̂=  0 , (33.11)
where

a =  -  (Tx +  T2) (fe2T2 + 1) , b =  |  (Tx + Tt) \

and the other two boundaries of stability a4 =  0 and a0 =  0 from
(33.1) will be

ft* =  0 , TxTa =  0 (33.12)

(the last of these is without significance since it does not include 
the autopilot parameters of present interest).

The stability boundaries plotted according to equations (33.11) 
and (33.12) are shown in Fig. 153a. From the fact th a t increase 
of k^ strengthens inequality (33.6), expressing the stability condition, 
we conclude tha t the stability region in Fig. 153a lies above the 
given curve.
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The diagram obtained shows that with any value of ft̂  the 
quantity ft̂  must necessarily be present and have such a value tha t 
the point M  with the coordinates (fĉ , ft̂ ) lies above the stability 
boundary in the diagram (Fig. 153a). In  accordance with Section 25 
this system is astatic.

I t  is possible to consider the choice of parameters foj, and ft# for 
an autopilot according to (33.9) in an analogous manner, but here 
the choice of parameters must be compatible with obtaining the 
permissible static error (25.31).

Let us also consider case (33.3). By comparison with the above 
case, for which the diagram of Fig. 153a is plotted, a new para
meter ft" has been added. Consequently, three parameters are to 
be chosen: ft.̂ , ft". In  this case, as before, we shall plot the stabi
lity boundary in the plane of the two parameters (ft..,, ft̂ ) for various 
given values of ft".

In  accordance with (33.4) the equation of the boundary of stability 
will here have the same form as (33.11) but with coefficients de
pendent on ft", namely:

(&j, +  TJc^){A +  C'ft̂  — — Bkty =  0 ,
where

A  = | ( T 1 +  T2)(ftaTa +  l)  +  (T1 +  ftaTl +  2T2)fti  +  Taftxft| ,

B =  - ( T ,  +  T2 +  kJc--Ttf , C =  (1 +  ft.ftj) T\ .

The corresponding stability boundaries in the form of curves 
ft̂  =  / (ft̂ ) for various given values of ft" are represented in Fig. 1536. 
The region of stability in each individual case lies above the curve, 
as shown hatched in Fig. 1536. Introduction of the second derivative 
of as we see, broadens the region of stability. The given system 
is also astatic, the static error (25.31) appears in it with introduction 
of stiff feedback.

System for automatic regulation of engine angular velocity. Let 
there be an object without self-regulation and a regulator with



294 The Dynamics of Automatic Control Systems

stiff feedback (Fig. 74). Then the characteristic equation of the 
system from (22.60) will be:

T\z* A  (2**+ kJcJcBT\)& (H - TcJcikhT^)z^-\- kakJcBz +  kik2kaki =  0 (33.13)

The positiveness of all coefficients of the equation is respected. 
There remains to satisfy the stability condition (29.18), namely:

t s[(2'J +  (1 +  kakBkBTa) — TJc^cJci\
- k[ka{ Ta +  > 0 . (33.14)

For choice of transfer factors ka and fe6 (sensitive clement and 
stiff feedback) with all remaining parameters of the system given,

Fic.. 154

we plot the stability region in the plane ka,k a. The stability boun
daries (29.19) and a4 =  0 in the present case, in accordance with
(33.14) and (33.13), will bo

1 +  TJtJcf a  -|- T ik aktks ^  ^ 

~ n T 2^ T i k j itkBf  81 
ka = 0 .

(33.15)

(33.16)

These stability boundaries are shown in Fig. 154a. The stability 
region lies between them. As we see, the feedback is obligatory to 
provide stability. From the point of view of system stability it is 
useful to increase the transfer factor of the feedback, but the transfer 
factor of the sensitive element ka cannot be strongly increased. How
ever with increase of ka and reduction of k2 the static error of the 
system (22.61) is increased. Consequently, in choosing the system 
parameters it is necessary to consider these contradictions between 
the simultaneous requirements of static precision and stability.

Analogously it is possible to investigate the stability of an auto
matic velocity regulation system with isodromic transient feedback 
(Fig. 78), when the system has no static error. In this case the previous 
feedback equation (22.53) is replaced by a new one (22.51). The 
structural diagram of the system in accordance with the equations
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of Section 22 has the form shown in Fig. 1546. Therefore the differ
ential equation of the overall system from formulae (21.10), (20.11) 
and (20.10) is written in the form

W(p) +  fi(P)]Ato =  - S ( p ) / ( * ) ,
where

Q(p) =  (T ip1 +  T2p + 1 )( 'L\p + 1  +  IcJcJcDp*, 
R(p) =  ft(fcj,fc3fc4(T5p +  1) ,
S(p) = ( l l p i \- Tfp + lH T tp  + l  + kJeJcDp .

(33.17)

(33.18)

From this the characteristic equation of the system Q (z) +  R  (z) = 0 
will be:

ajfi +  «,«* +  ajjZ3 +  a32* +  aAz +  os =  0 , (33.19)
where

®o — TtT6,
a2 =  (1 +  kgkjcl) T2 1\ , 

kik^Jc^k-^T ,̂

— (1 +  k ^ k i)  T\ -)- 1 \T 5, 
% =  1 +  Icjcjcl,

=  kik^c f̂c  ̂ .
(33.20)

Aside from positiveness of the coefficients, which is satisfied, 
from the Ilurwitz stability criterion we require here the satisfaction 
of two inequalities (29.21) in which it is necessary to substitute 
the values of the coefficients (33.20). Substituting in the second 
of inequalities (29.21) the inequality sign by an equality sign and 
adding the formulae as =  0 and a0 =  0, we obtain the boundaries 
of stability, where it will be necessary to omit the excess branches 
of the curve on which the first of inequalities (29.21) is not satisfied. 
In the result we will obtain the stability region in the plane of any 
two parameters, for example k2 and fe6. The stability region among 
the curves plotted is established finally by verifying the satisfaction 
of the stability criterion at any one point inside this region.

34. Utilisation of the Mikhailov stability criterion

The Mikhailov criterion differs from the Vyshnegradskii and 
Hurwitz criteria from the point of view of plotting the stability region 
of the system in the following. In  the Vyshnegradskii and Ilurwitz 
criteria the stability boundary is expressed in explicit form as relation 
between the parameters of the system (compare Sections 32 and 33). 
In  the Mikhailov criterion the stability boundary (28.6) or (28.7) is 
expressed through the auxiliary parameter to, as a result of which 
the stability boundary equation will not be obtained in explicit 
form as before, but in parametric form in terms of to. In  addition, 
it is important to note tha t here the choice of system structure is 
possible by combination and superposition of Mikhailov curves 
taken for individual blocks and loops of the system. In  the process
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of construction, it is possible to verify how the individual parameters 
of the system elements are to be changed for the Mikhailov curve 
to lie in the plane ( X ,iY )  in a more desirable manner about the 
origin of coordinates.

Expressions (28.6) and (28.7) may be used to plot the stability 
boundaries in the plane of the system parameters directly (in para
metric form in terms of to), without plotting the Mikhailov curves. 
Here the parameter to, as already remarked in Section. 28, has the 
physical significance of the frequency of harmonic oscillation of the

0 Xq 5
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system at the boundary of stability. The stability boundaries corre
sponding to zero and infinite roots are obtained from (28.6) or (28.7) 
as singular lines with to =  0 and to =  co.

Let us consider different methods of plotting the stability 
boundaries of the system employing the Mikhailov criterion.

Choice of structure and system parameters from the Mikhailov 
curve. Most frequently in the overall network of an automatic system 
there are one or two elements where it is possible to vary the parameters 
over wide limits while it is undesirable or even impossible to change 
the parameters of the remaining elements. In  these cases the system 
may be divided structurally into two blocks: I  and I I  (Eig. 155), 
of which the first (I) includes all the elements where the parameters 
may not be varied while the second {II) contains those for which 
it is possible to vary the parameters, i.e. to choose their values 
from the stability condition of the closed system.

Let the equations of these blocks of the system be of arbitrary 
order, given in the form

Qi(p)xi =  —B I{p)xI I , (34.1)

Q i i {V)x i i  —  R i i ( p ) x i  (34.2)
(the degrees of the polynomials Q and R  are in general arbitrary, 
but frequently R j =  kIf R }1 =  k n , where kj and kTr are constants).

Eliminating xn  and then substituting s for p, we obtain the charac
teristic equation of the closed system in the form

Qi(z )Qu{z ) R i i z ) R u i z) =  o 
and the equation for the Mikhailov curve for the entire closed system 
in the form

L ( i t o )  =  Qi(ioi)Qii(i(i>) +  Ri{i<x>)Rji{iu>) . (34.3)
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Since the parameters of block I  of the system are assumed in
variable, all the coefficients of the operational polynomials Qi(p) 
and i?/(p) in equations (34.1) are also invariable. Therefore we may 
plot fully defined auxiliary Mikhailov curves and Ri(iu>)
(for example, Fig. 156a) individually for the left and right-hand 
sides of equation (34.1) for the first block of the system.

Then, assigning various practically possible values for the required 
parameters, entering into the coefficients of equation (34.2), we 
obtain several alternative auxiliary Mikhailov curves Qrr(ico) and 
R i i ( i u )  (for example, Fig. 156&) for the second block of the system.

If in equations (34.1) and (34.2) we have R r  =  fc/ and R n  =  h n , 
then generally it is not necessary to plot the curves R i  and R n .

Further, for each alternative we find the Mikhailov curve (34.3) 
from the rule of multiplication and addition of complex numbers 
and we select the best of them. For the construction we mark on all 
curves (Fig. 156a and b) points with the same values of w and take 
from the drawings the corresponding magnitudes of r ,, <pu  r2, <pa, 
r3, <Ps> r*i <P«- Then the vector OA (Fig. 156c) will correspond to the 
first component in formula (34.3) with

P l =  » V 2 ,  'K  =  <Pl +  <?2> 

and to the second component the vector AB, where

Pi  =  r ar i » 4*2 =  9 s  +  9 *  •

The point B  obtained (Fig. 156c) is the point on the required 
Mikhailov curve of the closed system corresponding to the given 
value of to. Carrying this out for other values of to, we obtain the
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entire curve. In  view of the simplicity of the general properties 
of the Mikhailov curve of any order (Section 28) it is sufficient to 
have only a few points to judge the position of the Mikhailov curve 
with respect to the origin of coordinates from the point of view of 
satisfying the stability criterion.

The construction is substantially simplified in the cases where 
E i  =  hi or E ji = Tcu .

Let us analyse in this manner, for example, the effect of the 
derivative in the regulation function on the stability of the system.

Let us assume, for example, th a t before introduction of the deri
vative the closed system described by the characteristic equation

Qi(s) +  hi =  0 ,

was unstable. Let its Mikhailov curve

Lj(ico) =  Qj(ico) +  fcj (34.4)

have the form of Fig. 157a. Similar phenomena may occur, for 
example, for the aircraft with course autopilot if in equation (25.29) 
we put ktb =  =  k- =  0 .

Opening the given system I, we introduce into it the new element I I  
(Fig. 155) with introduction of derivative. Then for the blocks I  
and I I  of the new system we have the equations

Qi(p)xi =  — k iX n ,
xii = R n (p )x i,

where
Riiip) =  (kii + b'iiP)®! ? (34.5)

while the characteristic equation of the entire new closed system 
(Fig. 155) we be

Qi(z) +  IcjR i i (z) =  0 .

The new Mikhailov curve of the closed system will have the form 

L(iu>) = Qi{i<si) +  kiRii(it&) , (34.6)
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where according to (34.4) and (34.5) we have

= LI{i^) — hI , |
. ., I (34. <)

fi//(tco) =  h jj  -f- lei]/oj . |

In  Fig. 1576 and c are shown the curves Qi(ia) and ft/K//(ito) 
following from these equations. Here the curve Qiiio) differs from 
the given Mikhailov curve £/(ito) (Fig. 157a) only by a shift to the 
left by the value ft/.

The Mikhailov curve £(taj) for the new system, according to (34.6), 
is obtained by geometric addition of the vectors Qr and ft/i?//, as 
shown in Fig. 158. Here it is quite clear what value should be taken

for the coefficients ft// and ft// of the additional element with intro
duction of derivative in order to obtain a stable system with the 
desired form of the Mikhailov curve £(iu>).

In  designing automatic systems it is possible in a similar clear 
way to evaluate the effects of various types of elements and their 
parameters on the stability of the system as a whole.

I t  is also possible to establish in a similar way the criteria for the 
means which may be used for making the system with a given 
structure stable. Certain of these special criteria were obtained by
M. A. Aizerman using the Mikhailov curves for single-loop systems 
in the following form:

(a) a single-loop system of “simple” elements, without unstable 
elements, should not have more than one integrating element;

(b) the same system, but including a single unstable element, 
should not contain integrating elements;

(c) the same system, containing m harmonically oscillatory ele
ments should have the degree of the characteristic equation greater 
than 4m.

When these conditions are not satisfied the single-loop system is 
structurally unstable, i.e. it cannot be made stable by any choice 
of parameters. An example of such a system was given in Section 32— 
a neutral object and the rudder drive without feedback (violation 
of the first of the above conditions).
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Plotting the stability region in a two-parameter plane. Let there 
be the characteristic equation of a system

a^P +  a + ... +  an-iZ +  On =  0 (34.8)

and it is required to plot the stability region of the system in the 
plane of any two of its parameters a and (3 (transfer factors, time 
constants or other quantities). These parameters may in general 
enter in any manner into the coefficients of the characteristic 
equation (34.8). We shall construct for it the expression for the

F ig . 159

Mikhailov curve F(iu>) — X(to) +  iF(co). The parameters a and (3 
enter into the coefficients of the polynomials X(to) and Y (to) (28.3). 
Considering all the remaining parameters of the system except a 
and p constant, we may represent the conditions for the stability 
boundary in the Mikhailov criterion (28.7) in the form

X (a ,  (3 , « )  =  0  , \ 
Y (a , (3 , co) =  0  (

(34.9)

and further, if possible, solve these two equations with respect to a 
and (3 in the form

a =  oc (to) , \ 
(3 =  |3 (c o ) .|

(34.10)

After eliminating the variable to it would be possible to obtain an 
equation (3 =  /(a). This last operation, however, is not necessary 
in practice.

If we now assign differing values of to in the interval 0 <  to <  +  oo, 
from equations (34.10) it is possible to construct a curve (or a series 
of curves) in the plane of parameters a, (3 (for example, Fig. 159). 
From the discussion accompanying formula (28.7) it follows tha t 
aside from curves bounding the stability region, for example B K L E , 
equations (34.10) may give superfluous curves, lying outside the 
stability region (A E , CD).
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Aside from equations (34.10), defining the stability boundaries, 
corresponding to the purely imaginary roots of the characteristic 
equation, there should also be plotted the stability boundary corre
sponding to zero and infinite roots, for example EF  and OH (Fig. 159). 
These boundaries are defined, as before, by the equations

an = 0 and a0 — 0 . (34.11)

They may be found however in another, as singular lines obtained 
from equations (34.10) with to =  0 and « =  oo. The use of equations
(34.11) is frequently simpler.

Ordinarily from the significance of the technical problem it is 
usually already evident which of the regions, into which the para
meter plane (a, (J) is divided by curves (34.10) and lines (34.11), 
is presumably the stability region (as was frequently evident in the 
examples of Sections 32 and 33). For verification, taking an arbitrary 
point in this region, it is necessary to plot its Mikhailov curve a(ico) 
or apply the Routh criterion. If the stability criterion is satisfied 
a t a single point, then the entire given region is the required sta
bility region. If not, it is necessary to apply this verification to some 
other region.

If we plot the Mikhailov curves, taking one point in each of the 
regions of the parameter plane (Fig. 159), in accordance with 
Section 27 it may easily be determined from the shape of these curves 
how many roots of the characteristic equation of the given system 
have positive real parts in each region. But this is not necessary 
in solving the regulation problem, it is necessary only to find the 
stability region as indicated above.

Thus, in distinction to algebraic criteria (Sections 32 and 33), 
using the Mikhailov criterion the equation of the stability bound
aries is obtained in parametric form (34.10) with the auxiliary para
meter co. The auxiliary parameter u, as was mentioned in Section 28, 
has fully defined physical significance—it is the frequency of free 
harmonic oscillation of the system at the given point of the bound
ary of stability.

This method of plotting the stability region from the Mikhailov 
criterion was given in general form and with practical applications 
by A. A. Sokolov in 1940 (Reference 9) and then considered in detail 
by Yu. I. Neimark in 1948 under the designation D-division (we 
shall not use this term). I t  is also known that a similar procedure 
was applied previously by Y. S. Vedrov.

To standardise the procedure for finding the region which pre
sumably is the stability region (after plotting the curves (34.10) 
and (34.11)), Neimark introduced the following rule for hatching 
the curves. On each branch of the curve an arrow denotes the direc-
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tion in which to increases along the curve and for one point of each 
branch the sign is found of the Jacobian determinant:

d X  d X  
d a  ’ d $  

8 Y  d Y  ’ 
d a  ’

(34.12)

where the elements are the partial derivatives of the left-hand sides 
of equations (34.9). If the determinant (34.12) is positive, then the 
curve should be hatched to the left, traversing it in the direction 
of the arrow (for example, B A  in Fig. 159). If it is negative, then 
to the right (for example, DC). The singular lines {an =  0) or <o =  0 
and a0 =  0 or to =  oo), for example the lines EF and QH (Fig. 159) 
are hatched in agreement with the direction of hatching the curves, 
as shown a t the points A  — G and C—F.

Having carried out this hatching, we defined the assumed stability 
region as tha t region towards which the most hatching is directed 
(in Fig. 159 tha t region is BKLH). Verification is then carried out, 
as mentioned above, by applying the Mikhailov stability criterion 
(or the Eouth criterion) to a single arbitrary point in this region.

To simplify the calculations according to formulae (34.9) or (34.10) 
auxiliary graphs may be plotted (auxiliary Mikhailov curves).

Let us consider two examples. As the first example we shall take 
a single-loop automatic regulation system consisting of simple 
elements, described according to (20.12) by the equation

Q(z) + k =  0 .  (34.13)
Let it be required to  find the stability region in the two-parameter 

plane, one of which is the overall gain factor of the system k and 
the other the time constant T  of one of the aperiodic elements enter
ing into the given system.

Extracting the corresponding polynomial (Tz + 1) from Q(z), we 
rewrite the characteristic equation (34.13) in the form

{Tz + l)P{z) + k =  0 , (34.14)

where all the coefficients of the polynomial P(z) are given.
The expression for the Mikhailov curve of the given system will be:

L(i<o) =  (Tico +  l)P(i6>) +  ft . (34.15)

In  expression P(ito) we separate the real and imaginary parts. 
Let this be P(ito) =  P ^ u )+  iP a(w). Then the real and imaginary 
parts of the expression for the Mikhailov curve (34.15) take the form

-ST(co) =  k —6jTP2(to)+ P 1(<o) , I 
F(w) =  <o2,P 1(to )+ P2(w) . )

(34.16)
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Equating this to zero in accordance with (34.9), we find the para
metric equation of the stability boundaries in the form

Pi(to) +Pg(o)) T = _ Pgf*0)
Pi(to) ’ coP^co) (34.17)

Now, taking various values of ca(0 <  w <  +  oo), we may plot 
the curves (34.17) point by point in the parameter plane Jc and T

(Fig. 160). To hatch the curves we employ the sign of the determinant
(34.12) which in the present case, in accordance with (34.16), takeB 
the form

A =
1
0

uPj(w)
wPjfu)

=  coPj(to) .

In addition, to find the singular lines (a0 — 0 or w =  oo and an =  0 
or to =  0) from (34.14) we obtain

T  =  0 and Jc =  — 1 ,

since P,(0) =  1 (the constant term of the polynomial P(*)), while 
P,(0) =  0 (includes the common factor to). These will be the equations 
of the two singular lines. One of them coincides with the fc-axis 
while the other is parallel to the T-axis (Fig. 160).

From the directions of hatching we find the stability region. For 
verification let us take any point of the positive T-axis, i.e. let us 
take Jc = 0, t >  0. Then the characteristic equation (34.14) takes 
the form

(Tz +  l)P (z) =  0

and the system will be stable if all the roots of the polynomial P{z) 
have negative real parts. To verify the latter, it is sufficient to plot 
an auxiliary Mikhailov curve P(ico). If, for example, the polynomial 
P{z) is of fifth degree while the Mikhailov curve is as shown in Fig. 161, 
this proves tha t the stability region in Fig. 160 has been correctly 
found.
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As a second example let us consider the system of aircraft with 
course autopilot for which the stability region was constructed in 
Section 33. Let the autopilot not have feedback (k/>, =  0). The 
characteristic of the equation from (33.1) will be:

TjTjS4-\- (Tl Jr T2-\- kJc-Tjsfl +  (k2T2-\-1 +  kfc^ +  kJc^T2)ziJr
(JCik̂  -)- kJc^T^z -f- k-Jĉ  =  0 . (34.18)

The real and imaginary parts of the Mikhailov curve expression 
will be:

A (co) =  Icikty — (k2T2 -b 1 -b ”1“ To) co2 -b TiT%oA ,
Y(w) =  (kjc^ +  kJc,^T2) o) - - (Tt +  T2 +  kf\-T2) to3 .

Let us plot the stability region in the plane of the two para
meters k4, and k^ for various values of the third parameter k For 
this we equate expressions (34.19) to zero and solve them with 
respect to the parameters and k^ . We obtain

(k2l \  + 1 -  k,k$ o2 + (l + \k --)T W
&i(l +  T\<s?)

( T r - k2T22) u + l \ T W  
& i ( l  +  T 2 u>2 )

(34.20)

These parametric equations of the stability boundaries in the aux
iliary parameter to are equivalent to the previous equation for 
the stability boundary. Assigning various values of co (0 <  <■> <  oo) 
and calculating from formulae (34.20) the quantities k  ̂ and k^, 
we obtain the representation in Fig. 1536 of the stability boundaries 
for various values of the coefficient k-;. Further, in all cases the 
stability boundary will also include the straight line k^ =  0 (axis 
of ordinates), which corresponds to the zero root and is defined by 
equating the constant term of the characteristic equation (34.18) 
to zero.

Determination of stability region with respect to a single parameter. 
Let us denote by a a parameter of the system for which we desire
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to obtain the stability region. This parameter a enters into the 
coefficients of the characteristic equation, and thus into the coef
ficients of the expression for the Mikhailov curve L(ito). The ex
pression for the stability boundary according to the Mikhailov 
criterion (28.6), i.e. the expression L(ito) =  0 is represented in the 
form

P(ia) + a.N(id) = 0 , (34.21)
from which

a =  — (?(ito) , ahere G{iu>) = . (34.22)
j\  ( “loo)

Let the polynomials P  and N  individually be divided into real and 
imaginary parts in the following manner:

P (ito ) =  P ,( to ) -H P 2(to) , ) 
N (tto) =  +  iW2(to) . |

(34.23)

Then from (34.22) we obtain

G(ia>) =  Ĝ (to) iG2(to) ,
where
n , x P,(co)JV1(w) +  PiM lV'!!(6>)
G .(to) = -----------„ s , Go{to) -=

Al(co) +  Al(w)

(34.24)

P 2(to)iVi(or) —Pi(or)-y2(<o) 
Pi(to) +  ^ 2( to)

The values of a corresponding to the stability boundary are defined 
as the real values satisfying equality (34.22), where among them 
there may also be superfluous values. Let us plot the curve (?(tto)

in the complex plane according to equation (34.24) point by point 
taking individual values of to (from to =  0 to to =  + oo). Examples 
of such curves are shown in Fig. 162. The first case occurs when 
in (34.22) the degree of the numerator is higher than th a t of the 
denominator, the second case for the reverse while the third case 
when the degree of the numerator is higher than tha t of the denomi
nator but the variable to may be factored out of the denominator.

The hatching on the curve G(iu>) is applied to the left-hand side 
in traversing the curve from to =  0 to to =  +  oo. The stability region 
will be the segment of the real axis towards which is directed the 
majority of hatching. Within the region found in this way the satis-
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faction of the stability criterion is checked a t an arbitrary point, 
which serves to check the correctness of solution.

Thus, in cases a and c in Fig. 162 the stability region will be

oq <  a <  a2 (ax <  0 , a8 >  0) ,
and in case b

0 <  a  <  aa (cc8 >  0 ) ,

since from (34.22) the quantity a is a segment of the real axis taken 
with reversed sign.

For verification let us take the point a =  0. Then the expression 
for the Mikhailov curve from (34.21) takes the form i(ito) =  P(ito). 
Consequently, if the Mikhailov curve

P(ico) =  Pj(to) +  iP2(u>)

in cases a and c (Fig. 162) satisfies the stability conditions (for 
example, has the form of Fig. 161 for a fifth-degree polynomial), 
the stability region has been correctly found. In  the case of b (Fig. 162) 
the point a =  0 lies on the boundary of the above-found stability 
region. Therefore its Mikhailov curve P(ico) should have (for example, 
for a polynomial of fifth degree) one of two forms, shown in Fig. 139 
(a or c).

Since the curve P(iu>) would be needed in any case to verify the 
solution, it is expedient to plot it at the start of the work, employing 
the graph of 0{i(o) as an auxiliary curve in the construction. It 
then becomes unnecessary to calculate the quantities and 0 2 
mentioned above.

In  fact, let us plot from formulae (34.23) two Mikhailov curves: 
P(ico) and N(ioi) (Fig. 163a and b). Then from (34.22) the modulus 
and argument of O(ioi) is found from the rule of division of complex 
numbers, namely:

9 =  ?i — 9*» (34.25)
r 2

as shown in Fig. 163c. In  this way individual points of the required 
curve Cf(ico) are found for each value of co. These points are joined 
by a smooth curve. In  this we obtain immediately both the graph 
of 0(iu>), defining the stability region, and the curve P(i<o), necessary 
for verifying the stability condition in this region.

Let us consider an examide. For the velocity regulation system 
(Fig. 13) we take the following equations:

(Txp +  1) Aco =  fcjA® ,
(T*p +  Tap + 1) Ay =  %aAci> ,

A® =  ka\ y  .
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The characteristic equation of this system will be

(Tjz + 1 ) (T ^8 +  T #  + 1 ) +  Tcjcfo =  0 . (34.26)

Let us find the stability region for the parameter Ta characterising 
the damping in the sensitive element (Section 22). All remaining 
parameters of the system are given.

(a) 0} p
(b)tO*oo INg (C> L fi

'r fO

i/VA
|)w»ao "**

J*flu to=0J
“ • i uM.1

Fra. 163

Solving equation (34.26) with respect to Tat we obtain

(T ^ +  lM g y  +  lJ +  tifcA
(T,a +  l)a (34.27)

Let us denote here the numerator by P(z) and the denominator 
by N(z). Substituting ito for z, we will have

where
Tt =

G(ito)

— G(ito) ,

_  P(ioi) 
N  (ito) '

P N
(a) (b)

F ig . 164

Separating the real and imaginary parts in numerator and de
nominator according to (34.27), we find

Pi =  1 +  -  T W  ,  P a =  2 >  (1 -  T J g > * )  ,

Ni =  — T i<43 , =  to .
21
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On the basis of these expressions we construct the auxiliary Mikhai
lov curves P(tu>) and N(io>) point by point, assigning various posi
tive values (Fig. 164a and b). We then plot curve G(ioi), employing 
formula (34.23). After hatching (Fig. 164c) we determine that the 
stability region corresponds to the segment of the real axis to the 
left of the curve G(ico). The point of intersection defines the critical 
value of T% with reversed sign, where the stability region will be

T ’i  >  (T2)cr[(P2)cr >  0] .

The Mikhailov curve P (io ) (Fig. 164a) shows tha t actually with 
Ta = 0 the system is unstable.

35. Use of the frequency stability criterion

The choice of structure and parameters of closed automatic systems 
from the stability condition using the frequency criterion may be 
carried out from the amplitude-phase characteristic of the open 
network and its individual blocks, as well as using logarithmic 
frequency characteristics.

The advantage in employing the frequency criterion appears 
particularly when in place of the differential equations (or transfer 
functions) certain circuits or blocks of the system are given in terms 
of their frequency characteristics, derived, for example, experi
mentally. In  calculating according to the differential equations 
(or, which is the same, according to the transfer functions), con
structed for all circuits of the system, it is convenient to employ 
also the methods described in Sections 32-34.

Choice of structures and parameters of the system. Let us consider, 
as in Section 34, that the closed automatic system under investigation 
is divided into two blocks I  and I I  (Fig. 153) such tha t block I I  
contains that element (or elements), for which it is necessary to 
select the parameters from the stability condition. Let block I  
include all the remaining elements, for which the parameters during 
the calculation will remain constant.

Let us open the system at the output of block I I  (this can also 
be done a t the input), as represented in Fig. 165a. Let us write 
the transfer functions for each of the blocks:

Wj{p) -- n ,iv )  
Qi(p) ’

Wu(p) = Hr rip)
Quip)  ’

(35.1)

and the expressions for the amplitude-phase characteristics:

T7j(ito) P/(ito) 
Qiiiu) '

tv  r: \ ^ni*u )
W ~  Quit*) ■

(35.2)
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The first of these may be plotted (see, for example, the curve 
of Fig. 1G56), since all parameters of block I  and thus all coefficients 
of the polynomials Qr and are given. If the transfer function 17/
(33.1) for the block I  is not known, we shall assume that the ampli
tude-phase characteristic is given experimentally, for example, in 
the form of Fig. 1656. If, finally, block I  consists of several elements

(as is most frequently the case), where for some blocks the expressions 
for the transfer functions are known (i.e. their equations), while 
for others we have experimentally recorded frequency characteristics, 
we shall assume that according to the rules of Section 20 or Section 21 
on the basis of the element characteristics we have obtained the 
overall amplitude-phase characteristic of block I , for example in 
the form of Fig. 1656.

The characteristic W//(ito) of block I I  may be plotted or recorded 
experimentally in several alternatives (graphs in Fig. 165c), if various 
possible values are assigned to those parameters of block I I  which 
are required to be selected according to the stability condition.

The amplitude-phase characteristic of the entire open-network 
will be

17(ito) =  W/(io)) Wjj(ico). (35.3)

Therefore, employing the simple rule of multiplication of charac
teristics described in Section 20, from the given characteristic TF/(io>) 
and the different alternatives of Wj/(i<o) we obtain a corresponding 
number of alternatives of the overall amplitude-phase characteristic 
(graph in Fig. 165d), from which it will be evident which of the 
alternatives is the most suitable from the point of view of stability.

We note tha t in this not only the parameters but the necessary 
structure of block I I  may be chosen, starting from the shapes of the 
given amplitude-phase characteristic W/(ico) of block I . In  fact,
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knowing the amplitude-phase characteristics of individual types of 
elements (Section 19), it is possible to get a clear picture of how 
the shape of the curve Wj(£<i>) will change when the characteristics 
of each of the types of elements are joined to it. Consequently it 
is possible to determine which type of element block I I  of the system 
should contain in order that with a given curve W/(ico) the resultant 
curve TT(itu) will have a desirable shape from the point of view of 
stability of the entire closed system.

For example, from Section 19 it is known that introduction of 
the derivative in the right-hand side of the element equation deforms 
and rotates the amplitude-phase characteristics clockwise about the 
origin of coordinates. Therefore the introduction of such an element

/ 2

into block I I  is useful if the given curve Wj(ico) encloses the point 
(— 1, iO) (Fig, 1656) or, without enclosing it, passes too near to it. 
Thus the given curve W/(iw) may be deformed into such a resultant 
curve W (io) which does not enclose the point (—1, iO), if this corre
sponds to a stable closed automatic system according to the frequency 
criterion (see Section 30).

For example, let there be an automatic regulation system with 
the block diagram shown in Fig. 166a. The amplitude-phase charac
teristic of the open network for it, according to (21.11), will take 
the expression

W  (?o>) =  W^ico) Wt(iu>) W4(i<i>) 1+fc3TT5(ico) , (35.4)

where k3 is the gain factor of the ideal amplifier, W'1(fta), TF2(ico), 
TF4(ic») are the amplitude-phase characteristics of the regulated 
object, sensitive element and drive with regulating organ respectively! 
while Wj(i(o) is the amplitude-phase characteristic of the transient 
feedback.
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If we eliminate the transient feedback from the system, then 
the amplitude-phase characteristic of the open network will be

W ' ( i t o )  W'1(i<o) W2(ito) W o)fc3 .

Let us assume that the characteristic TT'(ico) has the shape shown 
by the full line in Fig. 1666. I t  passes very close to the critical point 
(— 1, €0), not providing the required stability reserve denoted in 
the form of a circle of given radius r.

I t  is required to choose the transient feedback so tha t with its 
inclusion in the system the amplitude-phase characteristics is de
formed as shown in Fig. 1666 by the broken line, i.e. will not in
tersect the “forbidden zone” (circle).

This may be achieved, for example, by transient feedback in 
the form of an iJC-network (Fig. 166c), for which we have

RCio)
1 +  RCiat ’

Since the characteristic W5(ico) is close to zero at low values of w 
(Fig. 166d), it has practically no influence on the shape of the lower 
portion of the characteristic W' (Fig. 1666), but deforms in particular 
the necessary segment in the required direction.

There exist a number of different procedures which permits the 
simplest calculations of this type in various simple and complex 
systems.

We have considered the choice of structure and parameters of 
an automatic regulation system from the stability condition using 
the amplitude-phase characteristics, i.e. employing the first formu
lation of the frequency stability criterion. The calculation is simpli
fied in many cases by using the logarithmic frequency characteristics 
considered in Section 19 and 20, applying the second formulation 
of the frequency stability criterion (see Section 30). The general pro
cedure for solving the problem remains as before.

Let the system, for example, be divided into two blocks I  and I I  
(Fig. 165a) where all parameters entering into block I  are given, 
and it is required to choose the parameters of block I I .  The amplitude 
and phase logarithmic frequency characteristics of the entire open 
network for the given system will be

A i  =  A u  +  A u i ,  P  =  P j  +  | 3 / j ,  ( 3 5 . 5 )

where the characteristics A u and (3/ of block I  are given, while the 
characteristics A UI and (3// must be taken such that the overall 
characteristic A, and (3 satisfy the stability criterion with a definite 
reserve.
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Lot us assume that the logarithmic characteristics of the first 
block A n  and P/ are given in the form shown in Fig. 149c (i.e. block I  
taken separately is unstable). To make the closed system as a whole 
stable, it is necessary to add to the characteristics of Fig. 149c such 
characteristics A n  and (3// that the point B  be to the right of the 
point <0|„t , as in Fig. 149a. For this purpose we take for the block I I  
(Fig. lG5a) an ideal element with introduction of derivative, the 
logarithmic frequency characteristics of which are shown in Fig. 100c 
and /. Adding the latter according to (35.5) to the characteristics 
of Fig. 149c we come to the required form of characteristics in 
Fig. 140a, since in addition both characteristics (Ax and p) are shifted

upwards. The parameters Jc and 1c' of the added element may here 
be taken such tha t the resultant characteristics A x and p satisfy the 
required stability reserve (see Section 31).

Plotting the stability region in a plane of two parameters. Let it 
be required to plot the stability region in the plane of parameters a 
and p entering into block I I  (which are to be chosen from the stability 
condition). We take some value of to. To it there correspond definite 
points of the amplitude-phase characteristics W j and W n  (Fig. 167), 
and thus definite values of rlt 9,, r2, q>2.

The stability boundary of the closed system (Section 30) is defined 
by passage of the resultant curve 17(ito), which is found from formula
(35.3), through the point (— I ,i0 ) . In  order that a point of the 
curve 17 with a given value of to be incident on the point (—1, *0), 
it is obviously necessary tha t in multiplying W/ and W there be 
obtained the vector OC (Fig. 107). For this it is necessary in turn 
that

rxra =  1 , <p1 +  <pa =  —7T. (35.6)

Since the curve T7j is completely given (analytically or experi
mentally), while the required parameters a and p enter into W //,
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on the basis of (35.6) we may calculate

=  9, = - T t - f t , (35.7)

and from this (see Fig. 1676)

Z7a =  ?"!cos 9a , 7 a =  r2sin9a . (35.8)

But in accordance with equations (35.2) and (35.3) we have a de
finite expression

Wn (ic») =  =  f72(to) +  i7 2(to) ,

where the required parameters a and (3 enter into the coefficients. 
Consequently, we know the expressions

Ug =  Ug(a., p, to) , 7 2 =  7 2(<x, p, to) . (35.9)

Substituting here the given to and the values of Ut and 7 S found 
from (35.8), we calculate the parameters a and p. This gives one 
point of the stability boundary (Fig. 167c) where to is the frequency 
of possible free undamped oscillations of the system at the given 
point of the stability boundary.

Carrying out similar calculations for various values of to, we 
obtain the entire stability boundary. The location of the stability 
region is established by checking satisfaction of the stability cri
terion a t any point M.



CHAPTER IX

APPROXIMATE CRITERIA OF THE QUALITY OF 
TRANSIENT RESPONSE IN LINEAR SYSTEMS FROM 
THE ROOTS OF THE CHARACTERISTIC EQUATION

36. Vyshnegradskii diagram. Aperiodicity and monotonicity of the transient 
response

Above we have presented methods by which it is possible to find 
the static error of a system (and simpler forms of stationary dynamic 
errors) and to investigate the stability of the system. However the 
investigation of the system stability does not give any indication 
of the transient response except tha t it is damped.

The quality of the transient response, some idea of which was 
given in Section 7 (rate of attenuation, its oscillatory or monotonic 
character, maximum deviations, frequency of oscillations, etc.), 
plays a very important role among the other qualitative aspects 
of operation of an automatic regulation system.

The quality of the transient response with defined external condi
tions in linear systems is defined by the properties of the solutiou 
of the homogeneous differential equation of motion of the closed 
system I t  is defined by the values of the roots of the charac
teristic equation and the arbitrary constants. The values of the 
roots depend on the coefficients of the equation (i.e. on the structure 
and parameters of the system), while the arbitrary constants depend 
on the initial conditions, in which the character of the external 
force on the system should be reflected (see Section 6). The influence 
of the latter on the form of the transient response depends to a strong 
degree on the coefficients of the operational polynomial in the right- 
hand side of the differential equation of the closed system.

Thus, for a given external force (step, impulse, sinusoidal variation, 
a force varying with constant velocity, etc.) the curve of the transient 
is defined, firstly, by the degree and the coefficients (or roots) of 
the characteristic equation of the closed system and, secondly, by 
the degree and coefficients (or roots) of the operational polynomial 
in the right-hand side of the differential equation of the closed 
system.

314
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If we turn  to the concept of system transfer function (see Section 8), 
where the denominator corresponds to the characteristic equation 
and the numerator is the operational polynomial of the right-hand 
Bide of the differential equation, the above may also be expressed 
as follows. For a given external force the shape of the transient 
curve is defined by the locations of the roots of the denominator 
(which are termed the poles of the transfer function) and the roots 
of the numerator (termed zeros) of the transfer function of the 
closed system.

In  this chapter we shall consider only the influence of the roots 
of the characteristic equation (in other words, the denominator of 
the transfer function of the closed system) on the quality of the 
transient response and the choice of system parameters, starting 
from the desired locations of the roots. This is inadequate for a com
plete judgment of the quality of the transient responses in an 
automatic regulation system but it already gives very much. This 
is explained by the fact th a t the coefficients of the operational 
polynomial in the right-hand side (i.e. the zeros of the transfer 
function of the closed system) are defined by the same system para
meters as the coefficients of the characteristic equation. After 
evaluating the quality according to the roots of the characteristic 
equation it is necessary to plot the transient curves taking into 
account the right-hand side of the differential equation of the 
system.

We note the following characteristic property. As already men
tioned, the characteristic equation, and thus its roots, will be the 
same regardless of which of the variables in the regulation system 
has been used for constructing the differential equation. Only the 
operational polynomials in the right-hand side of the equation will 
be different. This is caused by the essential difference of the shapes 
of the transient curves for various variables in a given system, 
i.e. with the same locations of the roots of the characteristic equation 
(see part Y). This also illustrates tha t judgment of the quality of 
the transient response only from the roots of the characteristic 
equation is insufficient.

The concepts of oscillatory and monotonic transient responses. The 
simplest criterion of the shape of transient response is the determina
tion of whether it is oscillatory or not.

A process is termed oscillatory when the deviation of the regulated 
quantity (from the new steady-state value) changes sign at least 
twice (Fig. 168a) during the period of damping of the transient 
(on damping time see Section 7). In  an oscillatory process there 
must necessarily be overshoot, i.e. a deviation xp of the regulated 
quantity on a side opposite to the initial deviation.
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A  transient response is termed monotonic when neither the magni
tude of deviation x  nor the derivative x  (i.e. rate of deviation), 
changes sign during the damping time of the transient (Fig. 1686).

Intermediate forms of transient response arc: without overshoot, 
when x  does not change sign but x does, and with overshoot when x 
changes sign once (Fig. 168c).

In  a number of closed automatic systems, most frequently in 
measurement and computation or in certain servomechanisms, or 
more rarely in regulation, it is desirable to have a rapidly attenuating 
oscillatory transient response since in this case the new steady-state 
value of the regulated quantity becomes clear immediately even 
during the oscillatory process and the mean dynamic error may 
be made very small. In  other cases, mainly in the regulation of 
machines and automatic control of certain objects, it is desirable 
to have a monotonic transient response when the regulated object 
passes smoothly, without oscillation, to the new steady-state (to 
the new regime with changing load or with readjustment of the 
system).

A knowledge of the roots of the characteristic equation (or certain 
of them) is very important for judging the quality of the transient 
response both directly and for applying other quality criteria described 
below. In  general, it is not possible to obtain a complete picture 
only from the roots of the characteristic equation in high-order 
systems, and this applies not only to the shape of transient curve 
but even as to whether it will be oscillatory or monotonic (if the 
initial conditions, calculated with respect to the external force, or 
the operational polynomial in the right-hand side of the equation 
of the closed system are not employed).



317Criteria of Quality of Transient Response

We shall illustrate this, in a case where it is assumed that in all 
further considerations the system is stable, i.e. all roots of the 
characteristic equation have negative real parts.

In  first and second-order systems the roots of the characteristic 
equation actually define the character of the transient response. 
In  a first-order system it will always be monotonic:

x  =  Cje*!* {zt <  0) .

In  a second-order system the solution of the homogeneous equation 
has the form

x  =  +  (72e*>‘

and will necessarily be oscillatory (Fig. 168a) for any initial con
ditions when the roots of the characteristic equation and za are 
complex. If they are real, the response will be either monotonic or 
of an intermediate form (Fig. 168c), depending on the initial rate 
of deviation.

In third-order systems the question is already more complicated. I t 
was considered by Vyshnegradskii, who constructed a special diagram 
for this case. In analysing third and higher-order systems it is neces
sary to abandon the customary conrep1 s about the direct connection 
between an oscillatory response and the presence of complex roots 
in the characteristic equation and between the monotonicity of 
a response and its roots being real. We shall now consider this 
question.

VyshnegradsTcii diagram. The characteristic equation of a third- 
order system

a^z3 +  a ^3 +  a,z +  a3 =  0 (36.1)

by the substitution (29.7) is brought to the form (29.8) with para
meters A  and B  (29.9). The stability region is plotted in the plane 
of these parameters (Fig. 143). Further, analysing the solution of 
the cubic equation (29.8), I. A. Vyshnegradskii found in 1876 (Refer
ence 2) tha t curves plotted in the stability region from the equations

A*B3- 4 ( A 3 + B3) + 1 8 A B -2 7  = 0 , 1
2A3- 9 A B  + 27 = 0  (for A  <  3), | (36'2)

demarcate the regions of differing positions of the roots / ,  I I  and 
I I I  (Fig. 169).

The first of equations (36.2) gives two curves CE and CF, sym
metrical with respect to the bisectors of the coordinate axes. The 
second of equations (36.2) gives the curve DC. In  the region I I I  
of the Vyshnegradskii diagram (Fig. 169) all three roots of the charac
teristic equation are real; in regions I  and I I  a pair of roots is complex 
and one is real, with the complex roots being closer to the imaginary



318 The Dynamics of Automatic Control Systems

axis than the real root in region I  and the reverse in region I I .  This 
has a substantial influence on the shape of the transient curve. 
In  Fig. 169 within each of the three regions are shown approximate 
curves of the transient x{t) and the pattern of root distribution 
el} z2, s3 in the complex plane z (by crosses). In  region TV the system 
is unstable (divergent oscillations).

In  Fig. 170 are shown the positions of the roots z1} z2, z3 of the 
characteristic equation (36.1) the boundaries CD, CD, CF between 
the regions I, I I , I I I  as well as at the point C. All these diagrams
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are easily obtained as the limiting ones between the root position 
diagrams in Fig. 169. At point C with coordinates A  =  B — 3 all 
three roots are equal, namely:

which follows directly from formulae (29.8) and (29.7).
As established by I. A. Yyshnegradskii, the solution of the homo

geneous third-order equation having the form

x  =  C \e z^ +  C2e*»« +  C3e2»( ,
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with initial conditions corresponding to a step change in the perturba
tion will be oscillatory only in region I  while in regions I I  and I I I  
it will be monotonic. With other initial conditions an oscillatory 
transient response may be obtained even in the region where all 
roots are real (III).

The Yyshnegradskii diagram may be used in practice to determine 
the character of root position in a third-order system. For this it 
is only necessary, having the characteristic equation (36.1), to calcu
late from formulae (29.9) the coefficients A  and B  and to find to 
which point on the Vyshnegradskii diagram this corresponds. Vice 
versa, it is possible to choose the parameters of the system so that 
such coefficients A  and B  will be obtained which correspond to 
a desired character of the root position (taking into account, of 
course, the requirement of static precision of regulation, as was 
done in the study of stability in Chapter VIII).

On monotonic and aperiodic processes. Consideration of the 
Vyshnegradskii diagram shows th a t even in third-order systems 
the presence of complex roots of the characteristic equation of the 
system does not always imply oscillation; the transient response 
may be monotonic even in the presence of complex roots. At the 
same time, as is evident from the Vyshnegradskii diagram (Fig. 169), 
even for a third-order system a monotonic response in the presence 
of complex roots is in no way a special phenomenon corresponding 
to some narrow restrictions. The region of monotonic responses 
with complex roots (II) is no narrower than the Tegion of oscillatory 
responses (I), and even as wide as the entire region of real roots (III).

In this connection it is necessary to recall the concept of an 
aperiodic response which always involves the condition tha t all 
roots of the characteristic equation shall be real. As is evident from 
the above, only for the second-order systems does aperiodicity 
correspond more or less to monotonicity and complex roots to oscilla
tion. In  the third and higher-order systems the concept of 
aperiodicity is in no way connected with the monotonicity of the 
transient response and may have only an auxiliary significance. 
In  essence, on the one hand, the region of monotonic response in 
the presence of complex roots is as wide as the entire aperiodic 
region. On the other hand, even in the aperiodic, region i.e. with all 
roots real, the transient response may be oscillatory since the sum 
of several exponentials with differing arbitrary constants

x  =  C p ? '1 +  G'aev  + . . .  +  C„e£"'

may give a finite number of oscillations (similarly to the second- 
order system where with addition of two exponentials passage 
through zero is already obtained).
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Aperiodicity conditions. Let us present the conditions of aperio
dicity, i.e. the realness of all roots of the characteristic equation 
for their possible utilisation for auxiliary purposes. As shown by 
A. M. Kats, for all roots of the characteristic equation

L(z) =  â Sn +  a ^ - 1 + ... +  an-xz +  a„ =  0 (30.4)

to be real, it is necessary and sufficient tha t the polynomial

F(z) = L(z2)+zL'(z2) =  a0zan +  «a0z2’l-1 +  a122n-a+
+  (n — 1) aiS2"-* + ... +  an-iZ2 + an-jZ +  an (30.5)

satisfy the stability criteria. Here by L'{z2) we denote the derivative 
dL(z)'dz, in which we then substitute z2 in place of z.

The validity of this condition is proved by application of the 
6ceond formulation of the Mikhailov stability criterion. In  essence, 
substituting in (30.5) z = to>, we obtain

F(ico) = L ( ~  Gi2) +  tcoL'(— to2) .

Therefore if the polynomial F(z) satisfies the stability condition, 
from the second formulation of the Mikhailov criterion (see Section 28) 
the expressions L ( — to2) and t o i ' ( —  to2) will have all real and alternating 
roots for the quantity — to2. The realness of all roots of i ( — to2) 

for the quantity — to2 is equivalent to realness of all roots of the 
polynomial L(z) for the quantity z, i.e. the characteristic equation 
(3G.4). The negativencss of these real roots makes the coefficients 
of this equation positive.

Thus, determination of the aperiodicity condition for the charac
teristic equation of the system (3G.4) consists in applying to ex
pression (3G.5) any of the stability criteria (Chapter VII). IE it is 
necessary to plot the aperiodicity region in the plane of any two 
parameters of the system within the stability region (as in the Vyshnc- 
gradskii diagram), it is possible to apply to the polynomial (3G.5) 
any of the methods of plotting the stability boundaries described 
in Chapter VIII. Here it is possible to employ the Vyshnegradskii 
criterion (Section 32) (or use directly the Vyshnegradskii diagram), 
the Hurwitz criterion (Section 33), the Mikhailov criterion (Sec
tion 34).

Certain conditions of monotonic transient response. As already 
discussed, aperiodicity, i.e. realness of all roots of the characteristic 
equation, is not directly connected with monotonicity of the transient 
response in higher-order systems than the second. Certain conditions 
of mcnotonicity for a third-order system established by I. A. Vyshne
gradskii were given above. Following Z. Sh. Blokh, we mention 
here still other conditions for monotonic transient response, arising 
also from the positions of the roots of the characteristic equation,
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but taking into account the initial conditions (the initial condition 
should here be taken in the form reduced for a given external force 
according to Section G).

Necessary (but not always sufficient) criteria for monotonic 
transient response of a system of arbitrary order n with initial con
ditions: t =  0, x  =  a?0 >  0, x =  x0{x0 <  0), xm =  x(k) (ft =  2 ,3 , 
n —1), are the following:

(1) the roots of the characteristic equation (36.4) may be arbitrary 
(there may be any number of complex roots), but the closest root zx 
to the imaginary axis should be real; the process can also be mono
tonic with a pair of complex roots zSi3 =  a ±  ia> located at the same 
distance from the imaginary axis as the closest real root to it 
i.e. with a =  zx,

(2) simultaneously with this the arbitrary constant 0, corres
ponding to the term of the solution Cxe*ll} where zx is the closest 
root (real) to the imaginary axis, should be positive if the initial 
deviations x0 is positive.

In particular, with all roots real (i.e. the condition of aperiodicity) 
the response is always monotonic with the initial conditions: t =  0, 
x0 >  0, x(0k) =  0 (ft =  1, 2 , —1). But with these initial conditions, 
firstly, there exists simultaneously a still wider region of monotonic 
response in the presence of complex roots located not closer than 
the real root zx to  the imaginary axis. Secondly, these particular 
initial conditions very rarely may correspond to actual transient 
responses.

With the initial conditions: t =  0, x0 >  0, x0 <  0, x(k) =  0 (ft =  2 ,3 , 
. . . ,n  —1), under aperiodic conditions the transient need not always 
be monotonic. For it to be monotonic in this case it is necessary 
and sufficient tha t

X n (36.6)

where zx is a real root closest to the imaginary axis. But simultane
ously with this there again exists a still broader region of monotonic 
responses of complex roots for which (3G.6) is the condition bounding 
from above the permissible absolute value of the initial velocity.

With other more frequently encountered initial conditions the 
question becomes more complicated and the aperiodicity condition 
corresponds still less to monotonicity of the response.

For a third-order system (36.1) with initial conditions: t = 0, 
®0 >  0, i 0 <  0, #0 =  0, a monotonic response will exist with
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if all roots are real while zx is the closest of them to the imaginary 
axis and also with |

if there exists a pair of complex roots located not closer to the 
imaginary axis than the real root

In  Section 44 will be given the monotonicity conditions derived 
from the transfer function of a closed system.

In  Section 37 we determine the roots nearest to the imaginary 
axis, which may be used for a rough estimate of the oscillatory or 
monotonic character of the transient response for certain particular 
forms of external forces.

37. Degree of stability and its application

The generally employed term “degree of stability” was introduced 
by Ta. Z. Tsypkin in 1945. However in fact an analogous concept 
was already employed earlier by 1 .1ST. Voznesenskii and G. N. Nikol’- 
skii (see Section 38).

Concept of degree of stability. The degree of stability is the smallest 
of the absolute values of the real parts of all roots of the charac
teristic equation of the system. Geometrically the degree of stability

is the distance h from the imaginary axis to the root of the charac
teristic equation of a stable system nearest to it (Fig. 171). When 
the nearest to the imaginary axis is a pair of complex roots (Fig. 171a) 
the degree of stability is termed oscillatory. When the nearest to 
the imaginary axis is a real root (Fig. 1716) h is termed the aperiodic 
degree of stability.

We shall demonstrate tha t the magnitude of the degree of stabi
lity h may serve as an approximate estimate of the rate of attenua
tion of the transient (although not always reliable).

_ «3(«i — Oelgi|)a?u 
«a +  «o N (« i- «oN)2

F ig . 171
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Let the roots of the characteristic equation of a linear system of 
arbitrary order, in accordance with Fig. 171a, be the following:

zli2 = —h ± ia 1 , A > 0 , 
23 =  — (3 , 1i > h i
«4,b =  —Y ± * “ u  Y >  ^  ?

(37.1)

Then the equation of the transient response (i.e. the general 
solution of the homogeneous differential equation) will hare the form

Xt =  Cxe sin(oj^t +  C3) -1-C3e -C4e Y*sin(toa^H- C)-\-,.. (37.2)

I t  is obvious tha t the rate of attenuation of each of the terms 
of the solution depends on the quantities A, (3 and y respectively, 
while the absolute magnitude depends on the values of Of. The 
greatest of the values A, p, y corresponds to the most rapid attenu
ation. Therefore, if the difference in values y, (3 and A is substantial, 
while the difference in values of Cj small, then after a certain period 
there remains practically only the first term of the solution, which 
defines the end of the transient process. Under these conditions, 
the greater the degree of stability A, the more rapidly the entire 
transient attenuates.

However the magnitude of the degree of stability A frequently 
cannot serve for an estimate of the rate of attenuation of the transient. 
For example, if the arbitrary constant C4 in expression (37.2) is 
substantially greater than the arbitrary constants Cx and C3 the 
quality of the transient response, including its rate of attenuation, 
will be principally determined by the third term corresponding to 
the more remote roots »4jB of the characteristic equation rather 
than the first term  corresponding to the nearest root. Then the 
degree of stability A gives only an indication of the distance of the 
system from the boundary of stability from the point of view of the 
characteristic root distribution.

This is particularly expressed when the loot z3 or the roots z4tS 
are located close to the roots z1(2 (Fig. 171a) and when multiple roots 
appear. If, for example, the roots zliS in Fig. 171a are triple, the 
equation of the transient curve will be:

X( — (Cx-{-C3t-h C3t2) e ^  sin (coxt -p 04) -j-Cse ^-{-Cee ^sinfagt -I- C?) +  ...

The first factor containing t and t2 reduces the rate of attenuation 
in  comparison with tha t which would take place for a simple root 
with the same value of A.

I t  is clear however tha t although in the above unfavorable cases 
the attenuation of the transient is not determined only by the 
quantity A, nevertheless with other conditions equal the attenuation 
will frequently be better where the degree of stability A is greater.
22
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In  any case determination of the degree of stability gives more 
than the calculation of the stability of the system and the stability 
reserve (Section 31). But even the degree of stability does not yet 
give any concept of the magnitude of the deviation of the regulated 
quantity during the transient.

Shifted equation. Common to all methods of determining the 
degree of stability of the system is the preliminary derivation of 
the so-called shifted equation, which is obtained as follows. Let 
there exist an automatic regulation system for which the charac
teristic equation has been obtained in the form

a t f P  +  O jZ * - '1 +  . . +  a n - l 2  +  a

Liu

> i -
o, 0 ocr

F i o .  1 7 2

(37.3)

In  the root plane z = «.+ ioo (Fig. 172) we shift the imaginary 
axis to the left by a certain distance X. We obtain a new plane £ =  oq 
+  where

ax =  a +  X , <0̂  =  to .

Let us transform the given characteristic equation (37.3) to the 
new variable £. For this we put

D(z) = a„zn-j- +. . .  +  an . (37.4)

But z = X while the function L(£— X) may be expanded in series

l ( ( - x )  + + + (37.5)

where primes denote the derivatives with respect to z of the function
(37.4). In  the present case this series contains a finite number 
of terms since the last non-zero derivative is L(n>(— X) =  n!a0. All 
derivatives of higher order than n vanish.

Since from (37.4) and (37.3) we have L(z) =  L(Z—X) =  0, equating 
the finite series (37.5) to zero, we obtain the following equation:

a£» +  + ... +  A n_£ + A n = 0 , (37.6)

,  £ « * - * ( _  X)

k ~  (n—k)\

where
{Je =  1, 2, ...,« ) . (37.7)
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This is the shifted equation, corresponding to the shifted root plane £ 
(Fig. 172).

For example, let the characteristic equation for a fourth-order 
system be

dgS4 +  Oja3 +  a&2 +  o32 +  a4 =  0 .
To obtain the shifted equation we first find:

L{z) =  a0& +  a,?  +  a^z2 + a3z +  a4, 
L'(z) =  4a033 +  3aLz2 + 2atz + Og, 

L ”{z) =  12a^2 +  Qatz +  2aa ,
L ”'(z) =  24a^s + 6ax.

The coefficients of the shifted equation
aJ? +  A &  +  A &  +  A £ + A t =  0 

from (37.7) and (37.8) will be:
I ,  =  a x 4AqX ,
A.% ■ a, 3a^X -f- ,
•Ij =  ®s—2a £ + 3a& ’—4<IqX® ,
1 4 —- a 4 — A,X -f- a^X 3 tq X 3 -j-  t t 0X4 .

(37.8)

(37.9)

Thus in the general case the coefficients (37.7) of the shifted 
equation (37.6) are expressed through the coefficients of the initial 
characteristic equation (37.3) and, in addition, depend on the magni
tude of shift X of the imaginary axis.

I t  is easy to see tha t if the magnitude of shift X (Fig. 172) is exactly 
equal to the degree of stability h, in Fig. 171a the roots «, and zt 
will lie on the shifted imaginary axis i tol while in the case of Fig. 1716 
the root z1 will lie at the origin of coordinates 0, of the shifted plane £. 
In  both cases all the remaining roots will have negative real parts, 
i.e. will be located to the left of the shifted imaginary axis itox.

In  other words, when the magnitude of shift X =  h, the shifted 
equation corresponds to a system located at the boundary of stabi
lity. This is the basis for calculating the degree of stability h for any 
linear automatic regulation system.

Degree of stability of third-order system. Let us consider calcula
tion of the degree of stability for a third-order system applying the 
Vyshnegradskii criterion. The characteristic equation (29.1) by 
substitution of (29.7) is reduced to the form (29.8) with coefficients A  
and B  (29.9).

The degree of stability in equation (29.8) will be different from 
that in equation (29.1) since the magnitudes of the degree of stability 
(being the real parts of the roots) are related by the same relationship
(29.7) as the roots of the equation, namely:
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where ft and ft0 denote the degree of stability for equations (29.1) 
and (29.8) respectively.

Since an equation of the form (29.8) is termed normalised, ft0 
may be termed the normalised degree of stability and ft the actual 
degree of stability of the system.

To find ft0, starting from equation (29.8), we calculate the coef
ficients of the shifted equation

C* +  +  A £  + A3 =  0 (37.11)

according to formula (37.7), which gives:

A x =  A - 3X ,
A 2 = J3-2AX + 3X2,
A 3 =  1-JSX +  4A!- i 3.

(37.12)

Employing equality (29.4) as the criterion of the presence of 
purely imaginary roots, we find that an oscillatory degree of stabi
lity will occur when the coefficients (37.12) with X =  ft0 are all posi
tive and satisfy the condition A 3 =  A^A^  from which

B  =  A  — 2h0 +  2ho{A ~  2ho) ' (37.13)

An aperiodic degree of stability will occur in the presence in the 
shifted equation (37.11) of a zero root, i.e. when A 3 =  0, from which 
in accordance with (37.12) with X =  ft0 we obtain

B = -  + Ah0- h l .  (37.14)hfQ
Following Ya. Z. Tsypkin and P. Y. Bromberg, we construct the 

diagram of the normalised degree of stability for a third-order system, 
for which we plot in the Vyshnegradskii diagram (Fig. 169) curves 
of equal values of degree of stability ft0.

For ft0 =  0 we find from (37.13) B  =  1 [A, which corresponds to 
a Vyshnegradskii hyperbola (limit of stability of the system). For 
ft0 =  0 1, ft0 =  0-2, ft0 =  0-3, ftp =  0-4, ftp =  0-5 we obtain from 
formula (37.13) second-order curves in region I  of the parameter 
plane (Fig. 173) and from (37.14) straight lines in regions I I  and I I I .  
These curves and straight lines together form closed contours as 
shown in Fig. 173. With further increase of ft0 >  0-5 the contour 
progressively contracts, degenerating at ftp =  1 to a single point C 
with coordinates A  = B  — 3.

The diagram of the normalised degree of stability (Fig. 173) may 
be used in practice, firstly, to determine the magnitude of the degree 
of stability for any given third-order system and secondly, to choose 
the parameters of a third-order automatic regulation system for 
a desired magnitude of its degree of stability.
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For the equation of a real system (29.1) it is necessary to find 
the Yyshnegradskii parameters A  and B  from formulae (29.9) and 
from them the point on the diagram (Fig. 173); from the location 
of this point on the diagram the normalised magnitude of h0 is de
termined and then, from formula (37.10), the actual degree of stabi
lity of the system h.

The greatest degree of stability occurs a t the point C{h0 = l). 
But here all three roots of the characteristic equation are equal

(see formula (36.3)). But this, as already mentioned, is not always 
favorable from the point of view of the rate of attenuation of the 
transient. Therefore in practice there is no sense in choosing the 
greatest degree of stability—but a point in its vicinity should be 
chosen (for example, within the contour h0 = 0-5), considering 
simultaneously the other technical requirements on the system.

Example. Let us take the automatic pressure regulation system 
(Section 23). Its  characteristic equation has the form (32.1) if we neglect 
the mass of the sensitive element. From formulae (29.9) we calculate 
the Yyshnegradskii parameters:

A =  TaTs8 + TaTk + $TkTs R =  Ta8 +  +  T,p8
f l * l M |3 S  +  l)  ’ V TaTkTa{ ^  + l ? '

These two relations may serve as the equations for determining 
any two parameters of the system if those remaining are given. In  
fact, on the basis of the diagram of Fig. 173 let us assign desired 
values of A  and B, for example A  =  2-5 and B = 2-5. Then from 
these formulae we may calculate the required values of 8 and Tc 
for given (3, Ta, Ta, i.e. in other words, we may choose the corre
sponding sensitive element of the system (see Section 23).
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I t  is possible to proceed similarly with a servomechanism and 
a voltage regulation system or any other described by a third-order 
equation (such as for example those in Section 32).

Graphical-analytic method for finding the degree of stability for 
a system of arbitrary order. A second method of calculating the 
degree of stability, proposed by N. N. Miasnikov in 1948 utilises 
the Mikhailov stability criterion.

Let us plot straight lines parallel to the imaginary axis in the 
root plane (Fig. 174a and 174c) a t certain distances Xlf X2, ..., from 
the imaginary axis in the left-hand half-plane. We plot the Mikhailov 
curve L(im) as described in Section 27 for the characteristic equation
(37.3). Let this be the outer curve in Fig. 1746 and 174d.

Then from the shifted equation (37.6) with coefficients (37.7) we 
plot in exactly the same manner the Mikhailov curves for certain 
X =  Xx, X =  Xg (inner curves in Fig. 1746 and 174d). I t  is then found 
tha t points with common values of u form curves (broken line) 
perpendicular to the Mikhailov curves at their points of intersection. 
Thus, in the complex plane L  a network of curves is obtained which 
represents a conformal mapping of a network of straight lines in 
the root plane z.

If we have a distribution of curves as in Fig. 1746 it is obvious 
tha t for a certain value X lying between Xx and X2 the Mikhailov 
curve passes through the origin of coordinates. This, as we know 
from Section 27, denotes the presence of a pair of purely imaginary 
roots in the shifted equation and, consequently, the presence of 
a pair of complex conjugate roots zlA in the initial equation. Then, 
since X =  X2 gives a Mikhailov curve corresponding to a stable system
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while X =  Xj an unstable system, its passage through the origin of 
coordinates for the given Xj <  X <  X2 will correspond to the limit 
of stability (for the shifted equation). Consequently, the given value 
of X(Xx <  X <  Xjj) will actually be equal to the required degree of 
stability h, where the degree of stability is oscillatory.

This value X =  h may be found approximately by interpolation, 
thus: between the curves \  and X2 we plot approximately the curve 
corresponding to them cd through the origin of coordinates 0

(Fig. 175), and similarly between the curves <o2 and coa we mark 
the curve ab. Measuring the lengths of segments aO ,ab,O d,cd, 
we obtain by linear interpolation

aO
h  — Xi +  (X2— Xj) —  ,

, , ,0 dW0 =  U2+(“ 3— C02) ^ -  •
(37.15)

Consequently, the closest to the imaginary axis in this case will 
be the roots

zli2 =  — h ± ia >0. (37.16)

Here we have obtained immediately the complete value of the 
roots closest to the imaginary axis of the characteristic equation 
of the system and not only the degree of stability h. The quantity <o0 
will be the frequency of oscillation of the first component in the 
equation for the transient curve:

x  =  sin (w0£ +  C2) + ..

Similarly, if the distribution of curves is tha t shown in Fig. 174d, 
for some X =  h located between X, and X2 the origin of the Mikhailov 
curve (to =  0) is incident on the origin of coordinates 0. This signifies 
tha t here the shifted equation with X =  Ji will have a zero root.
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Verifying th a t this corresponds just to the boundary of stability 
for the shifted equation, by interpolation we then obtain:

fe =  X1 +  (Xa-X l)— , (37.17)

where aO and ab are segments shown in Fig. 174d. In  this case we 
have an aperiodic degree of stability; the first term in the equation 
for the transient curve will be:

x = C1e~hi + ...
Ordinarily the precision obtained by this approximate inter

polation is sufficient. 'When required, however, it is always easily 
possible to find the value of h (and io0) more exactly by plotting 
the Mikhailov curve for the shifted equation with X equal to the 
interpolated value of h just obtained. Because of the approximateness 
of interpolation this curve does not pass exactly through the origin 
of coordinates. A new network of curves is obtained similar to that 
in Fig. 174 form which by the same method a second interpolation 
may be carried out, improving the previously found h and to but 
for practical calculations this is usually not required.

Plotting loci of equal values of degree of stability. To choose the 
system parameters for a given degree of stability it is convenient 
to have a drawing in which inside the region of stability in the plane 
of any two parameters of the system the loci of equal values of 
degree of stability are plotted. For a third-order system this has 
already been done in Fig. 173 using the Vyshnegradskii stability 
criterion.

For a system of higher order the loci of equal values of degree of 
stability are conveniently plotted in the parameter plane by con
struction of the boundaries of stability for the shifted equation (37.6) 
using the Mikhailov criterion (Section 34) or the Hurwitz criterion 
(Section 33).

Example using the Hurwitz criterion. For an aircraft with course 
autopilot without feedback and without introduction of the second 
derivative, and neglecting the inertia of the autopilot, the charac
teristic equation from (33.1) will be:

+  a^z2 + a3z + ai = 0 ,
where

®o =  '̂ ■1̂ -2 > ®i =  Ti~\-T2, a2 =  Tc2T2-f-1 -)- liik^Ti, 
a3 =  hjc^ +  kJc^T? , = Jcjk̂  .

The region of stability for this case was plotted in Fig. 153a. We 
now plot inside it the loci of equal values of degree of stability h. 
For this we write the shifted equation

j (37.18)

OoP +  +  A.£ +  A 4 = 0 , (37.19)
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where from (37.9) and (37.18) we have:
A.j = Tx-\-T2 i T xT2h ,
A 2 = k2T2 + 1 +  Icje• T2- 3 ( Tx +  Tt)h +  6TXT2W ,
A a = kxk^ +  leJc^Tg—2(ft2I T2 + 1 +  kJc^T^h +  3 (2\ +  T2)h3— iTjTgh3, 
A 4 = kje^— (kjc- + JeJĉ Tg) h +  (ft2T2 + 1  +  ft,ft ■ T2) h2—

- { T x + T2)h3 + TxT2W .

We then apply to the shifted equation (37.19) the conditions for 
the stability boundary from the Hurwitz criterion (29.19), namely:

A 3(AXA 2-  M . )  -  =  0 , (37.20)

F ig . 176

which corresponds to an oscillatory degree of stability, and
A t = 0 (37.21)

for an aperiodic degree of stability.
Considering the variables ft̂  and ft̂  as coordinates of the para

meter plane (Fig. 176), from (37.20) and the preceding expressions 
we obtain:

(M ; +  M * +  *3) ( M i~ M *  +  b ») +  (M *“  M 0-  &•) =  0 , (37.22)

where
bx = kx( l  — 2T2h) , b2 = kxT2,
63 =  -  2 (ft2T2 + 1 ) h +  3 (Tx +  T2)h2- i T xT2h3 ,
64 =  (2\ +  T2—4 T,T2h)kxT2 — TtjTgTJX + 2T2h) , b6 =  kxTxTl , 
bg =  (Tx-{- T2— 42,1jTaA)[ft22'g + 1 — 3 (^ 4 -  T2)ft+  6T1I ,27ia]-t-

+  TxT Ji[2{k2T2 + 1 ) - 3 ( T 1 + T2)h + 4TxT2h2] , 
b7 =  hba, b9 = kx(Tx + T2- 4 T xT2h)2( 1 -  T2h) , 
bg = (Tj + T 2-  ^T g h fh ^kg T g  + 1 ~  (T, + Tg) h + T ^ J l2] .

From (37.21) we have:
ft: = y ft. +  c ,a, Ji ^ 1 ’ (37.23)
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where
k2 T2— 1 — (7\ +  T2)h-\- Ti T%hz 

k , ( l - T 2h) (37.24)

Assigning various values of the degree of stability h, for each 
of them from equation (37.23) we obtain in the parameter plane 
(ftp k^) loci of equal values of the aperiodic degree of stability in 
the form of straight lines hlf h2 (Fig. 176). Similarly from equation
(37.22) we plot the curved lines hlf h2 equal to the values of the 
oscillatory degrees of stability. The broken line in Fig. 176 shows 
the curves obtained separating the region of aperiodic (to the left) 
and oscillatory (to the right) degrees of stability.

Use of the Mikhailov criterion. Let the characteristic equation 
of the system (37.3) be known. Denoting the magnitude of the 
degree of stability h, we construct the shifted equation (37.6) with 
the coefficients (37.7), where it is necessary to put X = h. Substituting 
in the shifted equation K = ia>, we obtain the expression

Lsh(i(j>) =  a0(ico)n +  A^iw)" 1 + ... +  An_iico +  An =  0 , (37.25)

where the parameters a and (3, in the plane of which it is necessary 
to plot the loci of equal degrees of stability h, enter into the coef
ficients of this expression along with the magnitude of h. Separating 
in (37.25) the real and imaginary parts, we obtain two equations 
in the form

X 8h(<x, p, a,  h ) =  0 , 
F 8ft(a ,  (3 , a), h) =  0

(37.26)

(which corresponds to finding the boundary of stability (28.7) in 
the Mikhailov stability criterion).

If possible, we solve equation (37.26) with respect to a and (3 in 
the form

a =  a(co, h) , |  
P =  P(co, h) . | (37.27)

Taking a single fixed value of h = ht and various values of to, 
on the basis of (37.27) or (37.26) we plot point by point inside the 
stability region in the parameter plane (a, (3) loci of equal degrees 
of stability (Fig. 177). Similarly we plot the lines h =  h2, etc. 
Here the singular lines with to =  0 correspond to the aperiodic 
degree of stability, the remaining to oscillatory.

Plotting the loci of equal values of degree of stability within 
the stability region by any of the above methods, it is possible to 
choose the parameters of the system, already taken into considera
tion with the magnitude of the degree of stability and its oscillatory 
or its aperiodic character (considering simultaneously, as always,
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the static error and other technical requirements placed on the 
system).

On the choice of parameters for maximum stability. The choice 
of system parameters for maximum stability, as the simplest cri
terion of quality, has been considered by various authors. In  par
ticular, if we consider all roots of the characteristic equation real

and equal (the point of greatest value of normalised degree of stabi
lity), it will be possible to write in algebraic form a relationship 
for the choice of parameters for a system of any order (from V. A. Bod- 
ner (Reference 51)). In  fact, with real and equal roots {z1 =  z2 =  ••• 
=  zn) the characteristic equation may be written in the form

«o(2-«i)n =  0 >

the coefficients of which are therefore defined by the formulae

n\ 2
- =  O *1 = l n Zl

where (! I, (?], ..., are the binomial coefficients. Eliminating zlf

we obtain the relationships
n\ 2

n a0a2 — ^2 ' 1 ’

9 2 (ft\ 3n a0Oq — I g I Oi, (37.28)

n n—1„ (ft\  „ nft ®o — I I ®l ,

which may serve for choice of system parameters, since all coef
ficients here are expressed in a definite manner through the given 
parameters. The rigorously given conditions for optimum para
meters occuring here may sometimes lead to physically unrealisable 
choice of parameters.
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38. Choice of system parameters from the distribution of several roots 
of the characteristic equation closest to the imaginary axis

Let us consider certain methods for selecting the parameters of 
automatic regulation systems (and servomechanisms), starting from 
a desired distribution of several roots of the characteristic equation 
nearest to the imaginary axis.

NikoVskii's method. In  1943 G. 1ST. Nikol’skii proposed a method 
for choosing the structure and parameters of automatic regulation 
systems for a given degree of stability (“limiting number” in his 
terminology) and from assignment of several roots of the charac
teristic equation.

For convenience of calculation the characteristic equation of the 
system

+  a ^ - 1 + ... +  +  an =  0 (38.1)
is written in the form

<Vn -!-(?? +  Px)zn" +  (PS +  +  -
... +  (p°_I +  |3Jl_1)z +  (|^  +  p„) =  0 , (38.2)

where the coefficients -  , a n are all divided into two com*
ponents in such manner tha t the first components p?, (3®,..., p° 
do not contain the transfer factors (gain factors) of the regulator 
and its elements. Consequently, they contain only the parameters 
of the regulated object and, in addition, may contain the regulator 
time constants or those of its individual elements (for an ideal re
gulator the components p?, ...,p» contain only the parameters of 
the regulated object).

The second components p1} p2, ..., pB, termed the additional coef
ficients of equation (38.2), contain the transfer factors kx (gain 
factors) of the regulator and its elements. A part of the components 
(first or second) may be zero.

The general problem is posed of choosing the values of transfer 
factors k{ of the regulator and determining which of them are ne
cessary to provide a given degree of stability and a desired distri
bution of roots (i.e. what kind of elements should or should not 
be introduced into the regulator). Put in this way all the coefficients 
P?> p2, —, Pn in equation (38.2) are known numbers and all ki1 enter
ing into the “additions” plf p2, ..., pre are unknown coefficients.

If the desired degree of stability h is given, then all roots of the 
characteristic equation of the system (38.1) should have the form

A +  , #2 =  —h-\-X,2, ..., zn =  — , (38.3)

where ..., £n are arbitrary numbers with non-positive real
parts. In  other words, all roots z should be located to the left of
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the imaginary axis shifted by the given quantity X =  h (Fig. 172) 
or, a t least, located on it.

This signifies tha t the shifted equation (37.6) should satisfy the 
stability criterion or be located on the boundary of stability.

Since the degree of stability h is the distance to the root nearest 
to the imaginary axis, in formulae (38.3) it is necessary to put either

S i =  0  , ( 3 8 . 4 )

or
s i ,2  , ( 3 8 . 5 )

where w0 is an arbitrary positive number (frequency of the first 
component in the equation for the transient curve).

If the system is of higher order than fourth, it may be difficult 
to use condition (38.5); for these systems only condition (38.4) is 
taken. For third and fourth-order systems it is possible to use either 
of conditions (38.4) or (38.5).

With condition (38.4) the characteristic equation (38.1) has a root 
z =  — ft, as a result of which we may write:

ao(~ ft)n +  ®i(— + ... +  an—j(— ft) +  an = 0 . (38.6)

In  this equation everything is given including ft, except the required 
transfer factors of the regulator entering into certain of the coef
ficients al f ..., an. If we need to determine only a single transfer 
factor, it is immediately defined from equation (38.6). But it is still 
necessary to ensure negativeness of the real parts for all remaining 
For this, since (38.6) in accordance with (37.7) is equivalent to the 
condition A n =  0, it is necessary to verify whether the stability 
condition is observed for the shifted equation, the degree of which 
is lower by unity, i.e. the equation

a(& ~r A ^  +  ... +  A n—<Z, -f- A,,-, =  0 . (38.7)

Verification of the stability conditions may be earned out in 
any way (by the Vyshnegradskii, Routh, Hurwitz or Mikhailov 
conditions).

When the stability conditions are satisfied the assumed structure 
of the system is possible, and vice versa. When it is not possible it 
is necessary either to be satisfied with a lower degree of stability 
than required (if this is permissible) or, retaining the assigned degree 
of stability ft, to abandon the simple case (selection of only a single 
transfer factor) and go over to the more complicated case considered 
below of choosing two or several transfer factors (in practice this 
may sometimes require, for example, complication of the system 
by the introduction of new elements).
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For third and fourth-order systems, aside from the above, the 
following method of solving the problem from the choice of a single 
transfer factor of the regulator is also possible. Let us assume condi
tion (38.5). Then for the shifted equation (37.6), in which X =  h, 
we have from (29.4) and (29.19)

A^A% =  afyAs or A 3{A^A2 a^A^) A^Ai =  0 , (38.8)

respectively for the third and fourth-order systems. In  equation
(38.8) there is a single unknown transfer factor present, which is 
defined from it. In  addition, it is required tha t all coefficients of the 
shifted equation be positive.

If the form with choice of a single transfer factor is found im
possible, we pass to the choice of two transfer factors of the regu
lator. For this (in a system of arbitrary order) we put

Ki =  0 , Ki =  o . (38.9)

Then to condition (38.6) is added A n- x =  0, which, from (37.7) where 
X =  h, will be:

na0(~h)n- 1 + ( n - l ) a 1( - h ) n- 2 + ... + an- 1 =  0 , (38.10)
where k is given.

From the system of two equations (38.6) and (38.10) two unknown 
transfer factors are determined. After their calculation it is necessary 
to verify satisfaction of the stability condition for the shifted 
equation, the degree of which is lower by two, namely:

a0C~2 + A g 1- 3 + ... +  A ^ X .  +  An_2 =  0 . (38.11)

It is possible to achieve the necessary degree of stability h not 
only by the number of new elements introduced into the system 
but by substitution of new elements for others. Therefore if in the 
given element the stability condition for equation (38.11) is not 
satisfied, other possible alternative structures of the system should 
be tested.

Condition (38.9) signifies tha t the closest root to the imaginary 
axis is the double real root z1 = z2 = —h. When the order of the 
system is not higher than fifth, it is also possible to employ another 
method for choosing two transfer factors of the regulator, namely, 
in place of condition (38.9) to assume the following:

X,x =  0 , S2t, =  ±ito0 . (38.12)

Then to determine the two required transfer factors there will be 
two equations: the first, (38.6) and the second, one of (38.8) for 
systems of fourth and fifth order, respectively, where it is composed 
for expression (38.7).
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If we do not succeed in constructing a system with two required 
transfer factors of the regulator for a given degree of stability, we 
introduce a third. With choice of three transfer factors of the reg
ulator it is possible, as above, to test the condition

^ = ^  =  ^ 3 = 0 .
But if the presence ot a triple root is undesirable, it is possible to 
apply either

5i =  0 , C .  =  0 , £ .  =  - e  (s >  0) , (38.13)
or

î =  0 ,  =  ± * “ 0 i £ 4  =  —6 > (38.14)
or

£i =  0 ,  £ 2  =  0 f 3̂,4 =  • (38.15)

Condition (38.13) is convenient for systems of any order. To 
choose the three transfer factors of the regulator it is necessary 
to add to the two previous conditions (38.6) and (38.10), from (38.11 )f 
the following (e is preassigned):

«»(- s)n“2 +  e)"-1 +  +  4»-2 =  0 , (38.16)
where it is necessary to verify satisfaction of the stability condition 
for the equation obtained by dividing (38.11) by (£ +  e).

Condition (38.14), analogously to (38.12), is applied for systems 
of not higher than fifth order. In  this case the following three 
equations are used to determine the three transfer factors: (38.6), 
one of (38.8), composed for (38.7), and (38.16).

Finally, condition (38.15) may be applied for fifth and sixth- 
order systems where in choosing three transfer factors of the reg
ulator equations (38.6), (38.10) and one of (38.8), composed for 
the expression (38.11), are used.

In  all cases satisfaction of the individual conditions in numerical 
calculations is facilitated by using the appropriate auxiliary graphical 
constructions.

Above we were everywhere concerned with the choice of transfer 
factors of the regulator, but it is completely obvious that this method 
may be applied in the same form to choose various other parameters 
of the system including the time constants.

In  applying this method (as in all the preceding, starting from 
the stability condition) the choice of parameters from the given 
conditions should always simultaneously be accompanied by con
sideration of the static (and stationary) system errors.

We remark that the simplest choice of m  different system para
meters is obtained from the condition of equality and realness of 
the roots of the characteristic equation nearest to the imaginary 
axis, i.e.

C, =  S, =  ... =  ^  =  0 ,
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which gives equations of the form (38.6), (38.10), etc., for the calcu
lation of m. Several authors have used this approach. However 
multiple roots give more drawn-out processes in comparison with 
those with separated roots and the same degree of stability. When 
basing the calculation on the equality and realness of all roots it is 
therefore better not to preassign the quantity h but to employ 
a system of formulae (37.28) for the choice of parameters.

Nikol’skii’s method discussed above permits the roots to be differ
ent. I t  may be developed further in this direction if we use shifted 
equations of the form (37.6) for two or several X =  h, X =  Xx, 1 =  X2 
in place of the single preassigned X =  h. But this makes the calcu
lation more complicated.

The Popov-SoTcolov method. The following method, developed by 
T. 17. Sokolov, is based on a work of V. K. Popov (1947). The best 
case is considered to be tha t in which a pair of complex roots of the 
characteristic equation of the system is closest to the imaginary 
axis. Then the characteristic equation (38.1) of arbitrary degree n 
is represented in the form (the coefficients are unknown)

<P(*)(«« +  p1a +  Pi) =  0 , (38.17)

where cp(z) is a polynomial of degree (n—2) while the quadratic 
expression in parentheses corresponds to the pair of complex roots 
closest to the imaginary axis, which will have the expression.

(38.18)

(the numbers (3* and (3a are as yet unknown).
We shall consider the above trinomial as basic, defining in general 

outlines the form of the entire transient process (for this all the 
remaining roots should be remote from the above). As is evident 
from (38.18), the time constant T  characterising the attenuation 
of the basic part of the transient as well as the fundamental natural 
frequency w and period 0 will be:

T =  - ,  w = ] / p 2- | ,  0 =  - .  (38.19)

The decrement ratio of the basic term in the transient response 
(i.e. the ratio of successive amplitudes over a period) will be

_
e * . * (38.20)

* Editor’s note. (38.20) is the reciprocal of the usual damaging factor in 
Western literature Ce/T.
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The attenuation will be the stronger, the smaller is T  (i.e. the 
greater the degree of stability (y2), while the number of oscilla
tions in the process will be smaller, the smaller the decrement, i.e. 
the greater the ratio 0/T. For example,

— — A
e T =  0.018 with -  =  4; (38.21)

this signifies th a t even after a single period the amplitude of oscilla
tion in the transient is only 1-8 per cent of the initial peak, i.e. 
practically the oscillation has not succeeded in developing since 
after a single period it may already be considered as damped out. 

From (38.19) condition (38.21) leads to

=  (38.22)

where the roots (38.18) may be represented in the form

Developing this method further, T. N. Sokolov (Reference 22) 
proposes estimating the entire transient response not from two 
but from three roots closest to the imaginary axis, considering the 
third root to be real. The characteristic equation (38.1) is represented 
in the form

?i(«) (* +  Pa) («2 +  IV +  Pa) =  0 ,
where <px(s) is a polynomial of degree (n — 3). Two roots will have 
the values (38.18) and the third, z3 = — {3,.

Relations (38.19) and (38.22) remain as before, and in addition 
it is considered expedient to put

Pa =  |  • (38.23)

Aside from the choice of roots of the characteristic equation 
closest to the imaginary axis an estimate should also be made of 
the static error of the system for the regulated quantity (and in 
servomechanisms, the stationary dynamic error with constant 
velocity or constant acceleration).

We shall illustrate the method of determining the system para
meters based on these considerations, following T. N. Sokolov (since 
the method requires individual approach to each structure taking 
into account the physical realisability of the requirements placed 
on the transient response).

Let us consider a servomechanism with the structure shown in 
Fig. 178. Here y(t) is a preassigned quantity, xx is the regulated 
quantity. The system has differentiating D and integrating I  elements
23
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and transient feedback, in which the input quantity is xl and the 
output Vt . Let us construct the system equations.

The equation of the drive with the regulated object will be
(T1p + l)p x 1 =  ,

where T1 is the electromechanical constant of the drive.
Further we have

Vi =  &o(2/-®i) •

x,
F ig . 178

At the output of the amplifier the voltage will be V1-\-Vt + Vt —Vt , 
while a t the output, V2; consequently,

(T2p + i ) v 2 =  fc2(F1+ y e+ y 6- F 4) ,
where T2 is a time constant, fe2 is the overall gain factor of the vacuum 
tube and rotary amplifiers.

We have for the feedback (Fig. 178) the equation
(T3p +  l) y 4 = fcaP*® i.

At the output of the integrator

y .  =  •

At the output of the differentiating element

y s =  h p v i •
Let us write this in the form of a single system equation for the 

error magnitude (y — xt), which we denote by x. We obtain:

(P8 +  ®1P* +  °aP3 +  a3P> +  a«P +  °*)® =  (p3 + b1pi + bap + b3)p2y , (38.24)
where

T ^ + T i T ' + T ,! ’, 1 1 1
1\T 2T3 Tx T2 T3 '>

Tx-\- T2 -\- T3 +  lcjlCf(1c3 +  kfJĉ Ta)
“2 “  T ^ T 3 ’

1 +  kgkfaiks +  T3)
T ^ T 3 ’

a4 ~  t ^ t 3 ’ “  T ,T2T3 ’
t Tx-\- T2 +  Tj-J-lcik2k3 , 1

’ - ~  TxT2T3 ’ °3 ~~ TxT2T3 '

(38.25)
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We see immediately from equation (38.24) th a t the static error 
in the given system (with constant magnitude y) and the stationary 
error with constant velocity py will be equal to zero*. Only ac
celerated variation of the input quantity with constant acceleration 
pH) will cause a stationary error

& = ~ p 2y = P*y (p*y =  const), (38.26)

i.e. a constant error quantity xl will be preserved in the steady- 
state with constant acceleration py (while in the steady-state of 
following with constant velocity there will be no error).

We now determine the system parameters T3, k3, Tc&, Tc9, starting 
from the required quality of the transient response and estimating 
it from the three roots closest to the imaginary axis. The charac
teristic equation

z b +  eqz4 +  a^z3 +  a^z2 +  a^z +  o5 =  0 

is represented in the form
(s2 +  c12 +  c2)(23 +  aI22 +  a2« +  as) =  0 .

We have the following relations among the coefficients:

ai — cl +  al y
ffl2 =  C2 +  *2 +  Cl*l >
a3 =  #3 -j- C|a2 ; 
«4 =  cia3 +c2a2 , 
as = c2a3 .

(38.27)

The fundamental polynomial (aP +  a ^  +  a^+aa) is represented in 
the form

(2 +  Ps)(2* +  Plg +  P2) >
where

“ l  =  P l  +  P s>  * 2 = P 2 + P a P 1 }  « 3 = P s p 2 -

In  accordance with (38.23) and (38.22) we obtain from the above
Q _ 2 Q 7T2+ 4  2
P1 — 2 ai ) P2 — gg-  ai >

/u2+4 , 2\ 2 2
*2 =  \ ~ 36 ^9/ ai *** 0 61oCl ’

«s ai ^  0 128a? .

From the magnitude of the permissible error £c°, taking into ac
count the given JeJejk„ we find the coefficient of the integrating unit

=  Tc'l  Ltfi (p2y =  COnSt) ‘A'oA'iA/gd'

Neglecting the load on the regulated object.
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We then remark tha t
____ C3X3

Assuming Ci<cg (this gives a higher frequency a t the roots zt 
and zs and justifies the further numerical calculations), we have 
in the first approximation

^3 _  1
«4 l+ f t6T3 a2 H 6  '•

Substituting here

where |i is as yet an undetermined coefficient while kT denotes the 
preassigned quantity

* 1 + i , .
“T Ti T t *

we obtain the quadratic equation with respect to  T3, from which 

Since T3 should be real, we have
4-76

The two last formulae permit choosing the applicable values of Tt 
and (i. After this ax, bv b3 become known, which means also o5 from
(38.26). We then calculate

a, =  , a2 =  0-61ai , x3 =  0-128aJ ,

®5— «1 ) C2 — ~
* 3

and a ,, a3, a4 from formulae (38.27).
Then from (38.25) we find Jc6, fc3 and an improved value of fce. Now, 

adopting these values for all the selected parameters, we may cal
culate the exact values of all the equation coefficients and their 
decomposition. After this all the roots of the characteristic equation
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are found and a knowledge of the roots gives the possibility of plotting 
the transient curve (see Part Y). In  this construction the right- 
hand part of the differential equation of the system (38.24) is taken 
fully into consideration, i.e. both the poles and the zeros of the 
transfer function of the closed system are taken completely into 
account, which eliminates the initial defect of considering the quality 
of the transient response only from the roots of the characteristic 
equation.

39. Calculation of the roots of equations and polynomials

The transient response in regulation depends very much on the 
pattern of distribution of all the roots of the characteristic equation 
in the complex plane, for example, if the roots are close together 
or if they are wide apart, etc. To a still greater degree the transient 
response depends on the mutual positions of the roots of the charac
teristic equation and the roots of the operational polynomial in the 
right-hand part of the differential equation of the closed system 
(poles and zeros of the transfer function of the closed system). 
The methods discussed here may be used to calculate the roots of 
this operational polynomial (zeros) and to compare them with the 
roots of the characteristic equation (poles).

In  addition, calculation of the roots of various algebraic equations 
has already been required for various auxiliary purposes, for example 
in applying the frequency stability criterion (Section 30). Below we 
shall also sometimes find it useful to know the roots of the charac
teristic equation of the system (for example, in Part V) or certain 
auxiliary equations.

We shall consider several simple procedures for calculating the 
roots of the algebraic equation

a<fP +  a ^ - 1 + ... +  an̂ z  +  an =  0 (39.1)

or, which is the same thing, the roots of the polynomial

f{s) =  a ^n +  ajZ*-1 + ... +  an-x3 +  an . (39.2)

Simple case. If the left-hand part of the equation or the polynomial 
is expanded in factors

m  = (Tl2 +  1)(T^2 +  T ^  +  1)...,

the roots are found by solution of the equations 

Tls + 1 =  0 , T y  + Tjs + 1 = 0 , . . .

In  particular, if zm may be factored out of the polynomial f(z) 
this signifies th a t there is an m-fold zero root (z =  0).
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The characteristic equations of closed systems and polynomials 
Q(z) and R(z), figuring in the frequency stability criterion (Section 30) 
sometimes constitute such simple types of equations and polynomials.

Estimate of the moduli of all roots. Let there now exist equation
(39.1) or a polynomial (39.2) not decomposed into factors. If all 
their coefficients are positive, the moduli of all roots \z\ satisfy the 
inequality *

to <  \z\ < M  , (39.3)
where m and M  denote respectively the smallest and largest of the 
ratios

an~i an
®o %  1 a n-2  a n - i

If  in addition the stability condition is observed, then (39.3) signifies 
tha t all roots are located in the hatched region in Fig. 179, having 
a half-annular shape. If the polynomial (39.2) does not satisfy the 
stability conditions, the roots are located over the entire annulus.

F ig. 179

On calculating the values of the polynomial. Below we shall require 
to calculate the values of a polynomial (39.2) for arbitrary real 
values of the number z. In  direct substitution each value of z must 
be raised to a high power, which is a very laborious operation for 
“unrounded” values of z.

This necessily was also encountered in constructing Mikhailov 
curves and the amplitude-phase characteristics, as well as in cal
culations connected with the degree of stability. But there in the 
majority of cases “rounded” values were satisfactory.

To calculate the values of the polynomial tables constructed by 
K. P. Ivanov (Reference 31) may be used, where the problem is 
reduced only to the operations of addition and subtraction.

In addition, it is possible to speed up the calculations appreciably 
in comparison with the method of direct substitution of z, in the

* For proof see (Reference 36), p. 190.
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following manner. Let it be required to calculate the value of a poly
nomial (39.2) for some z =  c. We calculate a number of auxiliary 
numbers:

iq — ca0 +  a1 , 
=  ci>j -(- a2 1

671-1

(39.4)

after which the required value of the polynomial (39.2) will be*:
f(c) =  cbn-i +  aH (39.5)

With this method there are a total of n operations of multiplica
tion, while with the ordinary substitution of z in the polynomial 
a minimum of 2n multiplications is required.

Finding the real roots. If among the roots of equation (39.1) are 
real ones, then (with positive coefficients of the equation) they 
are all located, from (39.3), within the segment

(39.6)

In  the first approximation all the real roots may be found by 
plotting the curve

f(z) =  atfn + alZn~1 + ... +  an-lz + a„., (39.7)

where it is necessary to plot this curve only in the segment (39.6). 
In  plotting the curve it is recommended for simplification to use

the above method of calculating the values of f{z). The points of 
intersection of the curve f(z) with the 2-axis give the approximate 
values of all real roots of the equation (39.1), for example the three 
simple roots zt , z2 and z3 in Fig. 180a. If some real root is double, for 
example z2 = z3, the curve /  (z) will be tangent to the as-axis (Fig. 1806). 
If there is a triple real root, for example zx =  z2 =  z3, then in place

Proof, see (Reference 35), p. 273.
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of tangency with the ®-axis the curve f(z) will have a point of inflec
tion (Fig. 180c). Analytically the criterion for multiple roots is the 
vanishing a t the given point of the corresponding number of deriv
atives dffdz, d2f[dz2, etc.

If the precision of the graphical construction is insufficient, it 
is easily possible to find a more exact value of the root analytically. 
From the graph Fig. 180d it is reliably evident tha t the root zl lies 
between certain nearby values z — a and z = b. Then, taking the 
curve f(z) on the small segment ab as a straight line (Fig. 180d), 
we may calculate a more exact value of zx from the obvious (by 
similarity of triangles in Fig. 180<Z) formula

bf(a) — af(b)
1 m - m  ’

(39.8)

where f(a) and f(b) are the values of the polynomial f(z) a t z =  a 
and z =  b, calculated by one of the above-described methods, where 
f(a) and f{b) should be substituted with their signs (in the given 
case they have opposing signs).

Finding complex roots. After all real roots of the equation have 
been found, for example zlf z3 and 23, we divide our polynomial (39.2) 
in the following manner:

/ ( g ) __________
( 2 - 2 x) { Z - Z 3) { z - S 3) =  ?(g) ■ (39.9)

In  dividing the polynomial (39.2) by (2—Zj) the coefficients of 
the required quotient

M " '1 +  bxzn~2 + ... +  bn-^z +  bn-  j
will be

bo — a0,
bt =  a, +  Zjbi_ 1 (» =  1 , 2 , ..., n —1) . (39.10)

Here the remainder
fi =  an + Zjbn^

should vanish (this serves to check the calculations). 
Further, after division by (2—z2) we obtain the quotient

C o?1- 2 +  C jZ"-3 +  . . .  +  Cn_s2 +  Cn -2  ,
where

Co — b0 1
«< =  &<+g*c<_i (i =  1 , 2 , ..., n - 2 )  

and the remainder
r2 =  &n-l Z3Cn-2 =  0 .

Division by (z—za) is carried out similarly.

(39.11)
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The polynomial 9 (2) (39.9) obtained in this way has a degree 
lower than the initial f ( z )  by the number of previously found real 
roots. Since in this new polynomial 9 (2) there are no longer any real 
roots, it has necessarily an even degree.

In the simplest case when 9 (2) is a second-degree polynomial, 
its roots are calculated by simple solution of the quadratic equation

9 (2) =  0 .

The roots of this equation will be the required complex roots of 
equation (39.1).

If 9 (2) is a fourth-degree polynomial, to calculate its roots we 
may proceed in the following manner. Let 9 (2) have form

9  (2) = 2 * +  aa* +  bz2 +  cs +  d  (39.12)

(if the coefficient of 2* is not equal to unity it may be divided through 
the polynomial, which does not change the roots). To find its roots 
we first construct the auxiliary cubic equation

y z— by2— (a e— 4 d ) y — [(a2—l&Jd +  c2] =  0 . (39.13)

We then find any real root of this equation y x by the rule for 
finding the real roots described above. We then calculate the auxiliary 
quantities A  and B  from the formulae

4

2 A B  =
Z

(39.14)

If a minus sign is obtained in the last of these formulae, the 
numbers A  and B  must be given opposite signs, while if plus, the 
same signs (it is immaterial which).

Calculating A  and B ,  we construct two quadratic equations:

*» +  (!  + 4 ) 2 + §  +  B =  0,S
(39.15)

solving which, we find all the complex roots of the polynomial 9 (2) 
and therefore of the initial equation (39.1) or the polynomial (39.2).

For approximate calculation of the roots of the equation with 
pairs of complex roots far from each other, which occurs, for example, 
in the equation of motion of an aircraft, there is a special procedure
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described in the book of V. S. Yedrov (Reference 17). The numerical 
method developed by O. M. Kryzhanovskii is also of interest.

Simple numerical method of finding all roots of an algebraic 
equation (or polynomial). Let there be given an equation of arbitrary 
degree (39.1) or polynomial (39.2), i.e. the numerical values of all 
coefficients are given. I t  is required to find all their real and complex 
roots.

From the form of the last three members of the given poly
nomial, i.e.

an -^a +  +  an ,

we estimate roughly if this corresponds to a quadratic equation 
with real or with complex roots. If the former, we begin by calcu
lating one real root of the given polynomial while if the second, 
a pair of roots. All coefficients of the polynomial will be considered 
for concreteness positive, which is most important for the theory 
of automatic regulation.

The process of calculating the real root z, is as follows. Let us 
take the first approximation for it in the form

_/ an=  ----an-i
and divide* the polynomial (39.2) by (z—z[) until a binomial

hn—i& j

is obtained which is not divisible without remainder by (z—z[). 
Then as the second approximation for the required root we take 
the value

bn-i

and again divide the polynomial (39.2) by (z — z") until a remainder 
is obtained in the form

cn_iZ +  an .

The third approximation of the root is

z,,, =  _

cn—i

with subsequent division of the polynomial (39.2) by (a—z"'). This 
process usually converges very rapidly to the required value of the 
root. In  practice two divisions are sometimes satisfactory. But there 
are also cases where it diverges.

* This division may be carried out actually either by the method of elementary 
algebra or by formula (30.10).
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To find the remaining roots of the same polynomial we proceed 
exactly in the same manner with the new polynomial of (n—l)st 
degree, obtained from the last division by (z — z j, where zx is the 
final stable value of the first real root.

The process of calculating a pair of roots is completely analogous 
to the above, where as the first approximation we assume that the 
required pair of roots corresponds to the trinomial

dn—'i fo-n—i
and the given polynomial (39.2) is divided by it until the trinomial

2 Z2 ~ r  1 Z T  ?

is obtained not divisible without remainder. We then take the second 
approximation in the form

z2 + bn—l n , an 
bn- 2 bn-2

and again divide the initial polynomial (39.2) by it to the remainder
c„_2«2 +  c„_,s +  a?1 .

The third approximation will be

On—2 Vn_2
by which (39.2) is again divided. This process also converges fairly 
rapidly. Obtaining a satisfactory approximation in the form of some 
trinomial

z2 + bz + c , (39.16)
we find the required pair of roots of the given polynomial (39.2) 
as the solution of the quadratic equation corresponding to the trino
mial (39.16), i.e.

where the roots may be either complex or real.
To obtain the next roots we proceed in the same manner with the 

new polynomial of (n — 2)nd-degree, obtained by division of (39.2) 
by the trinomial (39.16). This polynomial already exists as a result 
of the last division by the above-described process of calculation.

When all roots have been found it is useful to carry out an ele
mentary check of the calculation based on the properties of the 
products and sums of all the roots of the equation, namely:

Z1.Z2 ... Zn =  ( - I f — ,ttfl

Zi +  z2 + ... + z„ =  — — .Q>q
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Let us consider a numerical example to illustrate tlie above method 
for determining the real and complex roots. A sixth-degree equation 
is given:

2® +  25 003® +  292-32* +  337-52®+  338-42a + 175-92 +  7-360 =  0 .

We shall seek the values of the roots to three significant figures. 
We take the first approximation

— **“ *•
Dividing the left-hand side of the equation by 2 +  0 04183, we obtain 

2® +  24-96s4 +  291-32s +  325-3s2 +  324-82 + ... 

with the binomial remainder
162-32 +  7-360 .

We take the second approximation

ztt1
7-360
162-3 =  -0-0453.

Similarly dividing the left-hand side of the initial equation by 
(2 +  0-0453) we obtain the new remainder

161-32 +  7-360 .

The third approximation is therefore

„///2i = 7-360
161-3 0-0456 ,

which we take as the value of the required real root since the rapid 
convergence is here obvious and the fourth approximation will give 
practically the 6ame value for 2X.

To determine the following roots we start from the polynomial 
obtained in the last division, which in this case has the form

2® +  24-962* +  291 -22® +  324 -32® +  323 -82 +161 -3 .

The first approximation is
16+3
323-8 =  -0-498 .

Division of the last polynomial by (2 +  0-498) gives as the remainder

231-52+ 161-3 .

Therefore the second approximation will be
161.3
231.5 0.697 .
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Dividing the same fifth-degree polynomial by (2 +  0-697) we obtain 
the remainder

231-0a + 161-3 .
The third approximation

161-3
231-0 0-698 ,

which we take as the value of the second real root of the initial 
equation (a trial of the fourth approximation gives the same value, 
-0-698).

As a result of the last division the polynomial

z* +  24-262® +  274-3s® +132-82 +  231-0

is obtained. Here we note tha t the last three terms correspond to 
a quadratic equation with complex roots. Therefore as the first 
approximation we take the trinomial

We divide

132-8 
274-3 Z

231-0
274-3 2®+ 0-4842+ 0-842 .

2*+ 24-262® +274-32® +132-82 +  231-0 2®+ 0-4842 +  0-842 
z*+ 0-4842®+ 0-8422® 2® +  23-772 + ...

23-772® +273-42* +132-82 
23-772® +  11-512®+ 20-022

261-9 2® + 112-82 +  231-0.
We take the second approximation

112-8 , 231-0
;« +261-9 ‘ 261-9 =  2®+ 0-4312+ 0-881.

We divide the fourth-degree polynomial by this, which gives the 
remainder

263-12® +  111-82 +  231-0 .

The third approximation from this will be

2® +  0-4252 +  0-877 . (39.17)

This may already be taken as the required second-degree equation, 
since division by it gives a remainder close to the previous one (i.e. the 
process converges rapidly). As a result of this division the trinomial

2®+ 23-832+ 263-3 (39.18)
is obtained.

Consequently, the third and fourth roots of the sixth-degree 
initial equation are found by solving the quadratic equation corre
sponding to the trinomial (39.17), i.e.

z.iA =  -  0-213 ± i0 -920 ,
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and the last, fifth and sixth roots from the trinomial (39.18) are

z5>6 =  -11-92 ±*11-01 .

All six roots of this sixth-degree equation have thus been calcu
lated very simply. The sum and product of all roots gives

-0-0456 —0-698 —2-0-213 —2-11-92 =  -25-01;
(-0-0456) (-0-698) (0-2132 +  0-9202)(ll-922 +  ll-012) =  7-43;

and from the original sixth-degree equation they should be equal 
to 25-00 and 7-36 respectively. This result indicates that the method 
is sufficiently precise for our purposes.

We have already remarked that this method may sometimes be 
divergent, but even in these cases it is possible just the same to find 
the required roots.

Kh. L. Smolitskii proved the following theorems on the convergence 
of the given numerical method for finding the roots. Let there be 
calculated a real root of the polynomial f(z). We put

b an q(z) = 1 /(«) 
bz + On '

If l?(«l)l <  1, the calculation converges, if |g(z)| >  1, it diverges. 
When a pair of roots is calculated (including complex), we put

q(z) =  1 - /(s)
bz2 + cz-j-a„’

where bz2 + cz + an is a trinomial corresponding to the two rootB 
zx and z2. If |g(zx)| <  1 and \q{z2) \ <  1, the calculation converges 
while if ]ff(«x) | >  1 or |#(z2)| >  1 it diverges. Unfortunately both 
these theorems express the convergence condition in terms of the 
value of the required root.

D. A. Bashkirov gives the following recommendations to improve 
the convergence of calculation in those individual cases where it 
is poor or the calculation even diverges.

1. If in finding the real roots the sequence of values

ton
« n-l’

ton ton
h ’ 2l — — e ’ (39.19)

does not vary monotonically but “oscillates” , a new approximate 
value of the root should be taken (for the next division) equal to the 
half-sum of the previous value and that which is obtained from the 
remainder, i.e. it is necessary to take
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2. If in finding a real root the values (39.19), although monotonic, 
vary very slowly, as the next approximation it is necessary to take

v,„ =  z ' { r ’ - z [ r "
"1 y' — r" ’

where r '  and r" are the remainders of the complete division of the 
polynomial by z  — z [  and by z  — z ”  respectively.

3. If the calculation converges poorly or diverges in determina
tion of complex roots, it is necessary to transform the given poly
nomial. In  many cases it is sufficient in place of polynomial (39.2) 
to take the polynomial

« o  +  « i5 , +  -  +  ffl» - i S n “ 1 +  ffl» 2 n  >

obtained by the substitution z =  l[q, and to calculate its roots 
qlt q2, ..., qn. The roots of the original polynomial will be the inverse 
magnitudes. For example, for the polynomial

z* 4- 6Z3 +  3l 2a +  66z +130 

the calculation diverges. We write the new polynomial 

130 q* +  66g® +  31 q2 + 6q + 1  , 

calculate its roots, and obtain

*i>2 =  --- =  -1 ± * 3 ;  «3,4 =  — =  - 2 ± i 3 .
?i,2 ?a,4

In  other cases it is useful to transform the equation by shifting 
the imaginary axis in the root plane to the right. This is done 
according to formulae (37.6) and (37.7) where it is necessary to 
substitute — X by X. I t is also possible to employ other transformations, 
which provide a definite relation between the roots of the given 
and the new polynomial.

40. Choice of system parameters from the locations of ail roots of the 
characteristic equation

We shall consider here two methods based on a knowledge of 
all roots of the characteristic equation.

Method of assignment of all roots. One of the possible methods 
of defining the parameters of the system from the locations of all 
roots of the characteristic equation was proposed by Z. Sh. Blokh 
(Reference 27). Recommendations concerning the assignment of the 
roots themselves were not considered in this method. We shall 
explain it by a single example, since this method has not been de
veloped in general form.
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Let there be given the structural diagram of the system shown 
in Fig. 181, where the element equations have the form

1) {T1p + l ) x l = - k ix&,
2) (T2p + l ) x 2 = ki(x1- x 9) ,
3) {Tap +  1)®3 =  ,
4) (,Ttp +  1)®4 =  ,
5) T 6px6 =  a?4 ,
6) (T„p + l ) x 9 =  Jcgpxt.
Since the open network is here a particular case of the circuit 

of Fig. 110a, where m  =  5, k =  1, 1 =  4, from (21.10) and (20.11)

we obtain the left-hand part L(p) of the differential equation of 
the closed system in the form

L(p) =  (Txp + 1 ) TBpl(TiV +1) (T3p +  l ) (T tp + 1  ){Tt p +1) +
+  +  kJcJcJCiiTtp + 1) .

Consequently, the characteristic equation of the system (after di
vision by TjTiTsTiTgT,) will be

(4+ i ) » [ ( a + i ) ( s + i ) ( , + i ) ( s + i ) + |

+ TxT2T^TaT 5

T m m 3̂ 4-̂ a

(~+ t ; ) = 0 ’

+

(40.1)

where all parameters (k{, Ti) are so far considered unknown.
This is a sixth-degree equation. Let all six roots zx, za, ..., z4, 

which the given system should have be given.
Then from well-known formulae expressing the relations between 

the roots and the coefficients of the equation

z* + ais? + ... + a 5z-fas =  0 , (40.2)
we may calculate

=  -(Z l +  Z2-f ." + Z 8) , 
at =  ZjZjs +  ZjZ, + ... +  z5Ze»
<h =  -  (ZrVa + ... +  24zbz8) , (40.3)
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YVe construct the function

H(z) =  L(z) kjcjcakj__/ 1 \
TtT2TaTtT6\Z+ t J ’

where L(z) is the left-hand part of equation (40.2) in which all coef
ficients are calculated from formulae (40.3). Then in contrast to
(40.2) the functicn H(z) will have the form

H(z) = ze + fyz® +  OjjZ* +  a3z3 +  a4ze +  a'&z -)- a'a , 

where a1, a i , aa, a4 are as before and

t TC]lC'Jcak4
« 5  =  ’ — 6̂ T . T ^ T ^ T ,

(40.4)

(40.5)

Since (40.2) is a second expression for the same characteristic 
equation (40.1), the function H(z) will correspond to the left-hand 
side of (40.1) without the last term.

Element 1 (Fig. 181) will be considered the regulated object and 
its parameters fc, and given numbers.

Let us divide H(z) by the first two factors of (40.1), i.e. by

We obtain the quotient

Q { z )  =  z* +  &X23 +  b 2z 2 +  bzz  + b 4 , (40.6)

where from (39.10) we have

I ,  =  a ~  (i =  1, 2 ,3 , 4, b0 =  1)

and the remainder

r =  ( a : - i i 4) H « ;  • (40.7)

Consequently

H ( z ) = ( z  +  - ^ z 6 ( z )  +  r .

In order for this expression for H ( z )  actually to correspond, as 
is required above, to the left-hand side of equation (40.1) without 
the last term, the following equalities

6 {z) = t 3t 3t 4t z ’ (40.8)

should be valid.
24

r == 0 . (40.9)
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Since this should be satisfied for arbitrary z, from (40.7) we obtain 
two equations

<  =  0 , 

aS— jT ai — 0 •

Substituting here (40.5) we solve these equations A  the form

T1TaTaT4T6 = at'~ Y 1a* '

T, Ti a3 a4

(40.10)

(40.11)

where T1,a 3, a 6, a4 are known. Consequently, the time constant T„ 
of the transient feedback 6 (Fig. 181) has been found.

We proceed further with the polynomial G(z) (see formulae (40.6) 
and (40.8)) exactly in the same way as before with (40.2) and (40.1), 
namely, we calculate from (40.6) the quantity

TzTaT4T 9 Z ’

we divide the result by (z + l / T 0), employing formula (39.10). The 
remainder r is equated to zero. From it, assigning fc„, we find the 
quantity

t 2t 3t 4 ’ (40.12)

and from it and (40.10) we calculate Ts. The quotient of this division, 
from (40.8), must be equated to the expression

This signifies that having found the roots of the given quotient, 
of third degree, we should equate them to (— 1/T2), (— 1/Ta), (—1/T J 
from which we find T3, T3, T4.

Further, since (40.12) is known, it is possible to define fca, ks, k4 
as well. Thus, all parameters of the system will be found.

I t  should be noted tha t this method cannot always give a good 
result since the majority of system parameters are rigorously defined 
here from a given distribution of roots. However in actual systems 
only a small number of parameters may be varied in wide limits. 
As a result of this, and even from the point of view of the quality 
of the response, there is hardly any practical significance in a rigid 
assignment of all roots of the characteristic equation of the system.
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Numerical method. Application of the above method may lead 
to very complicated calculations. The main drawback consists in 
that rigid requirements are placed on the roots of the characteristic 
equation in this method, which cannot always be realised in practice. 
The problem is that, widely varying the parameters and structure 
of the regulator (with physical limits), we are still not able to vary 
the roots of the characteristic equation arbitrarily as a whole, since 
they also depend on the given dynamic properties of the regulated 
object.

This last circumstance may be the cause for repeating the calcu
lations in the above method many times, with differing distributions 
of the roots. This may occur in a number of cases even when using 
the methods described in Section 38.

Therefore, considering the simple numerical method of finding 
all the roots of a polynomial of given degree, described in Section 39, 
it is expedient to abandon the preassignment of the roots and to 
apply the numerical method described below, taking into account 
in advance the limits of physical realisability of the parameters.

Let there be given a regulated object taking into account the 
requirements of system stability as a whole and satisfactorily small 
static and stationary errors of the system, and the structure of the 
regulator or several possible alternatives noted. For the description 
of the method to be more specific, we shall refer to the example 
of an aircraft with autopilot, the equations for which were presented 
in Section 25.

Let us assume that the parameters of the regulated object (in 
this example T1} Ta, k lt k2) are given in numerical form and that 
certain parameters of the regulator (in this example T3 and T4) 
and its remaining parameters must be found (in this example the 
transfer factors of the autopilot k^, k^ , k" , Tcfb, which correspond 
to introduction into the regulation function of the first and second 
derivatives and the presence of an auxiliary stiff feedback). I t  is 
required to analyse if it is necessary to introduce all these factors 
and to select numerical values for the corresponding transfer factors.

In  the solution of this problem we shall not start from a preassigned 
index of quality of root distribution, as before, but rather with the 
aim of achieving the most favorable values of these indices of those 
which may actually be obtained in the considered automatic regula
tion system in various a’ternative structures and in actually possible 
ranges of variation of the selected regulator parameters. These 
possible ranges of variation of the selected regulator parameters 
are defined from the design considerations and the requirement of 
sufficiently small static and stationary dynamic errors of the system; 
we shall assume them here as given.
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Let us first consider the simplest alternative structure of the 
system with choice of a single regulator parameter—in this case, 
for example, the transfer factor k^ at some numerically given average 
possible value of Jê  and with ft- =  kfb =  0 (the circuits introducing 
the second derivative and auxiliary feedback into the system are 
disconnected). In  other systems it is also possible to eliminate the 
first derivative, putting k^ =  0, but here it should be introduced 
only because the nature of the equations of the regulated object in 
accordance with Section 33 make impossible satisfaction of the 
stability conditions of the system by a circuit with only 1c

Let us construct the characteristic equation of such a system.

Oo*" +  a ^ - 1 + ... +  -f a n =  0 ,

where defined numbers and the magnitude of the selected para
meter (1c4,) in symbolic form enter into the coefficients. We take 
several numerical values of the required parameter (k.̂ ) in the physi
cally pos We range. For each of them we find by a simple numerical 
method (Section 39) all the roots of the characteristic equation. 
As a result we obtain the entire pattern of variation of the roots 
with variation of the given parameter (k^). This pattern may be 
illustrated by graphs of root variation.

From these graphs it is possible to select the value of k^ corre
sponding to the most favorable character of root distribution of all 
those possible for the given structure. At the same time, in de
pendence on specific technical requirements on the system it is 
possible to start from any concept of “favorable” : the highest degree 
of stability with widely spaced roots; complexity or realness of 
the root nearest to the real axis; maximum approximation to the 
Popov condition (38.21), etc. The last co dition signifies that in the 
complex roots z =  a ±tco it is necessary to obtain the greatest value 
of the ratio |a|/co at the maximum value of |a|.

Immediately after this, retaining the adopted optimum value, 
of kty, it is necessary to write the characteristic equation of the system 
so tha t the second of the selected parameters (k )̂ enter into it in 
symbolic form. Calculating in the same manner all the roots of the 
equation for several values of k  ̂ and finding as a result the influence 
of this parameter on the root distribution, we take its optimum 
value (similarly to the above).

This process of choosing two optimum parameters of the regulator 
is, in essence, a process of successive approximation. In fact, assigning 
first the quantity k^ and varying k±, we follow the character of 
variation of the roots along some straight line A B  (Fig. 182a) inside 
the region of stability in the plane of these parameters. Let the 
optimum k$ correspond to the point C. Then, fixing the corresponding
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value and varying the quantity k^, we traverse the line B E  
(Fig. 182a), establishing as a result a new optimum point F.

In  addition to this it would be possible to make the solution more 
exact, again varying the parameter k  ̂ a t a new value of ft^, i.e. 
moving along the line LM  (Fig. 182a). This gives some new optimal 
point N. However in practice this is usually superfluous, firstly, 
in view of the approximateness of the system equations themselves 
and, secondly, as a result of the looseness of the concept of optimum 
root distribution of the characteristic equation.

F ig . 182

In  the given solution of the problem it is necessary also to take 
into account tha t the optimum point F  should not be too close 
to the boundary of stability since from considerations presented 
in Section 31 it is always necessary to have some stability reserve.

If as a result of the above choice of one or two parameters of the 
regulator the root distribution at the optimal point (ft^, ft̂ ) is never
theless not such as would be desirable in the investigated automatic 
regulation system, it is necessary to change the structure of the 
system (in our example to introduce either ft", or ft/&).

I t  is necessary to construct the characteristic equation for the 
new structure where all the parameters in the coefficients are given 
numerically except the newly introduced one (for example, ft"). 
The values of the remaining regulator parameters (ft^, ft̂ ) are taken 
from the preceding calculation. For several values of the new para
meter (ft-) all roots of the characteristic equation are determined 
by the simple numerical method (Section 39) and analogously to 
the above the optimal value of ft" is chosen. From the character 
of the influence of this new parameter on the root distribution it 
will be evident whether its introduction into the structure has practi
cal significance.

In  this way testing the second alternative structure (for example, 
with introduction of ft/b), it is possible to choose the best, taking 
into account simultaneously the static error and other technical 
requirements on the system.
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We note that when a system is made more complicated by the 
introduction of additional elements, in calculating the first simple 
structure it is recommended to choose the optimum values of its 
parameters, requiring real distributed roots. This provides wider 
possibilities in calculating the more complicated structures with 
additional elements. In the final alternative the last regulator para
meter should be taken already on the basis of any arbitrary concept 
of optimal root distribution mentioned above, which it may be 
desired to have in the calculated system.

In  all cases, when choosing the parameters according to the roots 
of the characteristic equation, it is useful to consider the trajectories 
traced out by the roots in the complex plane with variation of the 
system parameters.

Let us consider the following example, due to D. A. Bashkirov. 
Let there be given the characteristic equation

z4 +  5-87z3 +  23-3z2 +  77-63 +  2-69 +  fc(z2 +  l-254z +  14-5) =  0 .

I t is required to determine the character of variation of the roots 
of this equation with variation of the parameter Te in the limits from 0 
to oo. Assigning various numerical values to k, we calculate the 
roots by the numerical methods described in Section 39. The results 
of calculation are given in the table.

k * 1

!

~ 3  | ^4

0 - 0  035 -4 -5 0 —0.670± i4-07
5 -1 -4 4 -2 -98 -0 -7 2 7 ±  i4-14
5-8 -2 -2 0 i0-30 -0 -740± i4 -15

10 - 2 1 0 il-93 -0 -832± i4 -18
20 -1 -5 4 i3-47 - l-3 9 7 ±  i4-28
40 - 2 1 1 i6-19 -0-821± i3 -60

100 -2 -2 6 i9-89 -0 -6 7 5 ±  i3-69
200 -2 -2 9 il4 - l -0 -6 4 5 ±  i3-73

O O -2-31 t o o -O -027±i3-76

From the table it is evident that the system is stable -with any 
positive value of k. The results presented in the table are represented 
in Fig. 182& from which the entire process of variation of the roots 
of the characteristic equation with variation of the parameter fe 
from 0 to oo is clearly seen. With k =  0 the roots zl and za are real 
while zs and z4 are complex. With increase in the parameter k the 
real roots zt and za approach each other; at some value k (~5-7) 
they merge; with further increase of k the roots Zj and za again diverge,
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but now as complex. The roots z3 and z4 in the entire range of varia
tion of Jc (0 <  k <  oo) vary little and remain always complex.

Certain recommendations for choosing desirable root distributions 
of the characteristic equation as the initial material for selecting 
the system parameters are also presented in Section 43.

Knowing all roots of the characteristic equation, it is then necessary 
to plot the curves of the regulation process by any of the methods 
of part Y for the optimal point, and perhaps for certain others. 
This permits a better founded choice of definite values of the regulator 
parameters and taking into account of the right-hand side of the 
differential equation of the closed system.



CHAPTER X

APPROXIMATE CRITERIA OF TRANSIENT QUALITY 
IN LINEAR SYSTEMS TAKING INTO ACCOUNT THE 
RIGHT-HAND SIDE OF THE EQUATION OF THE

CLOSED SYSTEM

41. Integral criteria of transient quality

In  the preceding chapter we have considered approximate criteria 
of the quality of the transient response based on the distribution 
of roots of the characteristic equation. These methods of analysis 
and synthesis of an automatic regulation system already yield very 
much. However at the start of calculation they do not take into 
account the form of the operational polynomial in the right-hand 
side of the differential equation of the closed system, which' has 
a very substantial influence on the shape of the transient response; 
this right-hand side has been taken into account only at the end 
of the calculation in plotting the transient curve to verify the quality 
of the results obtained.

In  the present chapter methods of investigation are considered 
which take into account not only the characteristic equation but 
the operational polynomial in the right-hand side of the differential 
equation of the closed system (i.e. the poles and the zeros of the 
transfer function) from the very beginning. Let us turn first of all 
to integral criteria of the transient quality, which have the purpose 
of relating two important aspects of the transient quality in a single 
criterion: the rate of attenuation and the magnitude of deviation 
of the regulated quantity during the transient (without giving one 
or the other individually). Such criteria in the theory of oscillation 
have been developed by L. I. Mandel’shtam, A. A. Kharkevich,
N. D. Moiseev, B. V. Bulgakov, and others, and in the theory of 
regulation by V. S. Kulebakin, A. A. Krasovskii and A. A. Fel’dbaum.

For a monotonic process the area under the transient curve, 
termed the regulation area (Fig. 183a), could serve as the integral 
criterion of the quality. This area is the smaller, the smaller the 
maximum deviation .rmax and the more intense the attenuation. The

362
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regulation area is expressed by the integral
00

j  xdt ( X ^ V r—Xr). (41.1)
0

where x  is the deviation of the regulated quantity xT from its value x° 
in the new steady-state. For stable linear systems (#->-0 as t^-oo) 
this integral has a finite value. An index of system quality will be 
the minimum of the integral (41.1).

I t  is difficult, however, to determine in advance if the process 
is monotonic or not (see Section 37) and it is not always necessary 
to try  for this, but for an oscillatory transient response the criterion
(41.1) is not suitable since in this case the areas below the curve 
are added algebraically (Fig. 183&) and a minimum of the integral
(41.1) may be obtained, for example, with the oscillatory process 
close to free harmonic oscillations, which is of course inadmissible, 
rather than for rapid attenuation.

A second integral criterion has therefore been proposed
00

/  \x \d t, (41.2)
0

i.e. the sum of absolute values of all areas under the transient 
response curve. But it has been found that its calculation from 
the equation coefficients is difficult.

Integral square criterion. In  the light of the above it is expedient 
to go over to an integral square criterion, sometimes turned the 
“quadratic area” of regulation:

I -  J xldt (;C r£) , (41.3)
0

which is independent of the sign of the deviation and thus of the 
division of transient processes into monotonic and oscillatory.

Let in some automatic regulation system an external pertur
bation /  (load or other) change discontinuously. In  a static system 
a stepwise change of the steady-state value of the regulated quantity xr 
(Fig. 42) will correspond to this. In an astatic system the steady-state 
value of the regulated quantity remains as before (x°r =  x°r° ).

Similarly with stepwise change of regulator adjustment y (input 
command in servomechanism) we will have the case of Fig. 42. The 
transient may have arbitrary form.

The quantity I  (41.3) will be the smaller, the smaller is the sum 
of hatched areas in Fig. 42 or Fig. 183 (taken for the squares of 
the ordinates), i.e. the better the transient approximates to an 
ideal step of the regulated quantity immediately after the step in
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the load or the adjustment. Below we shall see that this estimate 
is not always the best, but meanwhile we shall consider it more 
closely.

We note that estimate (41.3) is also termed the quadratic dynamic 
error of the regulator. I t  may be written in dimensionless form:

oo

(41.4)

where x  =  x(t) denotes the deviation of the regulated quantity in 
the transient from its value x° in the new steady-state (Pig. 42), h is

some quantity having the dimensions of the regulated quantity (for 
example, the static deviation x°—x™), a0 and an are the first and 
last coefficients of the characteristic equation of the given system:

a +  a^ - 1 + ... +  an-tf +  an =  0 , (41.5)

where the quantity \/aJan has the dimensions of time, as is evident 
from comparison of the dimensions of the corresponding terms of 
the differential equation of the system.

Let us consider one of the possible methods of calculating the 
quadratic integral estimate (41.3) with stepwise external force.

In  general form the differential equation of an automatic regula
tion system (in symbolic operational notation), from (5.7), has 
the form

L(p)xr =  S(p)f(t) + N(p)y(t) , (41.6)

where xT is the regulated quantity or its deviation, f(t) is the ex
ternal perturbation, for example in the form of a load variation, 
y{t) is the external input force, for example adjustment of the regu
lator or servomechanism control point adjuster. The degrees of the 
polynomials S(p) and N(p)  are always lower than L{p) but their 
degrees may also be equal (for example, in formulae (20.21) and 
(24.39)).

Equation (41.6) when expanded has the form (5.6). Here, however, 
we shall not simultaneously vary /  and y. Let the transient be caused
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by a unit step 1 (2) (see Section 6) or a function /  with y -- const, 
or a function y with / -  const . Then the equation of the closed 
system is written in the form

{a0pn +  a1p»-1 + ...+ an-1p + an)xp
=  (b0pm + b1pm-' + ... + bm- 1p + bm)l ( t ) , (41.7)

where the operational polynomial in the right-hand side corresponds 
either to S{p), or to N(p).  In the first case it is required of the system 
that it change the value of the regulated quantity as little as possible 
while in the second, that it follow as rapidly as possible the step 1 (t) 
to a definite scale factor.

In  this notation with t < 0, when 1 (t) =  0, we have xr =  0, i.e. 
the quantity xr hero (in distinction to Fig. 42) is read from the level 
of the old steady-state x°°. In  the new steady-state of the system, 
when 1(2) = 1 , we have for Fig. 42

00 bjn
&n

(41.8)

For an astatic system when 1(2) corresponds to a step in the 
load /(2), we have bm = 0 and x° =  a£°.

The deviation x  of the regulated quantity from the new steady - 
state in an arbitrary transient response (hatched portion of Fig. 42)} 
entering into formula (41.3), will be

x(t) =  xr(t) — — ,

where x  (2) is a solution of the equation (41.7).
Under the above conditions the formula for calculating the integral 

square error was obtained by A. A. Krasovskii in 1948; it is given 
here without proof:

OO
I  =  f  ®ad2  =  — j +  jBm-iAjn-,  -}- ... -(-jBaAj +  jBiAj-f-

o' 2a°A

+ B0 A o ) - - 7̂ 1- 1 , (41.9)
Q>n

where A i6 the following nth-order determinant (equal to the older 
Hurwitz determinant, but written in a somewhat different form)

a n , — & n-2 j & n-4 ; 6 j  •••

o , a n - 1 , a n - 6 i

o , ( Xn , ^ 7 1 -3  • —  <Xn- 4 1

0 , 0 , ® f l - ]  j •••

1). 0 . 0 ,  . . . .  a

A = (41.10)
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and A (k =  m, m — 1, 2 ,1 , 0) in formula (41.9) denotes the
determinant obtained from (41.10) by substitution in the (m — Tc +  l)s t  
column of the column

0>n~i
an
0

0

(41.11)

The coefficients Bm. ... are calculated from the formulae

r> J)2^ m  —  um i

B m—l =  1 b m —2 j

B m —2 =  bm—2 3 2bm bm^ i  j

H fc =  b \ — 2 6 f c + i 6 * - i  +  2bk+2bk-z  + . . .  +  2  ( —  l ) * f i m &2* - m  i

B0 = b20 .

(41.12)

In  the determinant (41.10) all symbols with indices less than zero 
and greater than n are replaced by zeros while in .(41.12) those less 
than zero and greater than m.

When m  =  n, (41.9) is replaced by the following:

I =  xMt -
2a*A

(B'n An -\-B'n- +  ... ~\~B2̂ 2"i- ^(Aj)■ K K - 1
a„

where

B[

b ‘

b'

■ K

1 =  ôl

£ h \*

f io « o /

bn « n \

bo « o /

bn—l a ,

K
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In  addition, there exists an integral square criterion of the form
(41.3) for a transient process caused by a unit impulse l'(f). We 
denote this criterion by I'.

Its formula is given, for example, in the book of B. V. Bulgakov 
(Reference 16); it is written in the form

where

( -1  ) m Q

a l , *3) ®5> " . , 0

a 01 a i ) . , 0

o, a 3 , .. . , 0

o, 0, 0 , . . . ? <7-5

(41.13)

( 4 1 . 1 4 )

g0, g i, fh, •••, gn-i |
ao, a2, a4, ", 0 :
o, al , a3, - , o | ’ (41.15)

!0 , 0 , 0 ,
........  j
* ■ • t Q*n

and a0, alf an denote the coefficients of the left-hand side of the 
equation of the given system (41.6) while g0, glt ..., gm the coef
ficients of the expression

S  (p) S  ( -  p ) =  g0 p‘im +  <7i p2(m-1) + ... +  gm-i p2 +  gm 

or the expression

N ( p ) N ( - p )  =fifoP'2m +  ̂ lP2(m" 1) +  -+ .^m -lP 2 +  ̂ m ,
depending on whether the transient follows a unit impulse of the 
load /  or the adjustment y. Here, as before, m denotes the degree 
of the polynomial S(p) or N(p),  respectively. From the determinant
(41.15) it is evident that formula (41.13) is appropriate for the case 
when m <  n — 1. Here all values of g with indices greater than m 
are replaced by zeros. The determinant (41.14) is the older Hurwitz 
determinant.

The criterion for the unit impulse (41.13) is simpler than that 
for the unit step (41.9) but one of its properties should be re
marked. For example, let there be the equation of an nth-order 
static system with an mth-degree polynomial in the right-hand 
side and the equation of an astatic system of the same order with 
an (m -fl)st-degree polynomial in the right-hand side (bm+i = 0). 
I t is easily verified that that for both the systems the expression 
for the integral estimate (41.13) will be exactly the same. In  other 
words, introduction of the factor p in the right-hand side of the
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equation of the system does not change the expression for the inte
gral estimate (41.13), which cannot be justified from the point of 
view of the general requirements on the quality of a transient response 
or regulation. The criterion (41.9) takes on various expressions for 
both these systems.

The integral criteria I  and I '  (or the expressions for the dynamic 
square errors) are applied to the choice of structure and parameters 
of automatic regulation systems. The best parameters are those 
for which the magnitude of I  or I '  has the minimum value.

I t is important that here, in contrast to the methods of Chapter IX, 
not only the characteristic equation of the system is considered but

also the operational polynomial in the right-hand side of the system 
equation and to some extent even the magnitude of the regulated 
quantity deviation is estimated simultaneously with the rate of 
attenuation in the form of the quadratic area under the transient 
curve.

In Section 44 we shall present one further formula for calculating 
the integral square criterion (41.3) from the given amplitude-phase 
characteristic of the closed system.

A defect of integral criteria is that there are no restrictions on 
the shape of the transient curve. I t  is found, for example, tha t three 
completely different responses as shown in Fig. 184 have the same 
value for the integral square criterion (41.3). I t  is frequently found 
that excessively strong oscillations exist for system parameters chosen 
for a minimum of this criterion, since the effort to approximate 
the process to an ideal step-function already noted causes a high 
velocity process in the transition to the steady-state value x  =  0.

To improve the integral square criterion the expression has been 
proposed, where V is some (positive)-definite quadratic form of the 
quantity x  and its derivatives x{i) with respect to time:

n —1

V (t) =  aijxWx[i)
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which has been considered in connection with the theory of auto
matic regulation by A. A. Fel’dbaum.

Improved integral criterion. In many cases, to improve that integral 
square criterion of the transient quality, for a unit step of the ex
ternal force f{t) or y(t) (i.e. to reduce the oscillatory process by 
limiting the velocity and reducing the “scatter” of the possible 
forms of transient), it is usually sufficient to apply the following 
improved integral criterion:

oo
Ik =  J (#a +  T2x2)dt , (41.16)

a
where x  is the deviation of the regulated quantity from the new 
steady-state value and T  is a preassigned time constant, the signific
ance of which is explained below.

While the minimum of the ordinary integral criterion (41.3) 
signifies approximation of the transient curve to an ideal step,

the minimum of the improved integral estimate (41.16) as shown 
by A. A. Krasovskii corresponds to approximation of the response 
to an exponential. The actual response here may be also oscillatory 
(Fig. 185), but with small overshoot.

In  essence, we transform expression (41.16)
CC OO OO

Ik — f  (x2+ T 2x2)dt — J  (x + Tx)2dt — 2T f xxdt . 
b o b

But taking into account Fig. 42 and (41.8) we have
OO f—OO

Therefore
OO

Ik =  ( (x+Txydt  +  l l ^ X  . (41.17)
• \&7l }0

The lowest bound of the minimum Ik is consequently defined from 
the condition x +  Tx =  0, from which

x — x0e r  or xr =  x°r— (xf—xf)e
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this corresponds to the broken-line curve in Fig. 185. In  reality 
it is not possible in an arbitrary system to obtain zero value of 
integrand (41.17) and the transient curve will be somewhat different 
(for example, the full-line curve in Fig. 185).

I t  is now clear how the time constant T  entering into (41.16) 
should be assigned. If speed is important and oscillations are ad
missible (or even necessary), the value of T  is taken smaller. If 
monot onicity and smoothness of the process is important, it is taken 
greater.

In  dimensionless form the improved criterion (41.16) may be 
represented, by analogy to (41.4), in the following manner:

00

/  (x2 + T2x2)dt
(41.18)

To calculate the improved integral criterion I k for a transient 
caused by a unit step of load f{t) or input command y(t), we separate 
the integral (41.16) into two:

00 OC

I fc =  f  x2 (It +  T2 f  x2dt .
o o

The first of these represents the previous value of y, which is calcu
lated according to formula (41.9). To calculate the second integral, 
it is necessary to write the differential equation for x. Differentiating 
(4.1.7) and noting that x =  x, we obtain

(a0'Pn +  «i p""1 +  • ■ • +  o*_ i p +  an) x
= (b0pm+1 + b1pm + ... + bm-1p2 + bmp)l(t) . (41.19)

Therefore by analogy with (41.9) we find

I x 2d t  — ——■( B m A m - i  + . . .  - \ -B . i A 1 +  J?jA0 +  B 0A _ } ) .
i  2 < A

The. final formula obtained (with rn ^ n —2) is
OO

/ fc=  I (a? + T*x*)dt = —y t  [5 toAto +  (Bm-i  +  T2B m) Am_, +
o’ 2 a * A

+  (Dm- 2 +  T 2Bm- 1) Am_2 +  ... +  (Bj +  T 2B 2) A,+

• (B0 +  T2B X) A0 +  T^ 0 A_,] - bmbm—1
2 > (41.20)

where we employ the previous notation (41.10), (41.11), (41.12). 
Only the determinant A_j is new here, but it is constructed by the
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eame rule as all the remaining, i.e. in the given case by replacement 
of the (m-f 2)nd column in the determinant (41.10) by the column
(41.11).

But since the determinant (41.10) has a total of n columns, the 
last determinant in formula (41.20) has significance with the condi
tion m < n — 1, which in automatic regulation systems is frequently 
satisfied. In  the case when m = n — 1 it is necessary to apply the 
same form of the formula to the second integral in the expression I fc, 
according to (41.19), as for equation (41.7) in the case m =  n. Conse
quently, with m =  n — 1 we obtain the formula 

00

/ * =  I (a? + TW)dt  = - \ ~ [ ( B n + T*B'n)Am+
J 2a2nA

+  (B m - i  +  T ^B'n-1) Am_! + . . .  +  { B x +  T^B'z) Ax-|-

+  ( i 0+ M J ) A 0] - % i - P % 1, (41.21)
an a0an

where

Similarly, applying formula (41.13), it would be possible as well 
to calculate the improved integral criterion (41.16) for the disturbance 
caused by an external unit impulse. Taking into account (41.15) 
and (41.19), where l(t) must be substituted by l'(t), from (41.13) 
we obtain

(—1)”V? +  T2(—l)m+1(—g)
2a0A„

or
I f  =  (1 +  T2) / '  . (41.22)

Consequently, the integral criterion in the form (41.13) in essence 
here remains the same (since introduction of a common factor has no 
essential significance). This result may be explained by the fact that 
with impulse input the new steady-state regulated quantity is equal
25



372 The Dynamics of Automatic Control Systems

to the old and we are concerned here with the best approximation 
to the straight line x  =  0, coinciding with the axis of abscissae, 
and not to a step as before.

The estimate (41.16) may also be calculated from the preassigned 
frequency characteristic of the system, for example in those cases 
where the equations of some elements of the system are unknown or 
when in general the entire calculation is carried out by frequency 
methods (see Section 44).

A defect of the above formulae for calculating either I  or I* is 
their expression in terms of determinants, which are difficult to 
expand in algebraic form when the characteristic equation is of 
high degree. In  these cases it is possible to use existing special nu
merical procedures. The determinant A (41.10) itself, as the older 
Hurwitz determinant, in accordance with Section 29 has the form

A =  A» =  a0aa) with n =  3 , (41.23)

A =  An =  a ^ a ^ a ^ —a0a3) — a4af] with n =  4 , (41.24)

A =  A„ =  a»[(aiOa-  a0Os) (a3a4--a !!a5) - ( Oja4-  a0a5)2] with n =  5.

Only the determinant Am is somewhat more complicated to calculate 
when the first column of A (41.10) with a single element an is replaced 
by the column (41.11) with two elements On~x and o» and the deter
minant 0  with m = n — 1. All the remaining determinants are simpler.

Finding the minimum of the integral criterion. Let it be required, 
starting from the minimum of some integral criterion, to select two 
arbitrary parameters a an (3 in the given automatic system. These 
two parameters enter into the coefficients of the differential equation 
of the system. From the above formulae we find the expression 
of the corresponding integral estimate. This expression, if all para
meters of the system are given except a and (3, has the form

To determine the values of « and (3 corresponding to the minimum 
of I , we calculate the partial derivatives with respect to « and (3 
and equate them to zero. As a result we obtain two equations:

with two unknowns a and (3. From these the required values of 
the parameters a and (3 are found. To verify tha t this is actually 
a minimum and not a maximum, it is possible to calculate the value 
of I  for these values of a and (3 and then for some neighboring values. 
The value for the latter should be greater. I t  is possible to proceed

(41.25)

Z =  Z («,P).

P) _ n dZ(<*» P) _
0a ’ 0p

(41.26)



Criteria of Transient Quality in Linear Systems 373

similarly in the choice of several parameters with respect to the 
minimum integral criterion.

As we shall see below, the function I  (a, (1) will not always have 
a minimum with respect to these parameters. I t  is then necessary 
to choose them for the smallest value of the integral criterion I  
within a region indicated from other considerations.

I t  is also important to bear in mind that the expression for the 
integral criterion in terms of selected system parameters in algebraic 
form may be too complicated in a number of cases to test by formulae
(41.26). In  these cases it is possible to proceed otherwise: to assign 
several numerical values for one of the selected parameters (with 
all the remaining fixed) and to calculate for each of them the value I  
(or lie). The result will make clear which values of the given para
meter yield (for clarity it is possible to plot the graph of I  as 
a function of the selected parameter). I t  is necessary to proceed 
analogously also with the other selected parameters of the system.

In concrete calculations it is always necessary to take into account 
tha t simultaneously with this choice of parameters it is necessary, 
firstly, to ensure good static properties of the system and, secondly, 
to test whether the optimum point is not too close to the boundary 
of stability, since as shown in Section 31 it is always necessary to have 
some reserve of stability.

42. Examples of the choice of system parameters with respect to the 
minimum integral criterion

Let us consider certain examples of application of various forms 
of integral criteria for the transient quality.

To be able to have a clear opinion of the results obtained by choice 
of system parameters with respect to the minimum quadratic integral 
criterion, we take the Yyshnegradskii diagram for the third-order 
system and plot on it lines of equal values of the dimensionless 
integral square criterion I 0. We compare the results of the plot 
with the results of the previous methods for choice of parameters. 
We also compare the results of applying the integral square criteria, 
I '  and I k (see Section 41).

We consider three forms of differential equation for a closed 
third-order automatic system:

(«0p3 +  «i V2 -- «2P r  a3) (t) , (12.1)
(«i)P3 +  »iP2T « 2p r«a)® =  {b0pi + b1p + b2)<l>(t) , (42.2)
(a0p3-[-a1p2+ a2p + a3)x = (60pa +  ^iP) + (̂ ) a (42.3)

where by ^(f) is understood either the perturbation /(f) or the input 
command y(t). Equation (42.3) corresponds to an astatic system.
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From the cases considered (42.2) and (42.3) it is possible, if necessary, 
to obtain in particular the estimate formulae for equations with 
first-degree polynomials in the right-hand part (with b0 =  0).

Case (42.1). Let us calculate the quadratic integral criterion for 
the transient caused by a unit step of function (̂<) from formula 
(41.9). The determinant A will here be (41.23). In equation (42.1) 
m  =  0. Therefore in formula (41.9) there will be in parentheses only 
a single term F 0A0, not equal to zero, where on the basis of (41.11) 
we have:

a 2t - a i , 0

A0 = a 2 1 ~ ®o —  Oi

o , ®3) « i

result (41.9) gives

II \s
u

l a 2 +  « !  \
2ai \ « 3 ^ 1 ^ 2  ^ 0 ^ 3  /

(42.4)

(42.5)

This serves for choice of system parameters (entering into coef
ficients a0, at , a2, a )̂ from the condition of minimum magnitude 
of the integral square criterion I.

Let us plot the criterion diagram in the Vyshnegradskii parameter 
plane A , B. From (29.9) we have

. ® /~; —  * /— ;
— A r &\)d3 j $2 :,I= ^  I (̂ ô S *

Substituting this in expression (42.5), we obtain

A 2
A B - l) (42.6)

Let us find the dimensionless integral square criterion defined 
by formula (41.4), where in place of the quantity h we introduce 
the static deviation (41.8). Then

h (42.7)

In this ease (m =  0, n  =  3) from (42.6) we obtain

h  =
1
2 B A 2

A B - (42.8)

With I 0 =  const, this gives in the plane [A , B) the curve

A 2 + { A B - 1 ) ( B - 2 I 0) -  0 .
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The curves of constant values of integral square criterion I 0 plotted 
according to this equation are given in the diagram of Fig. 186 
(from the work of A. A. Krasovskii, 1948). Broken lines show the 
curves taken from the Vyshnegradskii diagram (Fig. 169), indicating

the regions of monotonic (I I ,  I I I )  and oscillatory (I) responses. 
The minimum integral criterion is found from formulae (41.26), i.e.

which gives
1

A B - 2 =  0 , ( 4 B - l ) a- l »  =  0 ,

from which we find A  =  1, B  =  2. Consequently, the minimum 
integral square estimate I 0 =  1-5 occurs a t the point D (Fig. 186)*.

This point, however, lies too close to the stability boundary, which 
may not provide the necessary stability reserve (Section 31). There
fore it is better in practice not to take the system parameters exactly 
at the point D but somewhat to the right and above.

We now calculate for this case (42.1) the integral square criterion I '  
for the transient caused by the unit impulse i}»(<) from formula (41.13). 
The determinant A„ has the form (41.23). The determinant O for 
equation (42.1), from (41.15), will be

K, 0 , 0
a0l aa, 0
o, ai , <*8

— &0®2®8 •

* This result has significance, however, only in those cases where from (42.7) 
the quantities bQ,a,,aa remain constant while the selected system parameters 
enter only into the coefficients a ,  and a, of equation (42.1).
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Therefore from (41.13) we find

I '  =
• ®o®s)

^ L ' / a .  g
2ao r a3 AB —1

(42.9)

The relative value of the integral square criterion, in distinction 
to (42.7) is taken here in the form

In this case after substitution of (42.9) we have

(42.10)

15 =
B

2(AB —1) (42.11)

which with 15 =  const corresponds in the plane (A , B) to the curves

These are the same hyperbolae as the Vyshnegradskii hyperbola 
AB  =  1, denoting the boundary of stability, but shifted to the

right by the distance 1/2/' (Fig. 187). Consequently there does not 
exist a minimum of this criterion with finite values of the equation 
coefficients if the selected parameters of the system enter only into 
a1 and o2. The criterion decreases, i.e. becomes “better” , with 
unlimited increase of parameter A  or, which is the same, the coef
ficient of the system equation (42.1). From (42.10) this conclusion 
is invalid if the selected parameters of the system enter into the 
coefficients b0, a0 or a, of equation (42.1).

Case (42.2). Here m  =  2. In  (41.9) the determinant Ag, in ac
cordance with (41.11), coincides with the determinant A, of the
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previous case. Therefore, taking into account (41.12) we have:

-BaAg =  dpdg) “t" ®3®i] i

B, A, =  (b \-2b& )

B0 A0 =  b\

<*8) ®2) 0 
0 , Ogf —ag 
0 , 0 , d.

Os, — <*i, da

— (6i — 2^2̂ a)^iaa >

0, U2, da
0, -d,, 0

— &0®8 )

and (41.9) gives the following integral square criterion for the transient 
caused by a unit Btep function ^{t):

_ 1 [
2df[ da

2~ +  ^ i + ( t ! - 2W « 1f l , + ^  _  2b b 
&1&2 '

In dimensionless form (42.7) we obtain from this 

1= A* +  (y?-T oM + y2 o.. 
B + ------- A B = 1 ----------2Yl

(42.12)

(42.13)

where A  and B  are the Yyshnegradskii parameters (29.9) and

T. =  ^ l 7 l -  (42.14)
2̂  ̂ ^0 2̂ " <*0

Let us find the point of minimum of this criterion with respect 
to the parameters A  and B,  Fiom formulae (41.26) and (42.13) 
by calculation it is possible to obtain two equations:

B = -[ + F( A) ,

B 2 A  +  Y? —Y0
F(A)

where

F(A)
=  ] / a  +  y ? - y + 3 -

(42.15)

(42.16)

(42.17)

The intersection of the two curves (42.15) and (42.16) in the 
plane (A , B) defines the minimum point of the integral criterion 70 
(42.13). To have an approximate idea of its position, we note that 
the difference between this criterion (42.13) and the criterion (42.8) 
for the previous case is

(Yi-YoM +  y£ 
2(4£-l) ' Yi (42.18)
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For given yx and y2 it decreases with increase of parameters A  and B  
(or, which is the same, a, and a2). The point of minimum of the 
integral square estimate is thus here shifted from the previous 
point D  (Fig. 186) in a direction opposite to the origin of coordinates, 
for example to the point F  (with constant coefficients a0, 03, &2 in 
equation (42.2)).

Finding the integral estimate (41.13) of the process with a unit- 
impulse perturbation for the same case (42.2), we see that there 
is no minimum with respect to the parameters ax and a2.

The case (42.3). For an astatic system described by equation 
(42.3), putting b2 =  0, from (42.12) we obtain the integral square 
criterion (for a step)

I  = 1 "4-
2f lg  UjU2 —  OjqOq

(42.19)

In  place of (42.7) the dimensionless form of the criterion I 0 may 
be taken for the astatic system in the form

Io =
*4-1 J 7 On ' 

al X  a0

In this case (m = 2 , n =  3) from (42.19) we have

_ _ A  + y* 
io 2

where

T

2 { A B - 1 ) ’

bi X  '

(42.20)

(42.21)

(42.22)

The integral square criterion for the impulse (41.13) will be here

j ,  _  boa2 +
_  2a0(aLaz- a 0â ) ’

and in relative form (42.10) we obtain

I'  =
£  +  - a Y2

2 { AB -X )  '

(42.23)

(42.24)

This criterion corresponds to the somewhat deformed hyperbola 
in Fig. 187. The criterion (42.21) for the astatic system also has 
a form analogous to a family of hyperbolae, but with decrease of I 0 
they shift upwards. Consequently, there is no minimum for either 
criterion with respect to the parameters ax and aa.

From the above calculations it is possible to conclude that in 
the given examples the integral square criterion (41.9) for the cases
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(42.1) and (42.2) leads to definite recommendations for the choice 
of system parameters: the point D in Fig. 186 in the first case and 
the point F  in the second. The point F  apparently corresponds to 
a more favourable process, the point D lies too close to the oscillatory 
boundary of stability and gives a strongly oscillatory transient 
response.

From this point of view it may be considered that a system 
structure which leads to an equation of the form (42.2) is better 
than a system described by equation (42.1) since it gives a better 
response for the same form of criterion. For a final evaluation of 
the transient quality for given numerical values of the parameters 
it is necessary to consider the transient curve plotted for these 
values by any of the methods described in Part Y.

The fact tha t a minimum criterion was not obtained in a number 
of cases above with respect to the parameters ax and a2 does not in 
any way signify, of course, that these forms of criteria are of no use 
in the choice of specific physical parameters (fcf and Tt) entering 
into the coefficients of the differential equation of the system. We 
shall show this by an example.

Example. We shall select the transfer factor of the sensitive 
element k2 in the automatic pressure regulation system (considered 
in Section 23) from the minimum integral square criterion, neglecting 
the mass of the moving parts of the sensitive element (Ta =  0).

From (23.33) and (23.34) the differential equation of the system 
has the form

[(2,1p +  l)(T ap +  l)(T sp +  l) +  fcife2]9 =  {T2p + l ) ( Tsp + l)<\> .
Here we have the case (42.2), where the coefficients will be

ao =  T 1T2Tb , ax =  T1T2 +  T 1TaJr T2T9 , a.2 = Tx 4-  T 2 +  Ts ,
<*3 =  1 +  k1k2 , b0 =  T2T8 , bx =  T2 4-  Ta , b2 =  1 .

The integral estimate for a step (41.9) according to formula (42.12) 
takes the form in this case

(42.25)

I  = 1
2[ i H W 2 1 +  kxk2

+ ax(b\—2i 0)(l +  kxk2) 4- b0(\ 4- kjc2) _^
axa2 a0{ 1 4" k\lc2) >

where all quantities are given except Tc2, which is to be selected 
from the condition of minimum I.

The integral criterion (41.13) (for impulse) takes in this case 
a more simpler form

j, =  {b\a24- a0b \ - 2a0b0)(1 +  ~kjt2) 4- a0a,
2a„(l 4- kxk2) [â—a0(l 4-&A)]
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Let us find the parameter Jc2 from the condition of minimum I'. 
After certain calculations we obtain
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8F  _  (1 +  fcjfc,,)8 +  2^(1 +  kjkj) — c2
dh2 ~  cs(l +  y !)![«1fl2- a , ( l  +  ’

where
e _  ____ a<fli_____

boa2 +  a0(bi—2 b0)
2c _ a lg2_____

b a2-{-aQ{b\—2b0)
_  _______ 2_______

J c i [ b 0a 2 +  a0(&i — 260)]

Equating (42.26) to zero, we obtain the quadratic equation with 
respect to (1 +  Noting th a t only one of its solutions will be 
positive, we obtain the required value of the parameter in the form

h  =  - (^cJ +  C a-C i-l) , (42.28)
*x

(42.26)

(42.27)

where c, and c2 are calculated from formulae (42.27) in which all 
quantities are expressed by the prescribed system parameters using 
formulae (42.25).

Choice of system parameters for minimum of the improved integral 
criterion. For comparison with the previous results we consider 
the same case, but (from considerations discussed in Section 41) 
we limit ourselves only to consideration of the transient caused 
by a unit step function <|>($).

In  the case (42.1), where n = 3 and m =  0, from formula (41.20) 
it is necessary to consider in addition to the above only the de
terminant

A-x
a3f a2, 0 ,
6 , <*3, a0,
0 , 0 , a,

— &3&1 •

In the result formula (41.20) gives the following expression for 
the improved integral estimate:

r _ bo f a3a1 +  T
J-k — r~a I a2 i

2flg \ — 0̂̂ 3 /

In  dimensionless form (42.7) we have

A* +  TaA\
A B - 1 / ’

(42.29)

(42.30)
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where A  and B  are the Vyshnegradskii parameters (29.9) and

T =  T «8
«0

(42.31)

is the dimensionless expression for the time constant of the exponen
tial to which we desire to approximate the transient in the given 
regulation system.

From a comparison of the criterion obtained (42.30) with 
the previous I„ (42.8) we have

f ko
T 2A  

0 + 2 ( A B - l ) (42.32)

The minimum estimate I„ occurs at the point I) (Fig. 186). From 
formula (42.32) it is evident that the additional term entering into 
the improved criterion I ^  decreases both with increase of para
meter A  and, particularly, with increase of parameter B.  However 
simultaneously with this the fundamental component I 0 increases.

As a result the minimum value of the improved estimate I ko shifts 
from the previous point D in the direction of increase of the coordi
nates A  and B,  for example, to the point E  (Fig. 186). This shift 
will be the greater, the greater the prescribed value of the quantity t . 

Simultaneously the entire curve of equal criterion values shifts 
in a corresponding manner, as plotted in the diagram (Fig. 186), 
so that it now encircles not the point D but the new point E.

The position of the point E  for each given value of t  may be found 
from formulae (41.26), written for the parameters A  and B  on the 
basis of expression (42.30). As a result we obtain two equations

1 2£ - 2 4 - t! =  0 , 

( I S - l f - ^ i + T 8) =  0 . 

Each of them individually gives

A B = l + A y ' A  + t 2 .
(42.33)

Plotting two curves from these equations with the coordinate axes 
V =  AB,  x  =  A  for given t ,  we obtain at their point of intersection 
the values of A  and A B  (Fig. 188a). Dividing the latter by the former, 
we find also B. The values A  and B  obtained are the required coordi
nates of the point E  (Fig. 186), where a minimum criterion I ko (42.30) 
occurs for given t.

The position of the point E  in the diagram (Fig. 186, see also the 
Vyshnegradskii diagram Fig. 169) shows that with use of the c-ri-
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ter;on the best response obtained is smoother than with use
of the criterion In Fig. 188&, c the approximate shapes of the 
transient curves for the points D  and E  are shown.

As we expect, the points D and E  do not coincide with the point 
of maximum degree of stability C (see Fig. 173). The points C and D 
may be considered as extreme limits between which the best response 
is located.

The improved integral criterion of the transient quality /*„ may 
be considered more successful, considering various requirements 
(by assigning T), which may be placed on the rate of attenuation 
and the smoothness of the transient process in various real systems.

An analogous calculation may be carried out for cases (42.2) 
and (42.3) from formula (41.21). In the case (42.2) we also obtain 
a shift of minimum integral criterion from the point E  to some point K  
(Fig. 186) towards smoother processes. Here in the case of an astatic 
system the criterion I ko takes an expression which, in contrast to I 0 
(42.21) also gives a definite minimum point in the Vyshnegradskii 
parameter plane (A , B ).

43. Choice of system parameters with respect to the distribution of poles 
and zeros of the transfer function of the closed system

The differential equation of a closed automatic system has the form

where x  is the deviation of the regulated quantity, /  is the external 
perturbation on the regulated object, y is the external command 
input to the regulator, L(p),  S(p),  N(p)  are operational polynomials 
where the degrees of 8 {p) and N(p)  are usually lower or at most 
equal to the degree of L{p).

From Section 8 the transfer functions of a closed system with 
respect to the external force are denoted respectively:

F i g . 188

L{p)x  =  S(p)f  + N(p)y  ,

(43.1)
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The composition of the equations or, which is equivalent, the transfer 
functions for various closed systems is clear from Chapters V and VI.

The roots of the denominator L(p) of the transfer function are 
termed the poles of the transfer function while the roots of the 
numerator S{p) or N(p)  are the zeros of the transfer function. Both 
together are termed the singular points of the transfer function.

In  Chapter IX  we presented methods for selecting the system 
parameters from the distribution of roots of the characteristic 
equations L(z) =  0, i.e. the poles of the transfer function of the

closed system. But, as already mentioned previously in Section 36, 
the quality of the transient resulting from a change in the force / 
or y is not only defined by the denominator L(p) but the entire 
transfer function Wf(p) or Wv(p) respectively. Therefore a more 
complete judgment of the transient quality may be obtained from 
an analysis of the relative positions of the poles and zeros of the 
transfer function of the closed system.

Here we shall consider certain recommendations for the most 
expedient distribution of the poles and zeros and on this basis 
a method for choosing the system parameters. From this it is possible 
to obtain also certain recommendations useful for solving problems 
by the methods of Chapter IX.

On the distribution of poles and zeros of the transfer function. The 
recommendations presented here were given by S. P. Strelkov in 
his work on the theory of linear amplifiers *.

Let us denote the poles of the transfer function of the closed 
system in the complex plane p by crosses and the zeros by circles 
(for example, Fig. 189a).

In  the work by Strelkov an approximate formula is derived for 
determining the amplitude C{ and the phase 8,- of any of the com
ponents

Ofe^sinjoiit +  Si)

* “Avtomatika i telemekhanika” , No. 3, 1948.
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in the solution of the differential equation describing the transient 
in the system with unit step of function f  or y. I t  is written in complex 
form

» —1 m  _

2
c<eai = - ~ i ? — £ r — W ) ’ (43.2)

n  s *  i i
8—1 9«=1

where in place of W/(0) may be put Wj,(0) in accordance with formu
lae (43.1), depending on whether the transient is caused by a step 
of function /  or y. In  formula (43.2) n and m denote the degrees 
of the denominator and numerator of the transient function of the 
closed system (43.1), RQ0 is a vector plotted in the complex plane p 
from the gth pole to the origin of coordinates (Fig. 1896), Bai from 
the gth pole to the ith  pole (in Fig. 1896 the ith  pole, for which 
the amplitude and phase of the solution are defined, is taken as 
pole 1), Rso is plotted from the sth zero to the origin of coordinates, 
Ra from the sth zero to the ith  pole. The symbol II denotes the 
product. The product with respect to index q is conventionally 
written in the limits from 1 to n — 1 ; but this should be understood 
such that the vector Rno enters into the numerator of expression
(43.2) while only the vector R i0 is absent (from the ith  pole itself 
to the origin of coordinates, see Fig. 1896); in the numerator of 
expression (43.2) the vector R H is naturally absent, but the vector Rn{ 
is included.

From formula (43.2) it follows that to reduce the amplitude of 
the ith component in the solution of the transient response equation 
it is necessary to consider how to distribute the poles and zeros 
of the function of the closed system so tha t the vectors plotted in 
Fig. 1896 by full lines increase while the vectors plotted in broken 
line decrease. But, as is evident from (43.2), here it is not so much 
the magnitudes of the vectors which is important as their ratios. 
At the same time it is necessary to bear in mind tha t the poles cannot 
be brought too close to the imaginary axis since their distance from 
the imaginary axis (i.e. the real part) defines the rate of attenuation 
of the transient—the degree of stability of the system.

For example, for the distribution of poles and zeros shown in 
Fig. 189a, with W„(0) =  1, we obtain the amplitudes of the individual 
components of the transient curve:

Cx =  21-6 ; C, =  140; C3 =  194 .

Let us shift the poles, not changing the distances of the closest 
poles to the imaginary axis, in the following manner: the pole 1 
from the point (—60, il5) to the point (—60, i25); the pole 3 from
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the point (—75,il0 ) to the point (— 75, i25); the pole 5 from the 
point (—80, iO) to the point (—90, iO) and correspondingly the 
conjugate poles 2 and 4. We also shift the zero 1 from the point 
(—55,i25) to the point (—65,i30) and the conjugate zero 2. Now 
the amplitudes strongly decrease:

Cj. =  3-5; Ca =  6-2; C3 =  11-6 .

A still greater difference is obtained if the poles remain in the 
same positions as is shown in Fig. 189& and only the zero 1 is shifted, 
from the point (—55, i25) to the point (—35, il5), and the conjugate 
zero 2. The amplitudes here strongly increase

C, =  123 , C2 = 524 , Cs = 920 .

These examples assume in all three cases W/(0) =  1. But it is 
also necessary to take into account, firstly, that from (43.1) W/(0) 
is the ratio of constant terms of the operational polynomials S(p) 
and L(p)  which also may vary with shift of poles and zeros. Secondly? 
from (20.11) the poles and zeros cannot change independently of 
each other.

In  these examples the influence of the mutual positions of the 
poles and zeros of the transfer function of a closed system on the 
magnitude of deviation of the regulated quantity during the transient 
is very clearly seen. The intensity of damping of the transient is 
defined, as before, by the real parts of the poles, i.e. by the roots 
of the characteristic equation.

In  this connection we note tha t it is exactly the mutual positions 
of poles and zeros of the transfer function, or in other words, the 
values of the coefficients of the operational polynomials in the left 
and right-hand sides of the differential equation of the system which 
define the initial conditions of the transient process (6.23) and, conse
quently, the arbitrary constants of the solution describing this 
process, which corresponds to the magnitude of deviation of the 
regulated quantity during the transient.

Varying the distribution of poles and zeros, taking into account 
formulae (20.11) in the interests of the quality of the transient 
response it is simultaneously necessary to verify, as always, the 
static and stationary dynamic errors of the system.

As a result of his analysis S. P. Strelkov makes the following 
recommendations:

(a) it is desirable to locate the zeros close to the region of pole 
distribution; zeros remote from the pole region lead to increase in 
amplitude of the oscillations in the transient responses;

(b) to decrease the deviations during the transient it is frequently 
expedient to separate the poles from each other while to increase
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the rate of damping of the transient, to remove them further from 
the imaginary axis;

(c) approach to each other for those poles remote from the im
aginary axis presents little danger.

More concrete recommendations for each particular case of system 
may be obtained on the basis of applying formulae (43.2) and graphs 
similar to the graph of Fig. 189fr, plotted for the given concrete 
system.

Choice of system parameters from the distribution of poles and 
zeros. Here we shall consider a numerical method. According to the 
general idea it is completely analogous to the numerical method 
for choosing the system parameters from the root distribution of 
the characteristic equation described in Section 40.

As was done there we shall not start from a preassigned pattern 
of pole and zero distribution of the transfer function of the closed 
system but we shall set the aim of achieving the most favourable, 
(for example from the point of view of the above recommendations) 
distribution among those which may actually occur in the automatic 
regulation system under consideration in various alternative 
structures and in possible ranges of variation of the selected para
meters of the regulator. These ranges may be considered given 
from design considerations and from the requirements of sufficiently 
small static and stationary dynamic errors.

Let us consider first the simplest type of structure, writing its 
differential equation according to the rules of Chapter VI with 
perturbation (or command) force in the right-hand side and cor
respondingly the transfer function of the closed system (43.1). Here 
the coefficients of the operational polynomials L{p) and S(p) (or A (p)) 
will consist of prescribed numbers and one or two selected para
meters of the regulator (for example, Jc* and k^, as in Sec
tion 40).

Assigning a certain average value of k  ̂ and several values of 
for each of them we find by the simple numerical method (Section 39) 
all the roots of the polynomials U p)  and S(p). The former will be 
the poles and the latter the zeros of the transfer function. We shall 
thus find the variation of pole and zero distribution with variation 
of the parameter k  ̂ (along some straight line A B  inside the stability 
region, Fig. 182).

Choosing the value k  ̂for which the best pole and zero distribution 
is obtained (for example, from the above recommendations), we 
fix this value but vary the second parameter fc". Taking several 
numerical values in succession, for each of them we find all the 
poles and zeros in the same way. As a result the variation of pole 
and zero distribution of the transfer function along some straight
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line DE  (Fig. 182) will be found, which permits determining the 
optimum point F  with the best distribution.

Here it is again necessary to take care th a t this point satisfies 
also the requirements of static precision and other require
ments and th a t it not be too close to the boundary of stability 
since, as always (Section 31), it is necessary to have some stability 
reserve.

If we do not succeed in these calculations in obtaining a satis
factory distribution of poles and zeros of the transient function of 
the closed system, we change its structure; for example, in addition 
to the previous we introduce Tt1b or ft-, as in Section 40. Then, taking 
the previous values of Tĉ  and ft^, we construct the transfer function 
in which the coefficients of the polynomials L(p)  and S(p) include 
in algebraic form only the new parameter of the regulator ft# (or ft"). 
Calculating all the poles and zeros of the transfer function for several 
values of ft#, we find its optimum value.

This numerical method of choosing the system parameters, al
though a t first glance too laborious in the amount of calculation, 
in many cases may prove less cumbersome with regard to calculation 
and rapid approach to the goal then the previous methods discussed 
in Sections 38-42. The main thing is th a t it apparently may be 
fairly effective in the sense of its flexibility and possibilities of 
“wringing out” of the given structure the best result in an arbitrary 
given most important part of its stability region.

This numerical method may employ various criteria of optimal 
pole and zero distribution of the transfer function of the closed 
system. One of them, following from the work of S. P. Strelkov, 
was discussed above. I t  is however necessary further to improve 
these criteria so that they would fully reflect the dynamic properties 
of the system not only in the transient process but in the presence 
of various perturbation and input forces in various classes of systems 
as well as the static properties (some considerations in this regard 
are given in the work of S. P. Strelkov).

After the above-described choice of system parameters it is easily 
possible to plot the transient curve (see P art V) both for the optimum 
point found in the calculation and for several others.

We remark tha t for a definite class of servomechanisms there 
exists the so-called method of standard coefficients. Its essence 
consists in that for definite combinations of coefficients in the 
numerator and denominator of the transfer function of the closed 
system of a given order transient curves are plotted in advance 
and those standard combinations of the coefficients are proposed 
which give the best result. Here the system parameters are to 
be chosen to provide the recommended values of the coefficients.
26



However, this standardisation is only possible for a narrow class 
of systems since, as discussed in Section 40, the given dynamic 
properties of the regulated object and various special requirements on 
the regulator and the system as a whole make it impossible to obtain 
rigorously prescribed relations for all the coefficients of the equation 
(or transfer function) and the concept of quality of regulation itself 
is different for different systems. The above-described numerical 
method permits taking into detailed account the specific properties 
of each concrete automatic system.

44. Approximate frequency criteria of transient quality

In  those cases where the system is studied from the very beginning 
by frequency methods, i.e. the frequency stability criterion is 
applied (Section 30), the analysis of the transient quality is naturally
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also carried out from the frequency characteristics. In  particular, 
this is absolutely necessary where we do not have equations (ort 
which is equivalent, transfer function expressions) for all the circuits 
of the system but some of the elements are described by experi
mentally recorded frequency characteristics.

Let us consider approximate transient quality criteria according 
to the frequency characteristics of the closed system.

Frequency characteristics of a closed system. The general concept 
of frequency characteristics of linear systems was given in Section 8. 
In  the present case the frequency characteristics will define the 
properties of a closed automatic system in steady-state forced oscil
lations under the action either of a sinusoidal perturbation on the 
regulated object (Fig. 190a) or a sinusoidal variation of the command 
quantity on the regulator (Fig. 1906).

In  the first case the amplitude A t and the phase (3/ of forced 
oscillations of the regulated quantity are defined as the modulus 
and argument of the amplitude-phase frequency characteristic of 
the closed system with respect to the perturbation:

A fW  =  W/Cico), (44.1)
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and in the second case by the amplitude-phase frequency character
istic of the closed system with respect to the command quantity

=  Wy(io>) . (44.2)

If the differential equation is known, and thus the corresponding 
transfer functions of the closed system (43.1), the amplitude-phase 
characteristics (44.1) and (44.2) are defined from Section 8 by simple 
substitution of p =  ico in the expressions of the corresponding transfer 
functions, i.e.

Wj(iw) S(i<&) 
i(ito ) ’ Wv(ico) W(ico)

L(ia) (44.3)

Separating in these expressions the real and imaginary parts, 
i.e. writing

W /(ta)) =  Uf{u>)  + iVj(<xt) , W,,(ia>) =  Uy(a>) + iVu{to) , (44.4)

we obtain the so-called real U(to) and imaginary V (co) frequency 
characteristics of the closed system.

If the equation of the closed system is unknown because some 
of its elements are given by experimentally recorded frequency 
characteristics, then by the methods described in Sections 20 and 21 
we first determine the amplitude-phase characteristic of the cor
responding open network W(ico), which was used for studying the 
stability of the closed system, and then we obtain the amplitude- 
phase characteristics of the closed system W/(t<o) and W„(tw).

We shall consider tha t the amplitude-phase characteristic W(ico) 
for the open network of the given system iB known (for example, 
from the study of system stability). Then from (20.15) or (20.27) 
the amplitude-phase characteristic of the closed system with respect 
to perturbation will be

where

W/(£<o) W^(tw)
1 +  W(ia)  ’

Sjfito)
QAiv>) ’

(44.5)

(44.6)

and S1(ioi) and <?,(£«) are given by substitution of p =  ito in the 
polynomials SAp) and QAv) in the equation of the regulated object

Q1{p)x1 = BAP)®m + SAp)f ■ (44.7)

Formula (44.5) gives the amplitude and phase of forced oscillations 
of the regulated quantity

The amplitude-phase characteristic of the closed Bystem with 
respect to the command input for the regulated quantity xlt from
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(20.28), will be
w  u   ̂ _  W'(fo)_____

v( ' TT,(<o>)Cl +  W(ico)] ’ (44.8)

where W2(ico) is the amplitude-phase characteristic of the block 
of circuits 2 (Fig. 190c) between the point of measurement of the 
regulated quantity x1 and the point of introduction of the input 
command y. For the regulation system block 2 usually represents 
the sensitive element of the regulator and for a servomechanism the 
basic feedback (see Fig. 3). Sometimos Wa(ico) =  1.

Formula (44.8) defines the amplitude and phase of forced oscil
lations of the regulated quantity a?x. For the error x  (Fig. 190o) 
from (20.26) we have

TT (̂ito)
1

l  +  W (ico )’
(44.9)

while for the quantity x2 (Fig. 190c) from (22.29)

W?(io>) = TF (ico)
1 +  TF(iu) (44.10)

Consequently, a knowledge of the amplitude-phase characteristic 
of the open network W  (ico) with small additions in the form Wi(ico) 
and W2(i<o) is sufficient to obtain the amplitude-phase characteristic 
of the closed system purely by calculations from the above formulae. 
We note that for cases (44.9) and (44.10) there are special Solo- 
dovnikov circle diagrams simplifying the calculations (Reference 11). 
These diagrams may be used also for the cases (44.5) and (44.8) 
with subsequent multiplication by Wj(ico) and division by W2(io>) 
respectively.

These formulae are valid for systems of arbitrary structure with 
one regulated quantity. A more complicated case is considered at 
the end of Section 21.

We note that the amplitude-phase characteristics of the closed 
system are used directly to estimate the stationary errors of the 
automatic system in steady-state following and regulation both 
with oscillatory and arbitrary input functions *.

Example. We shall illustrate obtaining the frequency character
istics of the closed system by the example of the voltage regulation 
system considered in Section 24. The equations of the closed system 
according to (24.10), (24.20), (24.28) and (24.36) are:

(Txp-f 1)A7 =  —JeAr~(b0p ± b ) f  , 
(T2p +  1)Ah  =  &2(AF— r 2pA a), 

(Tip* +  Tap +1) Aa =  *3AI2, Ar =  fc4Aa ,
(44.11)

* See end of Section II.
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where all coefficients were defined in Soction 24. The perturbation 
from (24.12) is defined by variation of the load current and angular 
velocity. The regulator adjustment is assumed constant.

On the basis of these equations, from Section 20 and 21, we obtain 
the amplitude-phase characteristic of the open network:
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W (io>) =
(Tjioi + 1 ) [(T2io> + 1 ) (— -(- Tgiu + 1 ) + (44.12)

while from formula (44.5) the amplitude-phase characteristic of 
the closed system with respect to the perturbation

=  7p7Tjiw +  1 l  +  W(ico) (44.13)

This expression gives the amplitude and phase of the forced voltage 
oscillations A U with input in the form of sinusoidal load current 
variation AI x and the angular velocity n with AZ, and the angular 
velocity n. To obtain the amplitude-phase characteristics of the 
same closed system with respect to the command Wv(ia>), it is neces
sary to consider the load Ij and the angular velocity n  constant, 
i.e. /  =  0, but in constant, i.e. /  =  0, but in place of this to vary 
the regulator adjustment by the rheostat R , (Fig. 119), i.e. to in
troduce the variable command ARa{t).

The quantity Ra enters into the equation of the electromagnet 
circuit of the sensitive element (24.18). Considering tha t it is multi
plied by the variable Z2, i.e. enters in a non-linear manner, equation 
(24.18) is subject to linearisation. Denoting the left-hand side of 
this equation by F, we obtain

Therefore on the basis of the general formula for linearisation
(18.5) we obtain in place of (24.18) the following electromagnet 
circuit equation

(T2p +  1)AZ2 =  ft2(AF— rlpA«) — Jc2y ,

where T2 and k2 are defined by the previous formulae (24.21), in 
which it is necessary to substitute Rs in place of Ra. In  addition, 
we have

*2 =  — ^ - 0 , y = M a = Ra{t)-R°a,
H  2 T  %

where denotes the quantity Z?„ in the steady-state with constant 
regulator adjustment.
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Now in place of (44.11) the system equations with /  =  0 and 
y = y(t) will have the form:

(TiP +  lJA F = —klAr,
(T2p +  1) AZg =  k2{AV— r 2pAa) — k'2y , 

(Tjp* +  Tap + 1) Aa =  ktAI2 , Ar =  kt Aa .
(44.14)

As a result the amplitude-phase characteristic of the closed system 
with respect to command will be

Wy(i0 ) =  ^ W  (ito)
1 +  W  (ico)

where W(ito) is the amplitude-phase characteristic of the open 
network (44.12). The expression Wv(ia>) gives the amplitude and 
phase for forced voltage oscillations A7 with input in the form of 
sinusoidal variation of the adjustment rheostat resistance ABt .

The real frequency characteristic and its relation to the transient. 
Obtaining the amplitude-phase characteristic of the closed system 
W/(iw) or TP„(£<o), we find the corresponding real frequency charac
teristic Z7/(co) or f7„(to) as the real part of expression (44.4) or as 
a function of U with respect to to (Fig. 1916), defined from the graph 
of the amplitude-phase characteristic of the closed system (Fig. 191a) 
or analytically from (44.4).

We shall indicate the relation of the frequency characteristics 
of the system to the transient curve arising from a unit step of per
turbation /(/)•

We employ the expression for the Fourier series (8.19), applying 
it to expansion of the rectangular periodic function f{t) (Fig. 192a). 
In  the present case we have

/(<) =  1 with 0 < f < — and /(f) =  0 with — < f <  — .G)q Ci)q Ci>o
Therefore after integration formula (8.20) gives

1 2



Substituting this in (8.19), we obtain the required expression
00

/(«) =  \  ^sinfca>0< (44.15)
*-i

(k =  1 , 3 , 5 ,  ...) .

The step function /(<) =  1(<) may be obtained from the rectangular 
periodic function if we let T0 =  27c/co0->oo (Fig. 1925). Here co0-»■().
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(a) t

Fio. 102

We put Aco =  co0, co =  ftco0 =  ftAco and, consequently, k =  co/Aco. 
Then expression (44.15) is rewritten in the form

00
1 . V 2A“ sin“ * / “  1 o rc \

m  =  a +  Z j  ™  ( a ^ = 1 ’ 3 ’ 5>
= -

As Aco->-0 this sum passes into the integral. As a result in place 
of the Fourier series for the periodic function (44.15) we obtain 
the Fourier integral for the non-periodic function

1({) =  -  +  -  f S— dco. (44.16)2 it J co o
I t  is possible similarly to obtain the Fourier integral for any arbitrary 
non-periodic function /(/).

This integral may be represented as an infinite sum of elementary 
input oscillations

d co .—  sin cot .
7CC0

From Section 8 each of these will correspond to an output oscillation 
in the form

dco
TCCOA(co)sin[cot +  p(co)] .
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As a result the overall response at the output of the system with 
input perturbation in the form of a unit step (44.16) will be

, ( l ) _ 4 g )  +  l  +  wjth ( > ( )  (4417)
2  7X J  CO0

Further we have

J. (to) sin [art +  P(to)] =  4. (to)cos (3 (to) sin cot+  4. (to) sin (3 (to)cos cot.

This laBt expression according to Fig. 15 may be written in the 
form

U(to) sin tot +  F(to) cos tot,
where 4.(0) =  U(Q).

Formula (44.17) now takes the form

x(t) = I sintotdto +  -  I -^-^costofttco (t >  0) .
2  7T J  tO  7 t J tO0 0

For further transformation of this expression we employ the fact 
that with t <  0 the quantity x  will be equal to zero (the deviation x  
is read from the old steady-state), i.e.

q _ E 7 ^ 0 ) ^ 1  j  U((o)  ^ i  I coBtotdto (t <  0) .
2  , 7T J  CO 7T J  tO0 0

Substituting here t by — t and subtracting from the above, we 
obtain finally

00

x(t) =  -  f  sin totdco (t >  0) ,
71 J CO 0

i.e. the curve of the transient process in the system x(t) is defined 
by the real frequency characteristic of the closed system U(to). 
We thus have

OO

x{t) =  -  I — sin totdco , (44.18)n J to o
if the transient arises as a result of a unit step of perturbation / 
(load), and

OO

x(t) =  -  | - y^ sintoSdto (44.19)
7C J  CO 0

for a unit step of the command y (adjustment). Here x  is read from 
the old steady-state existing before the step.
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If the transient in the system is caused by a unit impulse in f  
or y , it is possible to employ the fact, according to Section 6, that 
the unit impulse is the time derivative of the unit step. Therefore 
the Fourier integral for the unit impulse is obtained by differentiating 
expression (44.16) with respect to t, namely

00

l'(t) =  -  I cosoifdoi .
7C J  0

Consequently, formula (44.17) takes the form
CO

x{t) | A  (co)cos[oif +  (3(oi)]doi with t >  0 . 
o

From this it is evident tha t the final result for the transient curve 
with external perturbation on the system in the form of a unit 
impulse in /  and y may also be obtained by differentiating formulae 
(44.18) and (44.19) with respect to t, which gives

CO  o o

2 . • 2 r
x(t) — -  I 77/(a>)coBo)fdoi, x(t) = ~ I Z7j,(to)cos oitdoi . (44.20)

0 0
respectively.

On the basis of these formulae it is possible to judge the transient 
quality in this system according to the real parts of the char
acteristics of the closed system f7/(to) or 77„(o>) (considered in 
the present section), and to plot the transient curve (see Section 75).

Approximate criteria of transient quality. Here we present V. V. So- 
lodovnikov’s recommendations (Reference 11) for approximate cri
teria of transient quality from the form of the real frequency char
acteristic of a closed system, based on an analysis of the properties 
of integral (44.19), but not requiring its calculation. I t  is assumed 
that the transient is caused by a unit step* of the input command y.

The frequency interval 0 <  o> <  eip (Fig. 1916) in which f7„(oi) >  0, 
is termed the positive interval. The interval of frequencies 0 <  o> <  oic 
is termed the interval of essential frequencies if at oi =  oic and further 
with oi >  oic the quantity |Z7p(o>)| becomes and remains smaller 
than some given sufficiently small positive quantity 8. The influence 
of the remaining part of the real frequency characteristic (with 
to >  cie) on the transient quality may be neglected. If with oi >  oip 
it is found tha t |f7v(co)| <  0 2 Uy(0), then aB the criterion of transient 
quality in the first approximation it is possible to take into con
sideration only the positive interval 0 <  o> <  oip.

* Everywhere below we shall consider the unit step in y ,  but the same will 
be valid for f  if we interchange Z7v(o>) and Z7,(co).
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We note that dropping the “tail” of the real frequency charac
teristic (to >  o0 or to >  top) mainly influences the initial portion 
of the transient process which, consequently, will be estimated 
more roughly. The origin of the real frequency characteristic mainly 
defines the terminal part of the transient process.

On the basis of an analysis of integral (44.19) V. Y. Solodovnikov 
has given the following criterion of the transient quality.

1. The static deviation &° of the regulated quantity obtained as 
a result of a unit step in external input is equal to the initial value 
of the real frequency characteristic Z7(0). If we are concerned with

a step of the input command, t7„(0) should be equal as closely as 
possible either to 1, or to some Tc0, if the system should reproduce 
the input command to a certain scale Jc0 (for example, Section 26). 
If the step introduced is in the perturbation /, the value Z7/(0) should 
be as small as possible, where in an astatic system 17/(0) =  0.

2. For the overshoot ®max—®° (curve 1 in Fig. 193a) not to ex
ceed 18 per cent of the static deviation aP, it is sufficient to have 
a positive non-increasing continuous characteristic Uv{u>) (curve 1 
in Fig. 1936).

3. For a monotonic transient x{t) (curve 2 in Fig. 193a) it is suf
ficient that the derivative dUu[da> be a negative continuous function 
of to decreasing in modulus (curve 2 in Fig. 1936) with f7„(oo) =  0.

4. The simplest criterion of non-monotonic transient is the presence 
of values f7„(co) >  Uy(0) (curve 3 in Fig. 1936). The transient will 
al6o be non-monotonic when the curve Uv(a>) for some to passes 
above the stepwise curve (7(co) (Fig. 193c), where

(7(co) =  cos
<x>. +1

5

and COp
CO denotes the next higher integral values j for example, if

cop/co =  1-25 we take
CO

=  2 .
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6. In  the case where the real frequency characteristic Uv{&) 
has the shape of Fig. 3 (Fig. 1936), which may bo represented by the 
difference of two positive non-increasing continuous functions, the 
overshoot x„ ^ —afi (Fig. 193a) will be less than 1-I8f7mni— Uu{0).

6. For monotonic processes x(i) the damping time tx to the value 
x = 5 per cent of the static deviation ofi will be greater than 47c/top.

In  the general case 2, >  7c/<i>„ In  general, with other conditions 
equal, the transient attenuates the more rapidly, the greater o>„> 
i.e. the more drawn out is the region of positivenoss of the real 
frequency characteristic £7p(co) along the co-axis.

7. If a given real frequency characteristic f7„(co) may be approxi
mately replaced by trapezoids (Fig. 194a), depending upon the 
ratio of lengths of the bases co„ and top of the trapezoids the magnitude 
of overshoot in per cent and the transient damping time in relative 
form coptt may be approximately estimated by graphs given in 
Fig. 1946 and 194c, where the value of tx is included in the interval

8. If the given frequency characteristic Uv(o>) may be approxi
mately replaced by a polygon, shown in Fig. 195a, where

the dependence of the maximum possible overshoot (in per cent) 
on the magnitude of the ratio UmiiI,IUv(0 ) is defined by the curve in 
Fig. 1956. To a given upper bound of permissible values of transient 
damping time tx there corresponds a lower permissible bound on the 
magnitude of the positive interval copmln, defined by the curve in 
Fig. 195o.

On the basis of the above simple criteria it is possible to estimate 
roughly the quality of the transient response of a closed automatic 
system from the form of its real frequency characteristic f7„(co) 
and also from U/{o>).

Following V. V. Solodovnikov, we present for illustration a number 
of transient curves x^t ) , x2(t), x3(t), xx{t) (Fig. 1966), which cor-

(a)

. ^  |___________ | - f \ t ~ t~ t~ - Q
O' (do (d v k> O' Q2 OA 0.6 0.8 w v 0.2 QA 0 6  0 8  lJO 

F ig . 194
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respond to the real frequency characteristics of the closed system 
Z72(co), U3{u>), f74(co), represented in Fig. 196a. The best 

transient x3(t) corresponds to the characteristic Z73(w) while the 
poorest xx(t) to the characteristic having the greatest peaks.

Calculating the integral criterion of transient guality. For the 
choice of system parameters with respect to the minimum integral 
criteria of transient quality described in Sections 41 and 42 it is 
also possible to employ given frequency characteristics of the system 
(for example, in those cases where the equations of some circuits 
of the system are not known). The formulae for calculating the 
integral criteria are also derived from relation (44.17).

As a result for the integral square criterion (41.3) the formula 
is obtained

OO 00

/-■= I a*» =  -  f  i [ 4 i ( a ) ] W u ,  (44.21)
J  7U J  CtT0 0

while for the improved integral criterion (41.16) we have
OO OO

Ik = J  (a? + TW)dt  = +  , (44.22)
0 0
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where A/(o>) is the amplitude-frequency characteristic (resonance 
curve) of the closed system

A f{a>) - |'VT/(ta>)| .

In  formulae (44.21) and (44.22) Ay(«) may figure in place of A^co).
The integral in both cases should be calculated graphically as 

the area, bounded by the curve represented by the integrand as 
a function of «. Calculating the value I  or I k for several numerical 
values of the selected system parameter, we find its optimum value 
corresponding to the minimum integral criterion. I t  is necessary 
to proceed similarly with the other selected system parameters.

Synthesis of correcting elements by frequency methods. This 
problem has recently been widely developed and applied due to 
the work of Y. Y. Solodovnikov and other scientists. Corrective 
networks are classed as series (connected in the basic network of 
elements with introduction of derivatives and integrals) and parallel 
(stiff and transient feedback). The synthesis (choice) of series cor
rective network consists in the following. The system is separated 
as in Section 34 into two blocks (Fig. 155), one of which (I) is the 
given part of the system while the second {II) the corrective network 
to be chosen. From the desired qualities of the system a real frequency 
characteristic of the overall system is chosen to be realised. The 
corresponding logarithmic frequency characteristic of the open 
system is calculated. From this latter the existing logarithmic fre
quency characteristic of the given portion of the system I  is sub
tracted. The result is the logarithmic frequency characteristic of 
the required correcting system, which is designed from it. For a system 
so designed the new real frequency characteristic of the closed 
system is calculated and from it the transient response plotted 
(see Section 75), which verifies the quality of the entire calculation. 
In the case of synthesis of parallel correcting networks the calcula
tions are somewhat more complicated.

In  conclusion we note tha t choice of structure and optimal para
meters of an automatic regulation system may be considered in 
certain respects as a problem analogous to the mathematical problem 
of the approximation of functions. This analogy has been systemati
cally carried out in the work of V. A. Bodner (Reference 51), where 
applications of methods of interpolation, series expansion and 
successive approximations to the choice of optimum automatic 
regulation system parameters have been considered. All these methods 
are closely related to the integral criteria, various criteria based 
on the transfer functions, frequency characteristics, etc.



CHAPTER XI

DERIVATION OF THE EQUATIONS OF SYSTEMS 
WITH DELAY AND WITH DISTRIBUTED 

PARAMETERS

45. Equations and frequency characteristics of linear systems with delay

Automatic systems which, having the same general structure as 
ordinary linear systems (Part II), differ from the latter in tha t one 
(or several) of their elements have the start of variation of the output 
quantity delayed (with respect to the start of input variation) by 
the magnitude t, termed the time delay, are called linear systems 
with delay, where the delay time remains constant during the entire 
course of the process.

Por example, if the ordinary linear element is described by the 
equation

T + x i = 1cx1 (45.1)

(aperiodic element), the equation of the corresponding linear element 
with delay will have the form

+ =  TcXl( t - t) (45.2)

(aperiodic element with delay). This form of equation is termed 
equation with delayed argument or differential-difference equation.

Let us put x*(t) =  Then equation (45.2) is written in
ordinary form

T ^  + x2 = Jcx f .  (45.3)

Thus, if the input quantity xx changes diBContinuously from zero 
to unity (Fig. 197a) the variation of the quantity x* =  xx(t—t) 
in the right-side of the equation is represented graphically by Fig. 1976 
(step t  seconds later). Employing now the time characteristic of the 
ordinary aperiodic element (Fig. 95c) in application to equation (45.3), 
we obtain the change of output quantity xa in the form of the graph 
in Fig. 197c. This will be the time characteristic of the aperiodic
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element with delay (its aperiodio “inertial” property is defined by 
the time constant T  and the delay by the quantity t ) .

Linear element toilh delay. In  the general case, as in (45.2), the 
equation of motion of an arbitrary linear element with delay may 
be separated into two equations

Q{p)xt = R{ p) x t , ) 
*f(0 =  i I

(45.4)

la) x>

/

(b)
f *

/
r

r

p
r
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which corresponds to the formal separation of the linear element 
with delay (Fig. 198a) into two elements: the ordinary linear element 
of the same order and with the same coefficients and a preceding 
delay element (Fig. 1986).

F ig. 198

The time characteristic of an arbitrary element with delay will 
thus bo the same as for the corresponding ordinary circuit (Section 18) 
shifted in time to the right by a quantity t. An example of a “pure” 
delay t is an acoustic coupling line (propagation time of sound). 
Other examples may be automatic dosing systems for some material, 
moved by a transport belt (r is the time of motion of the belt from 
over a defined section). In  electronic instruments t may denote 
the electron transit time.
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In the first approximation a pipe line or long electric line entering 
into the system may be defined by the delay magnitude t (for details 
6ee Section 46).

In  addition, there may be in a real system a series of deviations 
from idealness which are difficult to describe mathematically and 
are therefore sometimes approximately considered by introduction 
into the equation of an appropriate delay magnitude t (in reality 
their influence, of course, cannot correspond strictly to a constant 
magnitude t). However it is necessary to bear in mind tha t each 
sharply expressed non-ideal characteristic in the form of dry friction 
or in the form of an insensitive zone, backlash, etc. should be con
sidered as a non-linearity and not as a pure delay (see Part IV).

The magnitude of delay t  in the system may be found experi
mentally by recording the time characteristics. For example, if in 
applying to the input of the circuit a step of a certain magnitude, 
taken as unity, the experimental curve is obtained for x2 a t the 
output shown in Fig. 1996, it may be approximately described as 
an aperiodic element with delay (45.2), taking the magnitudes t  
T  and Jc from the experimental curve (Fig. 1996).

We also remark tha t such an experimental curve, from the graph 
in Fig. 199c, may be treated as a time characteristic of an ordinary 
aperiodic second-order element with the equation

{Ttp2 + T lP + l j a . - f c i*  (T1> 2 T a) ,  (45.5)

where 2 \, Tt and Jc may be calculated by relations described in 
Section 19 for the given element, from certain measurements on the 
experimental curve (Fig. 199c), or by other methods.

Thus, from the point of view of the time characteristic of a real 
element, approximately described by a first-order equation with 
delayed argument (45.2), it may frequently be described to the 
same degree of approximation by an ordinary second-order differ-
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ential equation * (45.5). To solve the question which of these equations 
better suits the given real element, it is possible to compare then 
amplitude-phase characteristics with the experimentally recorded 
amplitude-phase characteristic of the element, expressing its dy
namic properties with forced oscillations. Plotting of the amplitude- 
phase characteristics of elements with delay will be discussed below.

For unified notation of the equations we represent the second 
of relations (45.4) for the delay element in operational form. E x
panding the right-hand side in a Taylor series, we obtain

S l i t - * )  =  ®l(«) +  ( - T )  +  ^  ( - T ) *  +  . . .
4 n)

n\
(t) ( - t)» +  ...

or in the previous symbolic operational notation

i + = 2 + f c ^ ? + .. .+ f c 2 L’ + ..;
1! 2! n\ xt =  e ~'px{ .

Consequently, the equation of an arbitrary linear element with 
delay (45.4) will now be written in the form

Q(p)xa =  R(y)e-^xL (45.6)

The transfer function and amplitude-phase frequency charac
teristic of the linear element with delay will be respectively

W(p) =  =  W^ v)e~rr> ’

W(ico) =  e~tT“ =  W0(i(x>) e~iri
V 1

(45.7)

(45.8)

where by W0(p) and TP0(i<o) are denoted the transfer function and 
amplitude-phase characteristic of the corresponding ordinary linear 
element without delay. Writing characteristic (45.8) in complex 
lorm (8.15), we obtain for the element with delay ,

W(*w) =  , (45.9)

where j40(co) and (30(“ ) are the amplitude and phase for the cor
responding ordinary linear element. From this we obtain the fol
lowing rule.

To plot the amplitude-phase characteristic of an arbitrary linear 
element with delay it is necessary to take the characteristic of the 
corresponding ordinary linear element and shift each of its points

* If it is possible to get along with ordinary differential equations it is preferable 
since the methods of their investigation are in general simpler and substantially 
better developed, although, as will be shown in Section 70, the graphic plotting 
of the transient curve for equation (45.2) is simpler than for (45.5).
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clockwise over a circle by the angle tco, where a> is the value of the 
frequency at the given point of the characteristic (Fig. 200a). Since 
at the origin the characteristic w =  0 while a t the end gj =  a, the 
initial point remains without change while the end of the charac
teristic is coiled up about the origin of coordinates (if the degree 
of the polynomial R  is less than the polynomial Q).

Above it was mentioned tha t the real transient processes (time 
characteristics) of the form in Fig. 1996 may frequently be described 
with the same degree of approximation by either equation (45.2) 
or (45.5). The amplitude-phase characteristics for equations (45.2) 
and (45.5) are shown in Fig. 200a and 6 respectively. The principal 
difference of the first curve is tha t it has a point D  of intersection 
with the 17-axis. In  comparing both characteristics with each other 
and with the experimental amplitude-phase characteristic of the 
real element it is necessary to take into consideration not only the 
shape of the curve but the character of distribution of the frequencies 
along the curve.

Linear system, with delay. Let any of the single-loop or multi- 
loop automatic systems considered in Sections 20 and 21, contain 
among its elements one circuit with delay. Then the equation of 
this element has the form (45.6). If there are several such elements, 
they may have various delay values ( t u  t 2 ,  . . . ) .  All general formulae 
introduced in Sections 20 and 21 for the equations and amplitude- 
phase characteristics of open networks and closed systems remain 
in all cases in force even for linear systems with delay, if we substi
tute in these formulae everywhere R(p)e~^r‘ and R ^ i^ e -^ "  in place 
of R(p)  and R(ia>) for the corresponding elements.

For example, for the open network with series connected elements, 
among which only one has delay t ,  we obtain the equation

Q(p)aj°ut =  _E(p)e-T*’a;in , (45.10)
where Q(p) and R(p)  are ordinary operational polynomials (20.3), 
and the amplitude-phase characteristic

W(to>) =  e~im =  W0(*co)«-*- . (45.11)
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If two elements with delay t x and t 2 respectively are present in 
the open network, the network equation will obviously take the form

Q(p)xout =  -B(p)«-(T1+T*,p > (45.12)
which is equivalent to equation (45.10) with t  =  t 1 + t !S.  Thus, in 
studying the dynamics of an open network with series connected 
elements it is immaterial whether all the delay is concentrated in 
some single network or if it is distributed among various networks. 
This has practical importance for the theoretical analysis of cases 
where secondary non-ideal characteristics in the system are taken

into global approximate account, as was mentioned at the start 
of this section. For multi-loop networks more complicated relations 
are obtained.

If there is an element with feedback (Fig. 108) having delay t  
i.e. if equations (21.1) take the form

Qc(p)x out — Rc(p)(Xm %fb) J )
Qlb(p)Xlb=D/b(P)e~ ^Xout , )

then from (21.2) the element equation together with feedback will be:

\.Qc(p)Qtb{p) + Rc(p)Rjb(p)e-rp]xont =  Ec(p)Q,b{p)xin (45.14)

and the amplitude-phase characteristic

where
W?(t«) = We(tto)______

l  +  TPc(i<<>)lF/6(ici)) ’

W/b(i<a) =
Qfb(iu)

e-»TO> #

(45.15)

(45.16)

Let us take the same example as in Section 21, an oscillatory 
element with introduction of integral, included in feedback in the 
form of an aperiodic element, but we shall also introduce delay t  
into the feedback and estimate its influence. In  the curves plotted 
in Fig. 109 W/b changes, taking the form of Fig. 200a. Therefore 
the pioduct WeWfb and the amplitude-phase characteristic W?  
of  the element together with feedback takes the form of Fig. 201a, b 
in place of Fig. 109c, d.
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Example of system with delay. Let us take the engine velocity 
regulator considered in Section 22 (Fig. 74). We there derived the 
equations of all elements of the system taking into account their 
inertia. In  addition to this we shall also take into account a delay t  
in tho effect of the regulating organ on the object. We shall represent 
this by introduction into the block diagram of the system of an

P i g . 202

additional delay element (Fig. 202). Let the object not have self- 
regulation and be fitted with a regulator with stiff feedback. The 
equations of Buch a system had the form (22.58).

Now they will be:

pAco - lc[Ax* — f{t) ,
(T\p2+ Tzp + l )Ay  =  -fc 2Ao>, (45 17)

(p +  h h h )  A® =  Ti^Ay  ,
Ax* =  e-^Ax .

The equation of the closed system from (20.10) and (20.11) will 
be here:

L(p)Au = - S ( p ) f ( t ) ,  (45.18)
where

L{p) =  (T4p2 +  T2p +  l)(p +  fc3fcA)P +  ft^A M ~tI’ , { (4519)
S(p) = (Tlp2 + T2p + l)(p + le3kikt) . J

These equations will be used below in the analysis of system stability.

46. Equations of a linear system with distributed parameters

An automatic regulation system with distributed parameters is 
a system which has, aside from ordinary differential equations, 
also partial-differential equations. Physically this corresponds to 
taking into account wave phenomena or hydraulic shocks in pipes, 
wave processes in long electric lines in transmission from one circuit 
of the automatic regulation system to another or in the regulation 
of processes in the pipes or long linos themselves.
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This question takes on practical importance most frequently in 
certain regulation systems including hydraulic, oil or gas pipe lines 
(either in the object or the regulator), more rarely in certain remote- 
control systems, etc.

I t  is well known, for example, that a hydroturbine water line is 
described, neglecting loss, by the equations

dv _  dh dh _  a3 dv 
dt = 9 dx ’ d t = ~g das'

where v is the velocity of the water, h is the resistance at an arbitrary 
point, defined by the coordinate x  along the pipe line, a is the velocity 
of sound in water.

For a long electric line without loss we also have the equations

du di di du
=  l ~dt’ ~ d x  = c 'd i ,

5

where u is the voltage, i the current at an arbitrary point, defined 
by the coordinate * along the line, I and c are the inductance and 
capacitance per unit length.

After solution of these partial-differential equations taking into 
account the boundary conditions, defined by the adjacent elements 
of the automatic regulation system, we obtain for the system as 
a  whole a differential-difference equation of the same type as for 
the system with delay in Section 45.

Let us derive the equations for the automatic gaB pressure regulation 
system with pipe line shown schematically in Fig. 203. In  this case 
the regulated object 1 (the pipe line) is an element with distributed 
parameters. For simplicity we shall consider it to be rectilinear 
while all loads are concentrated at the end of the pipe line.

The regulator consists of a sensitive element 2 (membrane pressure 
gauge), amplifiers 3 and 4 (jet tube and pneumatic engine), with 
stiff feedback 5 and feedback from the regulating organ 6 (valve). 
The perturbation f(t) on the object is expressed by variation of
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Borne equivalent output cross section a t the end of the pipe line 
according to arbitrary consumption (a similar system was studied 
by I. P. Kabakov in 1940 (^Reference 21)).

Equation of the regulated object. The motion of the gas in the 
pipe line is subject to the equation

8w 8w
u + w S

1 dp
p 81 ’

where the condition of conservation of mass

( 1 6 . 1 )

d±
8t

8w da
+  e w  +  M̂ = 081

and the adiabatic equation of the gas state

(46.2)

(46.3)

apply, where w ,p ,  p are respectively the velocity, pressure and 
density of the gas in the running section of the pipe line with coordi
nate I at the instant t (the entire length of pipe line is denoted by L)\ 
Tt is the exponent in the equation of the adiabatic gas state; the 
upper indices 0 (p°, p°) denote tha t the given quantities relate to  
the steady-state of the system.

Differentiating (46.3), we have

*-i

from which
8p
8t

1  d±  _  1  d2
7  ft ~  p° ’

i  /p°\* -1sp 
ft" ’a? \ p (46.4)

where a is the velocity of sound in gas, defined by the formula

a = kp°
~ 7 "

( 4 6 . 5 )

Ordinarily the resistance to the motion of the gas in the pipe 
line is not taken into account, neglecting the relatively small terms 
wdwfdl and wdpjdl. In  addition, in view of the small magnitude of 
pressure deviation p in the regulation process from its steady-state 
value it is possible to consider th a t pip9 1 and, consequently, 
from (46.3) p/p° w 1. As a result we obtain from equations (46.1), 
(46.2) and (46.4)

8w 1 8p 8w 1 8p
¥  =  ~ft~ =  ft"' (46.6)
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Let us introduce the relative deviation 9 of the regulated quantity 
from its steady-state value and the relative coordinate X along the 
pipe line:

=  (40.7)

and the relative deviation of the gas velocity in the pipe line

Aw
w° " V ’ (46.8)

where w° is the gas velocity in the pipe line in the steady-state process, 
Jc is the exponent in the adiabatic gas state equation (4C.3).

Passing in equations (46.6) to these relative dimensionless variables, 
we obtain the reguired equation of the regulated object (pipe line) 
in the form

&p __ _
' 0 dt ax ’ 0 dt ax ’ (46.9)

where two constant parameters of the regulated object are introduced:

T0
L
tfl5’ (46.10)

The first T 0 is obviously the time of passage of the gas over the 
given pipe line in the steady-state while the second y is the ratio 
of steady-state velocity of the gas to the velocity of sound in it.

We note that equation (46.9) is equivalent to the so-called wave 
equation

27,2 8\
' ° a i 2 ax2 ’ (46.11)

which is easily obtained if the first of equations (46.9) is differentiated 
with respect to X and the second with respect to t and the results 
of differentiation equated.

To the system of partial differential equations (46.9) it is necessary 
to apply boundary conditions. For this we write the equation for 
the passage of the gas through the regulating valve a t the start 
of the pipe line and the equation of gas consumption at its end.

We employ the expression for the gas velocity in terms of its 
consumption, namely

Ow -
g p i"

(46.12)

where O is the consumption of gas in weight per second, F  is the 
cross-sectional area of the pipe, g is the acceleration of gravity.

We shall denote the values of all variables relating to the start 
and the end of pipe line by the indices 1 and 2 respectively. The
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gas consumption a t the start of the pipe line Gt will be considered 
a function of the regulating valve position x, i.e.

Gi =  Gtfx) . (46.13)

This function is either given by analytical calculation or graphically 
from experiment (Fig. 204).

On the basis of equations (46.12), (46.13), (46.3) and also Section 18 
the small deviation of the velocity a t the start of the pipe line w, 
from its steady-state value w° during the course of regulation will be:

» . - « •  =  Aw, =  + ( f - ) V  =

G° 
9(?T F

gp'F 
G°

A <?x-

( 4 6 -1 4 )

(steady-state values w°, G°, p° are written without the index 1, 
since they are identical along the entire pipe line). The quantity

is the given slope at the point C (Fig. 204) corresponding

to the steady-state process in the pipe line. On the basis of (46.3) 
and (46.5)

8pJ  a2 '

Let us introduce the dimensionless relative deviation of the regu
lating valve

:v—af* A® 
X n ~  <Xn  ’

(46.15)

where a?„ is a conventional nominal value, equal to
G°

In  addition, we note tha t from (46.12)

w° = G° 
gp°F'

(46.16)

(46.17)
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Substituting these in (46.14), taking into account (46.8) and (46.7), 
we obtain the equation of gas transmission through the regulating 
valve at the start of the pipe line

<Pi +  lK =  £> (46.18)
which is the first boundary condition for the equations of the 
object (46.9).

The gas consumption at the end of the pipeline at the load may 
be written according to (46.12) in the form

0 2 = FgptfjOt. (46.19)

On the other hand it is well known that with exit of the gas from 
the pipeline (in the case of critical flow, to which we limit ourselves 
for simplicity) we have

G ^ Q j / ^ g ^ ,  (46.20)

where Q is the area of some equivalent output section a t the end 
of the pipe line; this is a quantity which may vary arbitrarily ac
cording to the load; it therefore expresses the external perturbation 
on the given regulation system; p2 is the pressure at the end of the 
pipeline before exit to the load; v2 is the specific volume of the gas 
at the same point.

The deviation of consumption from its steady-state value during 
the regulation process on the basis of (46.19), (46.3), (46.17), (46.7) 
will be in linearised form:

i\G.

Fow° 0 °
=  Fg9oAte, +  ^ - A p *  =  -  (*, +  9*) (46.21)

Let us express AQz also from (46.20), i.e. through the variation 
of the output section at the load, considering for simplicity 
o2 = const =  v°. We have:

AG° -  ( w f A Q+ - V * l * A Q + Q ,V m i A r - ■

h’roni this, considering that from (46.20)

(46-22>

and introducing the dimensionless variation of the output section, 
i.e. the external perturbation

a <2
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and (46.7), we obtain

AG, =  G»(/+i<p,). (16.24)

Comparison of expressions (46.21) and (46.24) gives the required 
equation of gas consumption at the end of the pipe line:

=  (46.25)

which is the second boundary condition for the equation of the 
object (46.9). This equation of consumption (46.25) is valid for the 
general case of regulation with variable external perturb tion, 
expressed in variation of the relative magnitude of output section / 
a t the load. In  studying the transient process in the system, when 
after some perturbation the consumption has stabilised (Q =  const 
=  Q°, f  =  0), equation (46.25) will be

<Pa =  — ( l  — | )  ?2 • (46.26)

Regulator equation. Since the regulator here is the same as in 
Section 23, it is possible to employ equations (23.20), (23.25), (23.26) 
and (23.29).

In  place of (23.20) the equation of the sensitive element here 
takes the form

T\r, +  T 2r, vj =  - fc1<pl , (46.27)

where we have introduced the time constants and transfer factors

T 2 ____ »>__  T> =
C1 —' C2 - c 2 q v l .

( 4 0 . 2 8 )

(®1 2̂?m) y?i
The variable cp in equation (46.27) is denoted by the index 1 to 
indicate tha t the sensitive element measures the gas pressure at 
the start of the pipeline. The notation in formulae (46.28) is as 
before.

The equation of the control element with jet tube from (23.25) 
will be

a =  (46.29)

The equation of the pneumatic drive from (23.26) is

T £  = o ,  (46.30)

where T* is the time constant of the drive, defined by formula (23.27) 
in which in the given case xa is taken from (46.16).
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The equation of stiff feedback from (23.29) will be

1 = 1 . (46.31)
The overall regulation system equation. For the given automatic 

regulation system we thus have the equation of the object (46.9) 
with boundary conditions (46.18) and (46.25) (or (46.2G)) and the 
regulator equation (46.27), (46.29), (46.30) and (46.31).

The solution of the partial differential equations (46.9), as is well 
known, may be written in the form of the following sum of certain 
two functions in the arguments (t — yT,fh) and (< +  YT0X):

9 =  d>'(t -  YT0X) +  <&"(< +  YT0X),

+ =  ^  [ * ' ( * - YT 0X ) - f c " ( *  +  YT 0X)]

(it is easily verified tha t with these substitutions equations (46.9) 
are satisfied identically).

To find the functions d>' and O" we employ the boundary condi
tions. In  investigating the transient process the gas consumption 
equation a t the end of the pipeline (i.e. the second boundary condi
tion) is taken in the form (46.26). This corresponds to the value 
1 =  L, i.e. X =  1. Therefore from condition (46.26) with substitution
(46.32) we obtain

<t>"(t + y T 0)

from which 

where we put
<!>"(<) =  M»'(*-t) , (46.33)

(46.34)

At the start of the pipe line, where X =  0, we have from (46.32)
f l  = < & '( < )  + 0 " ( < )  = 0 ' ( < )  +  M > ' ( < - t )  ,

<lh =  -  [«*'(<) -  *"(*)] =  -  [*'(*) -  m t  -  t)] . (46*35)

To these equations it is necessary to add the first boundary condi
tion (46.18) and the regulator equation.

Let us now write all these equations for the regulation system 
in symbolic operational form, noting first tha t from Section 45 
equation (46.33) will have the operational form

O" =  be-̂ p<S> . [(46.36)
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As a result of all the above the regulation system equations will be:

9, =  ( l +  6«-*)<D',

=  ^(1  — be^v)<b',

<Pi+'k =  5>
(T‘ip2+ T 2p+l ) t i  =  -4 ,9 ! , 
a =  7)-C, Tapl  = <s, r -= ?

or, more concisely

(l  + be-v) +  - (1  — be-^v) G>' == \  ,

(T*p2+ T 2p+l)ri  = - 4 , ( 1 +  &«-'*»)<&' 
(Tap + 1)5 =  >]

(46.37)

(46.38)

Eliminating from here the variables 5 and tj, we arrive a t a single 
differential equation for the given automatic regulation system

( Z V  +  T.p +  lK T .p  +  l) (1 +  be-^p) + -  (1 — be-n?) +

+  4,(1+ &«-**») <&' =  0 , (46.39)
which may be transformed to

[ [ ( I V  +  T2p + 1)(r . p  + 1) +  ^

+ b [ (U p ’2 +  TiP + 1 ) ( Tap + 1) +  <P' =  0 .

This equation has basically the same form as the equation of 
a system with delay (for example, (45.18) and (45.19)). Here it 
defines the quantity <D' through which we then find from the above 
relations the regulated quantity 9, and others. The parameter r in 
this equation from (46.34) and (46.10) is calculated according to 
the formula

t =  2 -  , (46.40)

i.e. t is the double time of propagation of sound in the gas over 
the given pipeline.

Equation of the regulation system neglecting wave processes. I t  is 
intorcstiDg to comparo the differential-difference equation (46.39) 
with tha t which would be obtained neglecting wave phenomena 
in the pipoline. Wo shall consider tha t the entire gas in the pipeline 
moves as a single mass with a single velocity and pressure; of 
course in this we take into account only the compressibility of 
the gas.
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We shall consider th a t the input and output of gas per unit time 
will be in this case: Gx =  O^x) , G2 =  G2(p). The change in quantity 
of gas in the pipeline per unit time will be Gl — G2, but

=  (Gi — G°) — (G2— G°) = AGX — AG, =  & r - ( —j ° Ap .

or, employing (46.15), (46.16) and (46.7),

ftp°/SG2 
G° \ dp

0
1 ® (46.41)

On the other hand, the quantity of gas (by weight) is equal to gpFL, 
since FL  is the volume of the pipeline. Therefore the variation of 
quantity of gas per unit time, employing (46.4) and the relation 
p°/p <=» 1 (small deviations) is written in the form

Gx- G 2 = j t {g9FL) gFL dp 
a2 dt

or with respect to (46.5), (46.7) and (46.17)

r  r  _G° L. (46.42)

Comparing (46.41) and (46.42), we obtain the required equation 
of the regulated object (pipe line) neglecting wave processes:

To? +  ftp =  5 ,
where

_ L _

w0 ’ 1 G° \dp J

(46.43)

(46.44)

there T0 is the previous constant of the object (46.10) while p is 
a new constant parameter of the object where the value of the partial 
derivative is determined for the given object graphically, analo
gously to Fig. 204 or by calculation.

To this equation the object are added the previous regulator 
equations (46.27)-(46.31), where in place of <px it is necessary to 
write <p. Consequently, in symbolic operational form the equations 
of the given pressure regulation system neglecting wave phenomena 
will be:

(T0p +  P)<p =  I ,
(Tip2 + T2p + l)r\ =  — fcxcp ,

{ T , V +  l ) \  =  rt

[(T0p +  P)(Tip2 +  T2p +  l)(T „p  +  l )  +  fci]¥ =  0 .

(46.45)

(46.46)

Here we obtain an ordinary fourth-order differential equation 
in place of the third-order differential equation with delayed argu
ment (46.39).



CHAPTER XII

INVESTIGATION OF STABILITY IN SYSTEMS WITH 
DELAY AND WITH DISTRIBUTED PARAMETERS

47. The Mikhailov stability criterion for linear systems with delay and 
with distributed parameters

In  Section 45 the equations of linear systems with delay were given, 
which for the open network had the form

Q(P)Xont = R(p)e-^xia ,
and for the closed system

where
L(p)x  =  S(p)f  , 

L{p) = Q{p) + R(p)e~rp,

S ( p ) = 9[P)^ ( P \ .
{p) QAP)

(47.1)

(47.2)

(47.3)

In  Section 46 in deriving the equations for just a linear automatic 
regulation system with distributed parameters it was shown that 
it reduces to the same form in all those cases where the distributed 
circuit of the system is described by partial-differential wave equa
tions (46.11) or (46.9).

From (47.3) the characteristic equation for such systems with 
distributed parameters and systems -with delay has the transcen
dental form

Q(z) + R ( z ) e ^  = 0 ,  (47.4)
where Q(z) and R{z) are ordinary polynomials with the degree of 
R(z) usually smaller or a t most equal to the degree of Q(z).

Equation (47.4) is sometimes written in other forms, for example

or
Q (z) e" +  R  [z) e =  0

(?(2)coshT2 +  -R(s)sinhT2 =  0 .

But a more complicated form of equation may be met

Q (z) +  Ri(z) e~-'z +  R2(z) e ^ z =  0 , 
Q{z)ezz+ R 1{z)e^z-\r R i{z) =  0

etc.

28 419
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Let us consider a characteristic equation of the form (47.4). I t  
is well known that the solution of the differential-difference equa
tions (47.2) may be written in the form of series and that for damping 
of the solution, i.e. for the stability of the system it is necessary 
and sufficient tha t all roots of the transcendental characteristic 
equation (47.4) have negative real parts. But in distinction to ordinary 
algebraic equations here, as a result of the presence of the factor 
the equation may have an infinite number of roots.

The Mikhailov stability criterion and the frequency stability 
criterion are applicable to these systems in their previous formula
tions (Sections 28 and 29). However as a result of the presence of 
the factor e~iza there is a substantial change in the form of the 
Mikhailov curve for the closed system

L(i<n) = Q(i(^)-\-D(iu)e~ira , (47.5)

as well as for the amplitude-phase characteristic of the open network

W (ito) R(itii)
Q(ito)

[— < T ti) (47.6)

(for the definite rule of opening the network given below in Section 48).
Therefore such simple algebraic expressions as in Section 29 are 

not obtained for the Mikhailov curve. As a result for stability of 
first and second-order linear systems with delay positiveness of 
coefficients is insufficient and for third and higher order systems 
with delay the Yyshnegradskii, Bouth and Hurwitz criteria are 
not applicable.

Algebraic criteria of stability for linear systems with delay were 
developed by the mathematicians L. S. Pontriagin and N. G. Chebo- 
tarev in 1942, who proved a whole series of very important theorems 
in this field. Regardless of certain examples of practical application, 
these criteria remain too complicated. A simpler algebraic criterion 
of stability for such systems was proposed by Yu. V. Vorob’ev in 1949 
under the designation of the method of variable parameter (Refer
ence 18) which was somewhat further perfected by V. G. Labazin.

Certain authors have simplified the problem by transforming the 
transcendental characteristic equation (47.4) to an ordinary algebraic 
equation by the substitution

e-K =  1 ( ~ ^ ) 2 , , (—ts)"
2 ! + ' " +  n\

retaining only the first two or three terms of the expansion. Then 
any of the ordinary stability criteria (Yyshnegradskii, Routh, 
Hurwitz, etc.) is applied to the ordinary algebraic equation obtained 
through such substitution. However the simplified solution of the
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problem frequently leads to invalid results. I t  is therefore not recom
mended.

Mikhailov criterion. The possibility of extending the Mikhailov 
criterion to systems with distributed parameters (systems with delay) 
was shown by A. A. Sokolov in 1940 (Reference 9). This question 
was worked out in detail by If. If. Miasnikov in 1948. Following 
Miasnikov, let us consider individually two cases: 1) R(z) =  C, 
2) R(z) is a polynomial in z.

The case where R{z) =  G in the characteristic equation (47.4). 
This case relates to a fairly broad class of problems. In  particular, 
it is valid for the automatic velocity regulation system considered 
at the end of Section 45, where C = k’jejcjcf.

When R{z) =  0 , dividing the entire equation (47.4) by C, we 
obtain the expression for the Mikhailov curve of the closed system 
with delay in the form

£(*«) =  -Q(i<o)+<r<™ . (47.7)

Consequently, the Mikhailov curve in this case may be obtained 
by geometric addition of two curves: an auxiliary ordinary Mikhailov 
curve Q(iu>)/C and the unit circle e~ira (Fig. 205a). This addition 
is equivalent to motion of the rotating unit circle over the curve 
Q{io>)[C. The center of the circle beginning at the point co =  0 moves 
along the curve, while the radius rotates clockwise by the value tco 
( t  =  const), i.e. the angle of rotation of this radius is proportional 
to that value of co corresponding to the position of the center of 
the circle on the curve Q(ico)/C7. The resultant Mikhailov curve 
i(ico) is generated by the tip of the radius X> (Fig. 2056).

If the resultant curve £(i<o) satisfies the ordinary formulation 
of the Mikhailov stability criterion (Section 28) as, for example, 
in Fig. 2056 with n — 4, the investigated system with delay is stable. 
The Mikhailov curve for the same system without delay will be 
Q(ia>)/C + 1. I t  is clearly evident in Fig. 205 tha t the presence of 
delay t  may make a stable system unstable (Fig. 205c) and, vice 
versa, make an unstable system stable (Fig. 205d).

We shall show that for the determination of the stability of a system 
with delay it is not necessary to plot the resultant curve L(ia>) as 
such but only to plot the auxiliary Mikhailov curve Q{iu>)JC and 
the unit circle as in Fig. 205a.

In  Fig. 206 are shown various cases of the relative positions of 
these curves. Aside from that, the point 0j and the auxiliary broken- 
line axes are shown, m ak in g it possible to judge the stability of 
the system without delay directly from the curve Q(i(a)[Cf without 
plotting Q{i<j>)IC+l separately. Thus, in cases a ,d ,e , f  the system 
without delay is stable, while in cases 6, c, g it is unstable.



422 The Dynamics of Automatic Control Systems

Let us analyse in order all the cases shown in Fig. 206.
In  case a the auxiliary Mikhailov curve Q(iu)[C encloses the 

unit circle, without intersecting it or being tangent to it. The radius 
vector of the curve Q(io)[C is always (i.e. for arbitrary to) greater 
than the radius vector of the unit circle. Therefore with addition 
of the latter in any way to the former along the entire curve Q(ito)/C, 
only a somewhat distorted shape of this curve is obtained, but the 
resultant Mikhailov curve will as before encircle the origin of coor

dinates 0 and as before rotate, by the same angle nnj2 about the 
origin of coordinates 0 as the initial curve Q(iut)IC. This case is 
illustrated, for example, by the curve b in Fig. 205.

Consequently, in this case the presence of delay does not disturb 
the system stability. Regardless of the value of delay t the system 
remains stable. The stability reserve will of course vary with change 
of delay magnitude, as the resultant Mikhailov curve may be de
formed towards the origin of coordinates in different ways for 
various t.

Cases b and c (Fig. 206) relate to systems which are unstable 
without delay, where the auxiliary Mikhailov curve Q(iu)IC does 
not intersect the unit circle. In  these cases again the radius vector 
of the curve Q(io>)IC is always greater than the radius vector of 
the unit circle. Therefore, with addition of the latter in any manner 
to the former, the resultant Mikhailov curve takes on a new shape

F ig. 205
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but retains its location with respect to tbe origin of coordinates. 
As a result tbe system remains unstable for arbitrary delay value t .

In  cases & and e (Fig. 206) the system without delay is stable 
with the auxiliary Mikhailov curve Q(ico)/(7 intersecting the unit 
circle once. In  these cases, with the addition of the unit circle radius 
vector to that of the curve Q(ico)/C it is possible tha t the resultant 
Mikhailov curve takes a different position with respect to the origin 
of coordinates than the initial curve.

Let us consider here the critical case where the resultant Mikhailov 
curve passes exactly through the origin of coordinates 0, which will 
correspond to the boundary of stability of the system with delay. 
I t is obvious that we shall be incident on the origin of coordinates 
only if an equal and opposite radius vector of the unit circle is 
added to that of the curve Q{i<o)/G.

For this, firstly, the radius vector of the curve Q(ico)/0 must 
be equal to unity. There is only one such point on the curve Q{i<o)/G— 
the point of intersection K ’. Secondly, it is necessary that the unit 
circle radius lie in the opposite direction OK exactly at the same 
value of co as for the point K ' on the curve Q(ico)!G. We denote this 
value of co by co/:.

Further, since the unit circle radius vector forms the angle t c o  

with the real X-axis, the given position of vectors OK' and OK 
is not possible for arbitrary delay t  but only for certain values t  =  t * ,  

termed critical, for which the product Tfccofc gives the necessary 
<K O X  or < K O X + 2nq (q =  0, 1, 2 , ...). From this the critical 
delay time for the given system will be:

_  <K O X + 2izq (q=  0 , 1 , 2, . . . ) , (47.8)
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where co* denotes the parameter to for the auxiliary Mikhailov curve 
Q(iu)IC at the point of intersection K ', while <K O X  is the angle 
between the ray OK, opposite to the radius vector at the point of 
intersection K ' and the real axis OX. Let us denote by t * / the funda
mental critical value of delay, obtained from (47.8) with q =  0.

If the delay in the given system will be t  <  r * / ,  the system will be 
stable since < t c o *  will be less than < K O X , as a result of which 
after vector addition the Mikhailov curve does not pass through the 
origin of coordinates but to the right of it. With t  >  t w the system 
is unstable, since < t c o *  will be greater than <K O X  and the resultant 
Mikhailov curve passes to the left of the origin of coordinates. All 
remaining values of t *  with q ^  0 will lie in the region of instability 
of the system.

The critical value t  =  t *  may be calculated analytically without 
a drawing. Here we find the modulus M  and the argument O of the 
complex quantity Q(i&)IC:

M(co) =  \ X 2H  Ya , <D(to) =  tan -1 J  , (47.9)

where X  and Y  are the real and imaginary parts of the expression 
Q(iv>)lG.

The required value to =  to* (at the point K ', Fig. 206d and e) 
and < K O X  are found analytically from the equations:

M(to*) =  1 ,
< K O X  =  7T —<1> (to*) . (47.10)

From to* thus found and < K O X  the required t *  is calculated from 
formula (47.8).

Case /  (Fig. 206) relates to a system which is stable without delay, 
where the auxiliary Mikhailov curve Q(ito)/C intersects the unit 
circle twice (at the points K[ and K'2).

By considerations analogous to the above we may here find first 
of all two fundamental critical delay values:

Tfcl
< K xOX

zk2
< k 2o x

t0*2
(47.11)

where to * i and to*2 are the values of the parameter to for the curve 
Q(ia)lC corresponding to the points of intersection K[ and K '2 re
spectively.

I t  is further possible to write the following critical values:

T/t# =

~A:5

<C -f-
<0*1

< K lQX+  4 7 t 

<o*i

<1K 2OX  27i
"hi =  J<*k2

_  < K 2OX+  4tc 
<0*2

> T*8 =
(47.12)
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etc. Since in Fig. 206/ <  K xOX  is less than <  K 2OX, while the value 
co/cj cjĵ 2x we have

. (47.13)

In  this case the behaviour of the point K[ with increase of delay t  
will be exactly the same as the behaviour of the point K ' in the 
previous case. Therefore here with t  <  T fcl the system with delay 
will be stable.

The behaviour of the point K 2 with increase of t  will be as 
follOWB.

With t  <  ^  the angle < t %  will be less than < K aOXf as a result 
of which the resultant Mikhailov curve passes below the origin of 
coordinates while with t  >  above. Consequently, in distinction 
to the previous case here the system will not be unstable for all 
t  >  Tfci but only for Tfcl <  t  <  t*2.

With t *2 <  t  <  Tfcg the system again becomes stable, with t** <  t  

<  Tfc« unstable, etc., with continuous alternation of the regions of 
stability and instability with increase of t. This corresponds to the 
fact tha t Bince the Mikhailov curve in the presence of delay is “wavy” 
with increase of t  the waves deform in such a way that the points K[ 
and the point K 2 are alternately incident on the origin of coordinates. 
Incidence of the point K[ on the origin of coordinates always implies 
instability of the system while incidence of K 2 returns the system 
each time to the stable state. Usually only the first few stable regions 
are of practical importance.

Finally let us analyse case g (Fig. 206), where the system is unstable 
without delay and the auxiliary Mikhailov curve Q(i(i>)/C intersects 
the unit circle a t two points {K[ and K 2). Correspondingly we have 
two fundamental critical delays:

Vfcl
< K xOX

Vfc2
< k 2o x o x

(Ofc-2 (47.14)

where addition of the symbol Ox in the last expression denotes that 
we do not take the smaller angle but the obtuse angle (>  tc), as 
is clear from the drawing. In  addition, it is possible to write the 
following critical times (47.12).

In  this case the value &kx (at the point K[ of the curve Q(iu)[C)) 
is less than v>kz (at the point K 2). The angle K xOX is smaller than 
< K 2O X O x . Two alternatives are therefore possible: either

Vfci <  Tfc2 (47.15)
or

Vfc2<Tfc1 . (47.16)

Let us consider the first case (the second case will be the same 
with substitution of t * 2 and t ** by t * 4 and t * * ). Here, in distinction



426 The Dynamics of Automatic Control Systems

to the case d (Fig. 206) on the segment from to =  0 to the point K (  
the curve Q(ioi)/C passes above the unit circle. Therefore with the 
same addition of vectors the result here is reversed. The presence 
of the second point of intersection causes alternation of the 
regions of stability and instability as in the previous case, but with 
just the reverse result.

Thus, the system is unstable with t  <  t m, t*2 <  t  <  t^,, ... and 
stable with t 4i <  t  <  t m, t m <  t  <  , ... Here it is particularly
interesting that a linear system unstable without delay becomes 
stable in the presence of a definite value of delay.

General case. In  the general case the characteristic equation of 
the system (47.4), when R{z) is a polynomial, the plotting of the 
Mikhailov curve (47.5) will be as follows.

Let us denote by M1 and O, the modulus and argument of the 
complex quantity Q(ico) and by M t and 0 2 the modulus and argument 
of R(iu>) (Fig. 207). Then the equation of the Mikhailov curve (47.5) 
may be represented in the form

L(iu>) =  M ^ e ^ ^  + M ,(c4)««*iW-“ i . (47.17)

From this it is evident tha t the vector Mx must be taken for some 
value to and to it added geometrically the vector M2 taken at the 
same value of to but first rotated clockwise by the angle rto (Fig. 207). 
The resultant is a single point A  of the resultant Mikhailov curve 
corresponding to the given value of to. Carrying this out for various 
values of to, we obtain the entire resultant curve.

However in investigating the system stability it is not actually 
necessary to plot the resultant Mikhailov curve but to obtain two 
auxiliary Mikhailov curves: Q(ia>) and i2(ito). The first plays the 
same role as previously Q(iu>)/C and the second with rotation of 
its vectors by tco  the role of the previous unit circle. Ordinarily the 
degree of polynomial R{z) is lower or a t most equal to the degree
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of polynomial Q{z), which will be taken as the basis for the following 
discussion.

If previously the principal role in the study of stability of the system 
was played by the ratio of moduli of the radius vectors of the curve 
Q(i<a)fC and the circle, and the distribution of their points of inter
section, now the same role will be played by the ratio of moduli M x 
and M 2 of the two auxiliary Mikhailov curves and the locations 
of their points of intersection. In  Kg. 208 are shown various alter

native mutual locations of the curves and df2(w). These curves 
are easily obtained either from the auxiliary Mikhailov curves 
(Kg. 207) or directly from the analytic expressions Q(ioi) and R{io>) 
from formulae (47.9).

Without presenting considerations analogous to the preceding, 
we present here only the results (following Miasnikov).

In  case a (Kg. 208) the system is stable for arbitrary t  if the first 
auxiliary curve Q(iu) satisfies the Mikhailov stability criterion. 
In  the contrary case with the same character of graph a (Fig. 208) 
we obtain an unstable system with arbitrary t .

In  case b (Kg. 208) there is a single critical delay t  where, if the 
system without delay is stable, it will be stable even in the presence 
of delay t  <  Tfc and unstable with delay t  >  t*. Here the critical 
delay t* is defined in the following manner.

From the graph b (Kg. 208) the value of to* is taken a t the point 
of intersection K. The value of to corresponding to this point is 
found from the auxiliary Mikhailov curves Q(iio) and J2(ito). For 
the resultant Mikhailov curve to be incident on the origin of coordi
nates (which defines the critical delay), it is necessary tha t the 
vectors Mx and (after rotation of M2) be oppositely directed, 
i.e. as in Kg. 209: t*<o* =  7t — +  d>2, from which the required
critical delay will be:

tc— +  d>2
«fc

(47.18)

Knally, in case c (Fig. 208) we have two fundamental critical 
delay values t*i and Tfc2, defined in the same manner (47.18) for two 
values of the parameter to, tofcl and 00*3, taken from the graph 0
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(Fig. 208) at the points ot intersection and E 2 respectively. If 
the given regulation system without delay is stable it will be stable 
with delays t  <  where Ttmin denotes the smaller of the above
two values r fcl and t *2 . I t  is then possible to find the following critical 
values

i t—<P1 +  0 2+ 2 izq
Gift

(2 =  1 ,2 ,. . .)

and to establish the alternation of stability and instability regions 
as for the case e in Fig. 206.

48. Frequency stability criterion for linear systems with delay and with 
distributed parameters

The possibility of applying the frequency stability criterion to 
systems with distributed parameters (systems with delay) was 
described in 1941 by V. V. Solodovnikov. This question was de
veloped in detail by la . Z. Tsypkin in 1946.

Opening of the system. If the linear element with delay enters 
into a block of the system for which the amplitude-phase charac
teristic is recorded experimentally, while the characteristics are given 
by equations only for the ordinary linear elements (without delay), 
the investigation of system stability differs in no way from the 
usual one (Section 30 and 35).

If the element with delay enters into a block of the system which 
is defined by equations (or transfer functions), the amplitude-phase 
characteristic W (id) of the open network with delay (47.6)

T F (* « )= ^ £ ^ e - iw* (48.1)

is obtained from the amplitude-phase characteristic

Wo(*tt)
It {ia) 
Q(id) (48.2)

of the same network without delay (i.e. t  =  0), by simple rotation 
of all vectors A  of this characteristic clockwise by the appropriate
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angle to (Fig. 200a). The system should be opened in that line of 
the loop which includes the element with delay. Thus, if the delay 
element enters as shown in Fig. 202, the system may be opened in 
the usual manner (Fig. 210a), where the amplitude-phase charac
teristic of the open network, from (47.17) and (20.5), will be:

W (io>)
icO (—T46) -j- -f- l)(̂ CO -j- &a&4&5)

0-1TO (48.3)
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If the element with delay enters into an auxiliary feedback 
(Fig. 2106), the system must be opened as shown in Fig. 210c, where 
from equations (22.57) with introduction of the factor e ^  in the 
right-hand side of the feedback equation, from formula (21.11) we 
obtain

W {ia) fc6fc3&4(—T4g> +  T 2iu> +1)
— to2(— T4&)2 +  Tai<o + 1) +  k31eJc[Tc2

(48.4)

Finally, for the case where the delay enters into a part of the 
loop included in an auxiliary feedback (Fig. 210d), it is opened 
as shown in Fig. 210c (here in place of the feedback network we 
obtain a network with branching), where, from (22.57), with in-
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elusion of the factor c in the right-hand side of the slide-valve 
equation, and formula (21.29) we obtain:

t it  / • \ h3ki
W  (iw ) =  ——  

iw
________ ________
tco (— T46)" -f* T^lci -f* 1)

+  k 3 (48.5)

from which it is possible to obtain an expression of the form (47.6) 
after reduction to a common denominator.

When this rule of opening is not observed the amplitude-phase 
characteristic of the open network will not be defined as simply 
as in formula (48.1) and in Fig. 200a but a substantially more compli
cated expression of type (45.15) is obtained, where the results pre
sented below will not be valid.

We shall assume that in the general case in the expression for 
the amplitude-phase characteristic of the open network (48.1) the 
degree of the numerator R (iw) is less or a t most equal to the degree 
of the denominator Q(iw), but with W0(oo) <  1 *. In  accordance 
with Section 30 it is necessary to distinguish the following two cases:
(1) the characteristic equation of the open network Q(z) = 0  has 
no roots with positive real part, (2) the equation Q(z) =  0 has such 
roots. Let us consider these two cases individually, following 
Ya. Z. Tsypkin, on the basis of the given amplitude-phase charac
teristic of the open network without delay W0(iw).

We note, for example, in (48.3) and (48.5) it is evident that

Q {z)=s{ T\z2 +  T2 s +1) (e +  JcJcM and Q (z) = z \  Ttz* +  Ttz + 1)

respectively do not have roots with positive real part if the coef
ficients are positive. In  case (48.4), where

Q(a) =  +  T3z +1) +  klkjejct,

it is first necessary to calculate the roots or plot the auxiliary Mikhai
lov curve which, from Section 27, indicates the number of
roots with positive real part.

Case where the open network is stable or neutral. In  this case, Avhen 
the characteristic equation of the open network Q(z) = 0  has 
no roots with positive real part (but may have zero roots), for the 
closed system to be stable it is necessary tha t the amplitude-phase 
characteristic of the open network with delay (47.6) not enclose 
the point C with coordinates (—l,i0 ) .

Let us find the critical delay Tfc, i.e. such for which the system 
is incident on the boundary of stability (the amplitude-phase charac-

* In the contrary case the amplitude-phase characteristic of the open network 
with delay rotates clockwise an infinite number of times about the point O  (— 1, iO),  
i.e. the closed system will be unstable for arbitrary delay t .
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teristic of the open network with delay passes through the point C 
without enclosing it), As is evident from Fig. 200a a point of the 
characteristic o> =  tofc is incident on the point C when the condition

A(wfc) =  1 , 
p(wft)— T fcto *  =  — n± 2nq  (q = 0 ,1 ,2 , . . . ) ,

(48.6)

is satisfied, where P(cofc) is the phase of the open network without 
delay (48.2). For example, in Fig. 211a we have (1 — Tftci>fc =  — it,

in Fig. 2116 p —Tko>k =  — 37t; in Fig. 211c also p—Vfcto* =  — 3n, but 
the latter does not correspond to the boundary of stability since 
the characteristic encloses the point G (the system is unstable).

From the two equations (48.6) the critical values t fc and o>k 
(frequency of free undamped oscillations a t the boundary of stability) 
are determined. They are most simply foimd from the graph in the 
following manner.

We first analyse the case where the closed syBtem without delay 
is stable. Let the amplitude-phase characteristic of the open network 
without delay (48.2) be known, shown in the form of graphs in 
Fig. 212a or 6, where in Fig. 212a is shown a stable and in Fig. 2126 
a neutral open system. Let us plot about the origin of coordinates 
a unit circle (broken line in Fig. 212). We assume that a single point 
of intersection E  is obtained. Then for satisfaction of condition
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(48.6) it is necessary tha t t * co*  =  <EOG + 2nq, from which the 
required critical delay of the system will be

T* <EOG + 2nq
(« =  0 , 1 , 2 ,...) (48.7)

where to* is the frequency to corresponding to the point E . The 
fundamental value t *  with q — 0  is denoted by t *,.

I t  is obvious that with delay t  <  t */ the given system will be 
stable while with delay t  >  t */ unstable. All further values of t *  

(48.7) with q 0 will lie in the region of instability.
If the unit circle intersects the amplitude-phase characteristic of 

the linear part of the system two or more times (Fig. 212c, d), several 
critical delays t *  are possible. For example, in case c in Fig. 212 we 
obtain two fundamental critical delay values:

T*1 =
< E 1OC

£o*i ’ T*2
< E 2OC

tO*2 ’
(48.8)

where with delay t  <  t*, the system is stable, with delay t*i <  t  <  t*2, 
unstable. With delay v >  t *2 the system is again stable, since the 
amplitude-phase characteristic of the open system with delay does 
not enclose the point C. However, with further increase of delay r  
the stability of the system is again disturbed at

T*S
< E 1OC +  2tc 

£o* i
(48.9)

Consequently, the second stability region will be t *2 <  -r <  t*b . 
Further with t*s <  t  <  t*4, where

'tki —
< E 20C + 2 t z  

£0*2
(48.10)

there will again be a region of instability, which is replaced by 
the stable region t*4 <  t <  t*5, where

k̂b
<  E xOQ +  4 n etc. (48.11)

Let us now turn to the case where the amplitude-phase charac
teristic of the linear part of the system has the form d (Fig. 212) 
and intersects the unit circle a t three points: E lf E 2 and E t . In 
this case the fundamental critical delays will be:

T*1 =
k E jOC

£0*1 *̂2 —
< e 2o c n

£0*2
r*8

<  JcaO C N
£0*3

(48.12)

(the letter N  in these last expressions indicates that the angles 
should be taken “obtuse” , i.e. including the arc JV of Fig. 212d).

If we find from the calculations that t*i <  t*2 <  t*s , the system 
will be stable with delay t  <  t a1 and unstable with delay t  >  t * i  .
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In  this case there is therefore only a single critical delay in the 
system (T fc l) ,  the remaining ( t * 2  and t m ) are superfluous in the sense 
that for them the amplitude-phase characteristic of the open net
work with delay encloses the point C.

Let us consider a second possible case t * 2  <  T fcl <  Here the 
system is stable with t  <  t 12 and unstable for t  >  t*2-

If t *2 <  t m <  Tfcl, the system will have two regions of stability 
t  <  t * 2  and t * s  <  t  <  Tfci and will be unstable for Tfc2  <  t  <  t * 3  and
T  >  T fcl.

The above is easily verified plotting the corresponding amplitude- 
phase characteristics of the open network with delay.

We note, finally, tha t the closed system will be stable for arbitrary 
delay t  if the entire amplitude-phase characteristic of the open 
network without delay (for t  =  0) is located inside the unit circle 
(Fig. 212e), i.e. when -4.(cu) <  1 with 0 <  <  oo. In  this case no
change of phase (3 through delay can bring the characteristic beyond 
the point C.

In  those cases where the closed system without delay is unstable 
and there is a single point of intersection K  between the charac
teristic (48.2) and the unit circle (Fig. 213a and b), it is obvious 
that with any rotation of the characteristic clockwise, i.e. for arbi
trary delay t ,  the system remains unstable.

If with an unstable closed system without delay there are two 
points of intersection K x and K 2 of the characteristic W0(iu) with 
the unit circle (Fig 213c), there will be two fundamental critical 
delays:

Tfcl
< K xOC

Tfc2
< k 2o g n

Ufc2 (48.13)

From Fig. 213c it is obvious that if t*i <  the system which is 
unstable without delay becomes stable in the presence of delay t  

in the interval t a1  <  t  <  t * 2 . Here, if the following critical times

_  < K xOC +2uq _  < K 2OCN+2izq
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alternate, then with t** <  t  <  tki(q~i) the system is unstable, with 
Tkiiq—i) ^  v ^ 2(̂ —1) is again stable, etc.

If in formulae (48.13) <  T fcl, the system will be unstable with
arbitrary delay t, as at t =  0.

The case where the open network is unstable. In  this case, when 
the characteristic equation of the open network Q{z) =  0 has m 
roots with positive real part, for the closed system to be stable it

is necessary that the amplitude-phase characteristic of the open 
network with delay encircle the point C (— 1, *0) counterclockwise 
by the angle mit.

If the closed system without delay is stable (for example, Fig. 214 
with m = 2), we obtain the critical value

=
<KOC

1 (48.14)

where with 0 <  t  <  t *  the system is stable while with t  >  rk unstable. 
If the closed system without delay is unstable, it remains unstable 
with arbitrary t .

49. Choice of structure and parameters of linear systems with delay and 
with distributed parameters from the condition of stability and the quality 
of the transient process

Let us describe here plotting of the stability region for linear 
systems with delay and systems with distributed parameters on the 
basis of the Mikhailov criterion, calculation of the roots and the 
frequency criteria of the transient quality.

Employment of the Mikhailov curve. As an example let us take 
the engine velocity regulation system (Fig. 74 and Fig. 202) with 
delay t  in the regulating organ. Let us examine the influence of 
the magnitude of delay t  on the choice of transfer factor kt of the 
centrifugal mechanism, for which we plot the stability region of 
the given system in the plane of the two parameters (fc2) t). The
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differential equation of the system has the form (45.18). The charac
teristic equation will be:

(T]zi + Ttz +  1)(« +  ft*ft4ft5)z +  ftAfc3fc4e-T* =  0 , 

or in expanded form after division by ft(ft8ft4:

«oS4 +  0,-if +  a# 1 +  a3z +  ft2e-« =  0 , (49.1)
where

<*o

aa

T\ TT . t X
ft(ft3ft4 ’

= Jcjcjc4 f  K ’
1 T2fc5 ft*

ft(ftaft4 1 ft( ’ <h = ftC

(49.2)

These coefficients will be considered given. Let us plot the auxiliary 
Mikhailov curve (Fig. 215)

Q(ico) =  X(co)+iY(co) ,
where

X  =  — a2tii2 +  a0w4 , Y =  djw — a^ 3 . (49.3)

We shall also plot there (Fig. 215) a circle of radius fta, representing 
the last term of the characteristic equation (49.1), i.e. Tc2erUin. 
Assigning various values to fta, we obtain different circles and in 
each find its critical delay t *. This defines individual points of the 
required boundary of stability (Fig. 216) in the coordinates (fta, t).

Let us assume for simplicity th a t the shape of the curve Q(ico) 
is such tha t the radius vector continuously increases * along the 
curve with increase of to (this is fully realisable). Then, as is evident 
from Fig. 215, a single point of intersection K ' is obtained which, 
with increase of the radius of the circle fta, will shift continuously 
counterclockwise along the curve Q(ia>). Therefore with increase 
of fta in the interval

0 <  ft2 <  oo

* In the contrary case two points of intersection with the circle are possible, 
which may also be easily Btudied as in Fig. 206/.

29
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the angle K O X  (Fig. 215) will decrease continuously in the interval

+  7i ^  K O X  >  — n  , 

where the value of w* at the point K  varies in the interval

0 ^  to* ^  +  oo .
From (47.8) the critical delay

< K O X  v* = ---------to*
will vary in the following manner:

+  oo >  T* >  0 with +  It 5s K O X  >  0 , 
t* <  0 with K O X  <  0 .

We are interested only in positive delays t  (a negative t  corre
sponds to advance). The limiting case t* =  0, when < K 0 X  =  0 
corresponds to incidence of the point K ' on the point A  (Fig. 215), 
i.e. the condition

(̂ a)lini “  OA .

But OA — —X A with Y a =  0. Therefore, finding from (49.3) the 
value 0& =  «,/<*! with Y  =  0 and substituting it in X , we find

(&a)lim =  —% (<b®2 ®o®a) ■>

where a0, alt aif a  ̂ have the values (49.2).
Considering all the above, we obtain the boundary of stability 

represented in Fig. 216. The region of stability lies to the left of 
this curve, since the entire segment 0 <  Jc2 <  (fc2)um with t  =  0, as 
is evident from the Mikhailov curve, corresponds to a stable system, 
where the values kz =  0 and (1c2)um correspond to the boundaries 
of stability.

Diagram of stability boundaries for a third-order system with 
delay. In  Section 29 the boundary of stability for a third-order 
system was analysed (Fig. 143) in the Vyshnegradskii parameter 
plane A  and B  (29.9). Let us determine the influence of delay t
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in such a system on the shape of the stability boundary in the plane 
of these dimensionless parameters A  and B  if the characteristic 
equation of the system has the form

aoZ3 +  ajZ2 +  a#  +  036-™ =  0 . (49.4)

This question was studied in detail by X. 57. Miasnikov by the above- 
described application of the Mikhailov curve. We present only 
certain results of his solution.

Introducing the new variable u (29.7), we reduce the equation
(49.4) similarly to (29.8) to the normalised form:

u3 +  An2 +  Bu +  =  0 , (49.5)

r„=4 
tf-3
W  
r0=> 
r=D

F ig. 217

where A  and B  are the previous Vyshnegradskii parameters (29.9) 
and," in addition,

(49.6)

which we term the normalised delay (it is dimensionless, as are the 
quantities A, B, u).

Plotting the boundaries of stability for the normalised equation
(49.5) by the method described in the above example yields the 
diagram shown in Fig. 217. Here the curve t =  0 represents the 
Vyshnegradskii hyperbola (Fig. 143), i.e. the boundary of stability 
of the ordinary third-order linear system. The remaining curves 
in Fig. 217 represent the boundaries of stability of the system for 
various values of normalised delay (t„ =  1, 2 ,3 , 4).

This diagram clearly shows the strong influence of delay t  in 
the system on the shape of its stability boundary. Basically with 
increase of t  the stability region narrows, but for certain values 
of t  partially projects into the portion of the plane where the system 
without delay is unstable. I t  is particularly important to take into 
account the results obtained on the influence of delay in connection 
with the conclusions evident from Chapters IX  and X  (see Fig. 169,
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173, 186), the best values of parameters A  and B  from the point 
of view of transient quality are values located in the region of two 
or three units along both coordinate axes.

In  studying real systems it is necessary to consider tha t the 
normalised value t 0 figuring in the diagram (Fig. 217) is connected 
with a real delay time t  in the system by relation (49.6).

As an example let us take the direct acting automatic velocity 
regulation system (Fig. 13) where the equations of the object and 
sensitive element have the form (22.17) with p =  0 and (22.29), 
while the equation of transmission to the regulating organ £ =  7). 
We introduce, in addition, consideration of delay time as was done 
in Section 45. Then the equations of the system are written in the 
form

l a P 9  =  S* ,
(H p 2 + Tkp + 8)>] =  -<p,
I  =  •

The characteristic equation of the system will be 

Ta T W + Ta Tkz8 +  8T0z +  «-» =  <), 
and from (29.9) and (49.6) we have:

V T'laT\ ’ ~ \ / TaT l ’ X° ' '  Tal l '

If Ta =  0-24 sec, 8 =  0-11, T* =  10~® sec, Tk =  2-2-10"3 sec, then 
A  =  3, B  =  2. As is evident from the diagram (Fig. 217), the system 
will be stable only for values 0 <  t„ <  2, which corresponds to real 
time delays: 0 <  t  <  0 028 sec. For values t  >  0-028 sec the system 
is unstable.

Analytical expression for the stability boundaries. The boundaries 
of the stability region for systems with delay and systems with 
distributed parameters may be plotted as in Section 34 on the basis 
of the analytical expression for the Mikhailov curve. Thus, to plot 
the region of stability with respect to some arbitrary parameter a. 
condition (28.6) iB employed, expressing from it, as in Section 34, 
the parameter a in complex form and finding the points of inter
section of the curve obtained with the real axis. If it is required to 
find the stability region in the plane of any two parameters a and p, 
the expression for the stability boundary from the Mikhailov criterion 
is used in the form (28.7), i.e. in the form of two equations:

J(oc, p, to) =  0 , Y(a, p, to) =  0 , (49.7)
from which it is possible in principle to express:

a =  a(to) , p =  P(to). (49.8)
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Assigning various values 0 <  g> <  +  oo, in accordance with (49.8) 
we plot the curves point by point in the plane of parameters oc, (3 and 
the singular lines to =  0 and to =  oo. The stability region is found 
from these curves as before (Section 34).

As an example let us consider the system aircraft-course auto
pilot, for which the equations in Section 25 were derived. Here the 
equation of the aircraft is written in the simplest form

T,A<J) +  A<ji =  -  ̂ AS* , (49.9)

and the autopilot equation (without feedback, but with introduction 
of two derivatives) in ideal form

AS =  +  fc-A* +  fyA* . (49.10)

Non-ideaJness of the system is taken into account in the form of 
delay

AS*(*) =  AS(*-t) . (49.11)

The characteristic equation of such a system, from Section 45, 
will be:

(T1z + l)z i + k1{k.+lc-z + Jc"Z2)e-'* =  0 . (49.12)

Let it be required to estimate the stability of the system for 
various values of delay t  by plotting the stability region in the 
parameter plane (fĉ , t ). Factoring out in (49.12) and putting

k: fcv
(49.13)

we obtain the left-hand side of equation (49.12) in the form

L(z) =  (Txz + 1 )z2 +  fcj,ft,(l +  az +  bza) e-™ .

*■-' Letting z =  iu>, separating the real and imaginary parts by the 
formula e-*™ =  Costco —isinTco, and equating them separately to 
zero, we obtain equations (49.7) in the form

— ti)2 +  &,),&![(l — f>(Oa)C08T61 +  0(0sinTco] = 0  , 
— TjM3 +  Afyft1[«<oco8Tto — (1 — &<i)*)sinT<o] =  0 . (49.14)

Expressing from this Tc$ and t, which play here the role of the 
parameters a and (3, we find the equations (49.8)

. g S /  l+ f f iV
* *1 V tfM« + ( l - 6 u * ) *  ’

tan_1T1to +  27tgjI f .  . o o
T =  * tan-1r ^

(® =  0 ,1 , 2 , . . . ) .

(49.15)
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All parameters except and t  are given, with T 1 > a. Now, 
assigning various values to to from 0 to +  oo, we shall calculate for 
each by formulae (49.15) the values of the parameters Tc$, and t  and 
plot point by point the corresponding curves in the plane Tĉ , t ,  

where we limit ourselves to positive values of Tc and t.
To hatch the curves we find the sign of the determinant (34.12), 

taking on in the present case according to (49.14) (where the role 
of the parameters « and p  is played by and t ) the following form:

— tolctykl {[(1 — 6co2) Costco +  aco sinTco]2 +

or after expanding
+  [ a c o  Co s t c o  —  ( 1  —  6 co a) s i n T c o ] 2}

—  c o f c , j ,S ; i [ ( l  —  6 co2 ) 2 +  « ? « 2]  <  0  .

Therefore all the curves are hatched identically from the under side 
(Fig. 218). From this we conclude tha t only the lowest region may

be stable. For verification we write the characteristic equation of 
the given system (49.12) with respect to (49.13) in the absence of 
delay ( t  =  0 ) :

Tjpfi +  (1 +  Tcjc^b) z 2 +  Tcjc^az +  Jcjc^ =  0 ,

and apply the Vyshnegradskii stability criterion (29.3), which gives 
in the present case the following condition

JCty Tt — a

Consequently the stability region denoted in Fig. 218 has been 
correctly found.

As a second example let us consider the automatic pressure regu
lation system in a pipe line, the equation of which has been derived 
in Section 46 taking into account wave phenomena. The charac
teristic equation of the system from (46.39) has the form
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&iY i

Y — 1
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T\T„z* +  (Ti +  T2TS) a2 +  (P2 +  T.) z + 1

+  6
Y +  l

Y +  l
TlT8z* + (Tl + T2Te)z2 + 

+ ( T 2+ T s ) z  +  i + - ^ L j e-« =  o . (49.16)

Let us plot the stability region in the plane of the two regulator 
parameters {T2, T2), the significance of which is clear from (46.27) 
and (46.28). The plot of this stability region was carried out by 
the above method in 1940 by I. P. Kabakov (Reference 21) with 
reference to the development of this method by A. A. Sokolov 
(Reference 9) (I. P. Kabakov, as well as A. A. Sokolov, died in the 
Battle of Leningrad in 1941).

In  the left-hand side of the characteristic equation (49.16) we 
substitute z = ico, separate the real and imaginary parts and equate 
them separately to zero. As a result we obtain two equations (49.7) 
in the form

*iYPi(to)-
Y +  l

+

sinTcoJ =  0 ,

+  6 — j | Pi ( t o)  +  ^— Costco +  P a(oi) sinTcoJ =  o , 

■Pj(oi) +  i  | P a( CO) COSTCO - [ P i ( c o )  +  — — |

where
Pl(co) =  1 — (Pi +  I%Ta) G>2 ,
P a(co) =  (Pa +  Ta) oi— TiPsco* .

From (49.18) we find:
P a— P̂ PgCO

(49.17)

(49.18)

Pa =
CO ( P SC0 + 1 )

T\ _  1 /. P i +  PaP«to\
~~ CO2 1 P2co2 +  l  /

(49.19)

T V  +  1
where we should substitute the values of P x and P a obtained from 
(49.17), i.e.

xz + Tctfiy — l)y*

P 2 =

a^-f (y —l)2ya
feiYfly-(Y~l )V2 

*2 +  (y — l) a2/:2 „ 2  '

(49.20)

where
x  =  1 +  6

Y + l
Costco , y

Y +  l
smTco ,

*iY
Y +  l

(1 +  b Costco) .
(49.21)
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Considering now all the system parameters except Ta and T\ 
given (including t  =  2Lfa), we shall give various values to to, calcu
late for each to first the quantities %,y , z  (49.21), then P x and P a in 
accordance with (49.20) and, finally, Ta and T\ from formulae (49.19). 
The results of these calculations give us definite points in the plane 
(T2j T\), which are joined to give the required stability boundary 
(the continuous curve in Fig. 219) and the region of stability below 
and to the right of it.

For a more complete clarification of the effects of wave pheno
mena in pipelines on the stability of the system we plot also the

stability boundary calculated without regard to wave phenomena, 
but taking into account compressibility of the gas, when the partial 
differential equation of the regulated object (46.9) is replaced by 
an ordinary differential equation (46.43). The characteristic equation 
of the system has in this case from (46.45) the form

T j T .V  +  (T?TSB +  T\T0 +  TaT ,T0) ^  +  (TjS +  TaTs8 +  TaT0+
+ T ,T 0)z* +  (T8a +  T0 + Ts§)z + 8 +  ̂  =  0 .

Here it would be possible to employ the same method, but for 
illustration of different possibilities we turn  to the Hurwitz criterion. 
From formula (29.19) we obtain the following equation of the stability 
boundary

(TaS +  T0 +  TsS) [(TjT.8 +  T\Tq +  TaT.T0) (T?S +  TaT, 8 +  TaT0) +
+  T*T0) -  T?TsT0(Ta8 + T 0 +  T .S)]-

-  (8 +  K) (2?T,8 +  T?T0 +  TaTgT0)2 =  0 .

Since all parameters except Ta and T\ are given, we have here 
the equation of a curve in coordinates (Ta, T\), from which the 
stability boundary shown in broken line in Fig. 219 may be plotted 
point by point. Comparison of the continuous and broken-line 
boundaries (Fig. 219) gives us an idea of the effect of wave phenomena
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in the pipeline on the choice of regulator parameters in the given 
system with respect to the stability condition.

Degree of stability of linear systems with delay and with distri
buted parameters. I t  is obvious that the method described in 
Section 37 for determining the degree of stability and the choice 
of system parameters from it, based on the Mikhailov criterion, 
may also be applied to linear systems with delay and with distributed 
parameters.

The characteristic equation for these systems, from Section 47, 
has the form

Q(z) + R { z ) e =  0 .

The shifted equation may be obtained by applying formula (37.7) 
to the polynomials Q(z) and R{z) and substituting z =  X,—X in the 
expression Then, if

Q(z) =  60sn +  &1an-1 +  ... +  6n_1« +  6ft,
R{z) =  c0z”* +  Ci*™-1 + ... +  cm- tz +  cm ,

the shifted equation will be:

where

and

Q M ) + m e - *  = 0 ,

QiK) =  W  +  +
R lK) =  + ... +  c m̂ + c m ,

q tn-k\-\)  n .
B k ~  ' (» -* )!  (ft — 1, 2, ...,» ) ,

R lm~k\~ X )
C k ~ e (m-Jc)l (Jc =  1, 2, ..•, m)

(49.22)

After constructing the shifted equation (49.22) the method of 
investigating stability described in the present paragraph is applied 
to it, in the same sense as in Section 37 the stability criterion of 
ordinary linear systems was applied to the problem of degree of 
stability.

Calculating the roots of simple transcendental equations. The char
acteristic equation for systems with delay as well as for a definite 
class of systems with distributed parameters, from Section 47, has 
the form

Q(z) + R{z)e~zz = 0 . (49.23)

For equations with relatively low degrees of Q(z) and R(z) the 
following method of calculating the roots is applied. We substitute 
in equation (49.23) the values

z =  a +  ito , e - K  =  e ~ Ta( c o s t c o  —  i s i n T G ) ) .
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We then separate the real and imaginary parts in the expression 
obtained. Each of them is equated to zero. The result is two equations 
with two unknowns a and to. They may be solved graphically, plotting 
two curves in the plane (a, to) from these equations. Their points 
of intersection (which, in general, will be infinitely many) give 
the required roots »,• =  a,- +  ito< of the transcendental equation. 
Since the system is assumed stable, while complex roots are always 
conjugate, it is only necessary to plot these curves in the second 
quadrant of the plane (a, to).

Frequency criteria of transient quality. I t  is possible to apply 
the approximate frequency criteria of transient quality considered 
in Section 44 to linear systems with delay if the frequency charac
teristic of the closed system is plotted taking into account the delay.



GHAPTEE XIII

PULSE (DISCONTINUOUS) AUTOMATIC REGULATION
SYSTEMS

50. Equations and frequency characteristics of linear pulse regulation 
systems

Pulse automatic regulation systems are one of the forms of dis
continuous regulation systems (a second form of discontinuous 
regulation system is the relay system considered in Section 53). 
Certain general information on these systems has already been 
given in Section 4.

A linear pulse regulation system is an automatic regulation system 
which, in addition to elements described by ordinary linear differ
ential equations, contains a pulse element, having at the input 
a continuous force and transforming it into pulses a t equal time 
intervals proportional to the values of the input quantity at instants 
of time corresponding to the start of each pulse. This definition 
includes pulse elements of types a and b (Fig. 29 and 31) while the 
third type (c) will be non-linear since the magnitude of pulse is 
independent of the magnitude of input quantity and depends only 
on its sign, as in an ordinary non-linear relay-type element.

In  addition, a key (and a chopper bar) which from some external 
cause closes a circuit in short impulses a t equal time intervals may 
also be a pulse circuit. The difference between a key-type pulse 
circuit and a chopper bar is that the former “cuts out” defined 
sections from the continuously varying quantity (Fig. 220c), while 
the latter gives rectilinear pulses (Fig. 220a and b). Either pulse 
element may be realised by various electromechanical or electronic 
devices. We shall term  them respectively pulse elements type I , 
type I I ,  type I I I  (Fig. 220a, b, c).

Here we shall consider special methods of studying linear pulse 
systems, but in a number of cases it will be necessary to bear in 
mind that these systems may be studied as ordinary linear systems 
(see the note at the end of Section 13).

Equations of pulse automatic regulation systems. As an example 
we take the pulse automatic regulation system for temperature 0,

445
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the schematic diagram of which is given in Fig. 30 and described 
in Section 4. Its block diagram is given in Fig. 221a. The regulated 
object may be, for example, a heat engine, the temperature in which 0 
should be maintained constant by varying the position £ of the 
shutters (regulating organ), i.e. by varying the rate of cooling the 
engine.

In the general case there may be a number of continuous elements 
in an arbitrary linear pulse regulation system, described by ordinary
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linear differential equations and one discontinuous, pulse-element. 
I t  is therefore possible to represent the general structure of a pulse 
regulation system as shown in Fig. 2216 where all the continuous 
elements are combined in a single block which is termed the ordinary

F ig. 221

lineal1 part of the system. This may have any structure (arbitrary 
complexity, feedback, etc.). In  the present example the linear part 
includes: the drive engine, regulating organ (shutters), regulated 
object and sensitive element (resistance thermometer with galvano
meter).

The equation of a regulated object of this type has already been 
derived in the form (9.15). Desiring to investigate only the transient 
process with steady-state conditions {fx =  0), we write the equation 
of the regulated object in the form

{Tt f  + 1)0 =  -TeJ, , (50.1)
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where 0 is the deviation of the regulated temperature, \  is the position 
of the shutters. The time constant Tx and the coefficient ftj. are 
defined by formulae (9.16) or experimentally.

The equation of the sensitive element is written in the form

(T 2p +  l ) s  =  M ,  (50.2)
where s is the position of the galvanometer pointer, read in the 
plane of the chopper bar (Figs. 30 and 31). The time constant Ta 
defines the thermal inertia of the resistance thermometer and the 
galvanometer inertia (the latter is Email).

The equations of drive and regulating organ are written in the 
form

= Mr = ClV ,  =

where J  is the moment of inertia of the entire mass rotated by the 
engine (including the reduction gear and shutters), reduced to the 
axis of rotation of the shutters, \  is the angle of rotation of the 
shutters, M r and Mf  are the rotary moment and the resistance 
moment reduced to the axis of the shutters, V  is the voltage in the 
engine armature circuit (c,, ca are proportionality factors). This 
equation is represented in the form

(T3p + 1 )pl  = k3V ,  Ta = - ,  (50.3)(/2 1̂2

From equations (50.1), (50.2), (50.3) it is possible to write the 
equation of the entire ordinary linear part of the system on the 
basis of (20.2) in the form

(T1p +  l)(T 8p +  l)(T 3p +  l)p s  =  —kJeJcaV  . (50.4)

Finally, it is necessary to set up the pulse element equation. 
The pulse element is characterised by the following parameters 
(6ee Fig. 220): T  is the pulse repetition period, y is the pulse duty 
cycle (ratio of pulse duration to repetition peiiod), kp is the gain 
factor of the pulse element ratio of magnitude or duration of the 
pulse to the magnitude of the input force at the start of the pulse).

In  the present example (Fig. 31) the pulse repetition period T  
will be the period of foiced OEcillations of the chopper bar 7. The 
pulse duration is defined by the time in which the galvanometer 
pointer 4 is pressed againts the rheostat 9. The pulse duty cycle y 
will consequently be the ratio of this time interval to the period 
of oscillation of the bar (ordinarily y  1). The gain factor of the 
type I  pulse element (Fig. 220) will be:

V Vmax
s Sm&x 1 (50.5)
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it is defined by the rheostat and voltage source parameters. For 
a type I I  pulse element

JCp Y
s

Ymttt 
S  m a y

(50.6)

which is defined by the design of the chopper bar.
We may now on the basis of the graph of Fig. 220a write the 

following equation for the type I  pulse element:

F  =  Tcps[n] with nT  <  f <  (nT  +  yT) , I 
F  =  0 with {nT + yT) <  t <  (w +  l ) T , ) (^0.7)

where n =  0 ,1 , 2 ,... is the arbitrary ordinal number of the pulse
period, where y =  const. The notation s[w] denotes the constant 
value s taken at the start of the nth pulse period.

The equation of the type I I  pulse element (Fig. 2206) will be:

F  =  c-signs[n] with nT  <  t <  (nT + yT) ,
V  =0 with (nT + yT) <  t <  (n + l ) T  ,

where
y =  V |s [n ] |

or, which is equivalent,

J (50.8)

y =  kps [n] • sign s [n] (50.9)

(both notations denote kp, multiplied by the absolute value of s, 
which is necessary here since y is always positive). The notation 
F  =  c-signs[n] denotes tha t the voltage F  remains constant, equal 
to some value c, but changes its sign with change in sign of s. 

The equation of the type I I I  pulse circuit (Fig. 220c) will be:

F  =  kpS with nT  <  t <  (nT + y) , |
F  =  0 with (nT +  yT) <  (n +  l ) T . j

In  the result we find tha t in the closed regulation system (Fig. 221) 
the pulse element gives pulses F  at the input of the ordinary linear 
part (according to (50.7), (50.8) or (50.10)), which are transformed 
by the latter to the displacement S  in accordance with equation (50.4); 
this displacement S  is again applied to the input of the pulse element, 
where it is again transformed to pulses F, etc.

In  the general case for the ordinary linear part of the system 
we will have the equation

Q(p)s = - B ( p ) V , (50.11)

where Q{p) and B(p)  operational polynomials of arbitrary degree, 
the degree of the former usually being higher than the degree of 
the latter.
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Below we shall consider two methods of studying linear pulse 
systems: using difference equations and a frequency method. We 
shall therefore first describe obtaining the difference equations and 
the frequency characteristics.

Obtaining the difference equations. Let there exist a pulse auto
matic temperature regulation system (Fig. 30) in which for simplicity 
we neglect the inertia of the regulator (Ta =  T3 =  0). Let a pulse 
element type I I  be included in this system (the pulse duration 
is proportional to the input quantity). We shall illustrate obtaining 
the difference equations using this simple example*.

In  studying the operation of any pulse system it is convenient, 
to employ the relative time

1 = 1 ,  (50.12)

i.e. in other words, it is convenient to measure the time by the 
number of periods T  (pulse periods) rather than by seconds, as 
is usual. Then the equation of the pulse element (50.8) is written 
in the form

V =  c-signs[«.] with +  y ,
V  = 0 with n  +  y  ^ t  ^ n  +  1 ,

where
Y  =  kp•»[»]• sign8[n] . (50.14)

The equation of the regulated object (50.1) takes the form

M + e  =  (50.15)

the equation of the sensitive element (50.2) with T2 =  0 will be:

s = M  , (50.16)
the equation of the drive with regulating organ (50.3) with Ta =  0 
will be:

< 5 0 - 1 7 >

To determine the values of the variables a t the initial instants 
of each pulse period we integrate the above equations over an 
arbitrary nth period. From (50.17) and (50.13) we obtain by inte
gration:

S =  5M  +  a-(2-n)-signs[>] with +  /5 0 18)
5 =  +  « y  signsM  with n + Y  <  t  < n + 1 , j

(50.13)

• We present here an example considered by Ya. Z. Tsypkin in 1948.
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where £[»] is the value of \  at the start of the nth pulse period. 
In  (50.18) we put

« =  TTcac . (50.19)

At the end of the nth and, consequently, the start of the (n +  l)st 
pulse period from (50.18) and (50.14), considering tha t multiplication 
of the sign s[n] by itself gives + 1  we find

£ 0  +  1] =  £[n] +  ft„as[n] . (50.20)

The solution of equation (50.15), as is well known, will be

t
0 =  e[n]e-0«-n>-fc,pe-0«-"> /  e~W ~^ldl,

n
where 0[n] is the value of 0 a t the start of the nth pulse period and 
we employ the notation

p = -  ( 0 < p « l ) .  (50.21)

Taking into account (50.18) we integrate here separately for 
the two segments of variation of I. Substituting then I =  n +  1 
(the end of the nth segment and the start of the n +  l-st), we obtain

0 [n + 1 ] =  0 [ n ] r 3 - i , ( l - « i 5 [ n ] -

— ^ e-p(l — ePt) +  • signs[n].

But from the smallness of y(y ^  1) we may assume

1 — e®y 1 — py .

Therefore, substituting (50.14) in the expression obtained for 0[n +  l], 
we find

0[n +  l]  =  0[n]e- P—fcj(l — r f) \ [n] — Tcjhptx.(1 — e~P)s [n ] . (50.22)

We have thus obtained the required difference equations (50.20) 
and (50.22) supplemented by relation (50.16), which together describe 
the transient process in the given pulse regulation system. These 
three equations may be reduced to a single one, eliminating two 
variables (£ and s). Employing (50.16), from (50.20) and (50.22) 
we obtain two difference equations for the pulse regulation system

£[» +  l ] - £ [ n ]  =  fc2fcP*0|>] , \ (50 23)
0 [« + l] +  {k (l-e -B )-e -P }0 [# ] =  - ^ ( l - r » ) 5 [ » ] , 1

where Tt denotes the overall gain factor
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We eliminate \  from these two first-order difference equations. 
For this we rewrite the second of equations (50.23) for the (w +  l)st 
interval (up to now it described the wth), namely

0 [ « + 2 ] + { k ( l - r » ) - « - f } e [ ? i  +  l] =  -  i , ( l - r ^ [ »  +  l ] .
From this and from the second equation of (50.23) the values 

of £[»] and £[n +  l]  are substituted in the first equation of (50.23), 
previously multiplied by — e~p). The result is a single difference 
equation for the pulse regulation system

0 [n +  2] -  {1 +  e~P — lex (1 — e-P)} 0 [» + 1 ] +  e~P0 [w] =  0; (50.24)
this is a second-order homogeneous difference equation. I t  will be 
studied in Section 51.

Obtaining the frequency characteristics. Let us open the regulation 
system at the input to the pulse element. Then in place of the closed 
system (Fig. 221) we obtain the open network (Fig. 222). In  place

F ig . 222

of the displacement of the sensitive element s, as in the closed system, 
the input to the open network at the pulse element will now be an 
arbitrary external input quantity denoted in Fig. 222 by y. The 
displacement of the sensitive element s will be the output quantity 
of the open network.

For the ordinary linear portion of the system we have the input 
quantity V and the output s. In  the general case this part may have 
a structure of arbitrary complexity (with feedback, etc.). Its equation, 
as discussed above, has the form (50.11) in the general case. The 
transfer function of the ordinary linear part will thus be:

= m  <B0-25>
(in writing the transfer function of the open network, as has been 
done everywhere previously, the minus sign before R(p) is omitted).

Similarly to the passage in the difference equations to the relative 
time (50.12), here in operational notation we pass to the relative 
operator

q = T p ,  (50.26)
where T  is the pulse repetition period. Then the transfer function 
in the general case will have the form
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in place of (50.25), where B0(q) and Q0(q) are operational polynomials 
of the same degree as B(p), Q(p) but with somewhat changed coef
ficients as a result of the transformation (50.26) from p to q. We 
denote by q{(i =  1 , 2 , . . . ,  n) the roots of the polynomial Q0(q) and 
by Qo(q) the derivative of the polynomial Q0(q) with respect to q.

We present without derivation the expression in general form 
obtained by Ya. Z. Tsypkin (Eeference 13) for the relative transfer 
function of the entire open network together with the pulse element

n

W*(q) = 1cp (h  + 2 e <7 ^ ) ’ (60-28)

where for the type I  pulse element (Fig. 220a) we have 

B  =  lim W0(q) , Hi =  1 ~  6 **
q-+oo Q'oiqi) g<

(50.29)

and for the type I I I  pulse element (i.e. a key with the assumption 
Y < 1, Fig. 220c):

H  =  ylimqW 0(q), Ht =  y  . (50.30)
a-«o VO\qi)

Formula (50.29) is valid when the polynomial Q0(q) has no multiple 
or zero roots. If Q0{q) has a single zero root, for example q1 =  0, 
then the coefficient H1 corresponding to it will be:

■ W ) -
1 Qo( 0)Y’

(50.31)

this is obtained by a simple passage to the limit <&->0 in formula
(50.29).

The amplitude-phase frequency characteristic of the open pulse 
network is introduced in the form W*(io>*), which is obtained by 
substitution of q = ico* in the expression for the transfer function 
of the open pulse network (50.28). This frequency characteristic, 
as an ordinary one (Section 8), may be represented in the form

W*(io>*) =  U*(a*) + iV(o>*) (50.32)
or

W*(ia*) =  l ‘(w *)rifi,t“‘) , (50.33)

which corresponds to the graphic representation in the complex 
plane shown in Fig. 223, where only the following interval of fre
quency variation enters into consideration: 0 <  w* <  n. The relative 
frequency to* is related to the real frequency to according to (50.26) 
by the relationship

co* =  Tto . (50.34)
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Let us consider the previous example of pulse system (with 
Ta =  T3 =  0), but in distinction to it we take the pulse element 
type I, where the pulse duration yT  will be constant while its ampli
tude will vary proportionally to the values of the input quantity 
a t the start of the pulse, according to (50.7).

According to the equation of the ordinary linear part of the system
(50.4) we find the transfer function of this part (assuming T 2 =  T3 =  0):

W0(p)
{TiP + l)P ‘

Passing to the relative operator q (50.26), we obtain

where

W0(q) =
~ q(q + $)’

(50.35)

II 8 =  TJc3 . (50.36)

The operational polynomial Q0{q) =  q(q +  (3) has the roots 

3l =  0 , q2 =  —(3.

Its derivative will be
Qo(q) =  2g +  p .

The polynomial R0{q), as is evident from (50.35), degenerates 
here to a constant

Ri(q) =  .
From formula (50.29) we find the result:

B  = 0 ,  1);

the quantity H lf corresponding to the zero root qx — 0, is found 
separately from formula (50.31),

Ji j ~  7̂ 2 .
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The transfer function of the overall open pulse network (50.28) 
will be

(e3 r _ l)e-3
W*(q) =  M Y

_e«-l e -0)

where we have introduced the overall gain factor

ft — Tĉ Tcp .

(50.37)

(50.38)

Substituting here q =  ia , we obtain the expression for the 
amplitude-phase frequency characteristic of the open pulse network:

W*(ico*) =
(00Y _l)g -0

6*'“ ’ — 1  (3 («>'“ * —  e~ P )_
(50.39)

Employing the well known formula e‘“* =  cosco*-H'sinco* aud 
introducing for conciseness

a =  g({ h ” l ) r f  > b = e-'*, (50.40)

we separate the real and imaginary parts in expression (50.39), 
which gives

W*(ia>*) =  U*(b>*) + iV*(o>*) ,
where

U*(o>*) =  - k S
Y a (cos w — b)
2 1 + b2—2b cos to* ’

F*(co*) =  — ftSsinw* Y
2(1 —cos «*)

a
1 +  b2 — 2fecoso>*

(50.41)

Assigning various values to co*(0 co* sc tt), we plot the curve 
W*(iw*) by points in the form of Fig. 223&.

51. Investigation of stability of pulse (discontinuous) linear regulation 
systems

The fundamental works on the investigation of pulse (discontinu
ous) regulation systems are those of A. I. Sidorov (1900), 17. E. Zliu- 
kovskii (1909), Iu. G. Kornilov (1941) and most recently Ya. Z. Tsyp- 
kin and Yu. Y. Dolgolenko.

Stability criterion for difference equations. In  the general case, 
as is evident from Section 50, the system of difference equations 
describing the transient processes in a pulse regulation system 
reduces to a certain mth-order difference equation

affiin + ml + afiln + m —1] + ...+ a m-i0[w +  l ] +  am0)>] =  0 ,
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where 0 is the deviation of the regulated quantity, a0, al} ..., am 
are constant coefficients expressed through the system parameters. 
Its general solution has the form

GW =  G1£ + 0 & + .. .  +  Gmz l , (51.1)

where are arbitrary constants, and Si are the roots of the charac
teristic equation

a(tfm + a1zm- 1 + ... + am-is + am =  0 , (51.2)

if its roots are distinct.
The solution (51.1) expresses the course of the transient process 

in the pulse regulation system by a graph of the form of Fig. 224a, 
i.e. gives individual values of the regulated quantity at the Btart

of each pulse period. A pulse regulation system will be stable when 
these values tend to zero with unbounded increase in the number 
of pulses n.

Thus, for a pulse regulation system to be stable it is necessary 
and sufficient that all roots of the characteristic equation (51.2) 
be in modulus less than unity, since from (51.1) we have

lim GW  =  G for \ z j \  <  1
n-*oo

(j = 1 , 2 , ..., m) .

Graphically, this corresponds to the interior of the unit circle 
in the complex root plane s (Fig. 2246).

Consequently, the first method of determining the stability is 
here calculation of the roots of the characteristic equation.

Thus, in the example considered above the characteristic equation 
of the pulse regulation system from (50.24) has the form

a*-{l-fl-3-3fcoc(l-c-P)}« +  e-B =  0 , (51.3)
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and its roots will be

l + r e - k ( l - r f )  , ,  / [ l  +  r s - k ( l - r » ) ] a ~
«i,2 ----------------2 ± V  4 e •

With given system parameters it is easily verified if the stability 
condition |z1(2[ <  1 is satisfied or not, and the inverse problem may 
be solved, i.e. to choose the system parameters such that |zli2[ < 1 
(this method was applied by Tu. G. Kornilov).

In  other problems, when the difference equations have higher 
than second order, the use of this method is difficult. I t  is necessary 
to find a stability criterion permitting avoiding calculation of the 
roots.

In  this connection certain authors have proposed the following 
second method for determining the stability of a pulse regulation 
system. In  the characteristic equation (51.2) we substitute

z = y + 1
y i "

The result is a certain new characteristic equation 

b0ym + b1ym~1 + ... + bm- 1y + bm = 0 ,

(51.4)

(51.5)

where the substitution (51.4) transforms the interior of the unit 
circle in the 2-plane (Fig. 2246) to the left half-y-plane (Fig. 224c). 
Therefore the question of stability of a pulse regulation system 
may be solved by applying any of the criteria known to us for the 
stability of ordinary linear systems (Chapter VII) to the transformed 
characteristic equation (51.5).

However this method is fairly cumbersome since it requires 
a preliminary transformation, as a result of which the coefficients 
(51.5) are expressed in a very complicated way through the system 
parameters.

A third method of determining the stability of a pulse regulation 
system is the application of a criterion proposed by Ya. Z. Tsypkin 
in 1948. This criterion is analogous in form to the Mikhailov criterion 
but is applied directly to the initial characteristic equation (51.2).

Let us derive this criterion by analogy with the derivation of 
the Mikhailov criterion (Sections 27 and 28). We consider the left- 
hand side of the characteristic equation (51.2)

F(z) =  a ^m + a1zm- l -\-...-\-am^1z+ am 

This may be represented in the form

F(z) =  a0( z - z 1)(2- 2!!) .. .( z -z m) , (51.6)
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where a1}a*,..., zm are the roots of the polynomial F(z). For the 
system to be stable all roots a, should lie within the unit circle. The 
values

a =  e*> , (51.7)

correspond to all points of the perimeter of the unit circle (i.e. the 
boundary of stability), where the upper half of the contour (Fig. 225a) 
is traversed as w varies in the interval 0 <  to <  + 7t.

Let the pair of complex roots a1>2 be found inside the unit circle. 
Then with motion of the point A  (Fig. 2255) over the upper semi
circle from the position A 0 to A t the vector B^A =  (a—a2) rotates 
by the angle tc +  Yi +  Y2- The vector B tA = (a—a2) rotates at the 
6ame time by the angle tu—y,—ya. The sum of rotations of these 
two vectors will be 2tt. Consequently, the vector product (a—a1)(a—a2) 
rotates by the angle 2 iz.

Let now the pair of complex roots a3j4 lie outside the unit circle. 
Then with motion of the point A  (Fig. 225c) over the upper semicircle 
from the position A 0 to A x the vector B3A  =  (a—a3) rotates by the 
angle — (ya—y4), while the vector BiA  =  (a—a4) by the angle +  (y3 — y4) 
The sum of these angles of rotation is equal to zero.

I t  is also easily verified that to each real root at within the unit 
circle there will correspond an angle of rotation of the vector {z—Zi) 
equal to tz while to the real root lying outside the circle, zero.

As a result we find that with a =  eia and 0 <  to <  +  7t the vector 
F(z), a product of the form (51.6), rotates by the total angle

9 =  (m —l)iz , (51.8)

where m  is the degree of the polynomial F(z), i.e. the number of 
all roots, while I is the number of its roots lying outside the unit 
circle.

But for the system to be stable it is necessary that all roots lie 
inside the unit circle (7 =  0). From this we obtain the following 
formulation.

For a linear pulse regulation system to be stable it is necessary 
and sufficient that the vector F(e*■») (Fig. 226a) with variation
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of co from 0 to -rc rotate counterclockwise by the angle mu, where m is 
the degree of the characteristic equation (51.2) of the given system 
while F(eia) is the left-hand side of this equation in which in place 
of z we substitute eiu. For example, the curve F(eio>) in Fig. 226a 
corresponds to a third-order stable system.

The boundary of stability corresponds to passage of the curve 
F{eioi) through the origin of coordinates.

The curve F(eiu) is plotted in the following manner. In  the left- 
hand part of the given characteristic equation of the system (51.2) 
we substitute e in place of z. The expression

F(c*“) =  a0(e1'“)m +  a1(e,'“)m" 1 + ... -f am_1ei“ +  am .

is obtained.
The real and imaginary parts are separated using the well-known 

formula eika =  cos fcco +  isinftco, which gives

F(e™) =  X(co) +  tY(co) , (51.9)
where

X(co) =  anCOsmco +  aiCOstm —l)co + ... +  am-iCOSco +  am , 1
> (ol.lO)

Y(co) =  a0sinmco-l-ajSinfm.— 1) u + ... +  am_iSinco . J

Then various values of co from zero to tz are assigned, calculating 
for each the values X  and Y  from these formulae and the entire 
curve F(eUi) is plotted from these points in rectangular coordinates 
(Fig. 226a). In  complete analogy to the ordinary Mikhailov criterion 
(Section 28), here, on the basis of the condition of intersection of 
the curve with the axes (Fig. 226a), a second formulation of the 
criterion is given: for a pulse regulation system to be stable it is 
necessary and sufficient tha t in the segment 0 <  co <  7t each of the 
equations X(co) =  0 and Y(co) =  0 have m real roots and tha t all 
these roots alternate (Fig. 2266). Here for the function Y(co) =  0 
the points co =  0 and co =  tz are considered to be a single root.
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From the shape of the curve F(eia) (Fig. 226a) it is easily seen 
that in the stable system the point to =  0 should lie to the right 
of the origin of coordinates while the point to =  n to the left for 
a system of odd order and to the right for a system of even order. 
But ei0 =  1 and ein = — 1. Therefore a necessary condition for the 
stability of a piilse system of odd order is:

F (l)  >  0 and F ( - 1 ) < 0 ,  (51.11)

while for a pulse system of even order

F (l) > 0 and F (— 1) >  0 . (51.12)

Satisfaction of these necessary conditions of stability must always 
be verified before proceeding to a complete investigation of system 
stability. This verification is carried out very simply since it requires 
only substitution of the values z = 1 and z =  — 1 in the left-hand 
side of the characteristic equation (51.2) of the investigated system.

Let us apply this stability criterion to the pulse temperature 
regulation system considered in Section 50. Its  characteristic equation 
has the form (51.3). Consequently,

F{z) = «*-({l+fl-P-3fca(l-«-P)}* +  e-9 . (51.13)

A necessary stability condition (51.12) for the given system will be;

F ( l)  =  fe«(l- <!“e) >  0 , (51.14)

F{— 1) =  2 (l +  r » ) - k ( l - r P )  >  0 . (51.15)

From the stability criterion the curve F{eioi) should have in this 
case the form shown in Fig. 227a. To verify this, it is now sufficient 
to find the position of the point A  of this curve and require that 
X  < 0. For this we find from (51.13):

X(to) =  cos2 to — (1 +  - k (1 - e-P)}cosw +  ,
Y (to) =  sin2to— {1 +  e“P — fca(l — e-p)}sin to ,

and from the condition Y  =  0 a t the point A  we obtain

l - i - e - P - M l - e - P )oos — ----------- —-------------,

and substituting this in the expression for A(to), we come to the 
required condition

X A =  —1 + c- P <  0 . (51.16)

Two conditions (51.14) and (51.16) are always satisfied with 
h >  0, a >  0 and (3 >  0, which corresponds to the physical signi-
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ficance of these quantities according to formulae (50.21), (50.19) 
and (50.23). From the third condition (51.15) we obtain

l  +  g-B R
ha < 2 — — s =  2cth £ . (51.17)

1 - 6 ' S  2

The system parameters should be chosen from this condition to 
make it stable. The graphical representation of the stability region
(51.17) in the plane of parameters (p, ka) is given in Fig. 227b.

Frequency stability criterion. In  Sectionr50 we described obtaining 
the frequency characteristics for the open network with a pulse 
element, where the system is opened as shown in Fig. 222. The 
general formulation of the stability criterion according to Ya. Z. Tsyp- 
kin (Reference 13) is as follows.

If the ordinary linear part of the system (in open form) is stable 
or neutral, for the closed pulse regulation system to be stable it is 
necessary and sufficient that the frequency characteristic W*(ito*) 
of the open network with a pulse element should not enclose the 
point (7(1, iO) with variation of w* from zero to iz. In  Fig. 223a and b 
are given the characteristics W*(ia>*) of the entire open network 
for the cases of stable and neutral ordinary linear parts of the system 
respectively.

Let us consider the same pulse temperature regulation system 
for which in Section 50 we obtained the frequency characteristic 
W*(ia>*) =  (7*(co*) +  tF*(w*), defined by formulae (50.41). Its graph 
has the form of Fig. 223b. Therefore for the given closed pulse regu
lation system to be stable it is necessary tha t the points D and E  
lie to the right of the critical point C, i.e. that

U}> >  — 1 and TJ% >  — 1 . (51.18)
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The coordinates Ud are calculated from the condition Vd =  0,
which from (50.41) will be;

Y

from which
2(1 —cos cot) 1 +  6a — 26 cos o)i)7  =  0 ,

COS wj) 7
2 a - y ( l  +  b i )

2 (a—y6) '
Substituting this in the first of formulae (50.41) we obtain the required

.a - y bU*D =  U 1-6  -

The coordinate U%, as is evident from Fig. 2236, is found by sub
stituting to =  7t in the first of formulae (50.41), namely;

Consequently, the stability conditions (51.18) take the form

JST = y < 1  and ^ “ l T ^ 1 ’ (51,19)
where a and 6 are expressed through the parameters p and y from 
formulae (50.40). These stability conditions are represented graphi
cally in the form of the stability region in the plane of the two para
meters (p, M), as shown in Fig. 228, where one part of the stability 
boundary (curve 1) is plotted from the equation

k8 (eP -l)p
eP r _ l _ p y »

following from the first condition (51.19), while the second part 
of the stability boundary (curve 2, Fig. 228) from the equation

M  2(e3 +  l)P
Py(e3 +  l ) - 2 ( e i Jr _ l )  ’

which follows from the second condition (51.19) with substitution 
of the inequality Bign by the equality sign and the use of expressions 
(50.40).



CHAPTER XIV

DERIVATION OF THE EQUATIONS OF NON-LINEAR 
AUTOMATIC REGULATION SYSTEMS

52. General remarks

A non-linear automatic regulation system is one which contains 
at least one element described by a non-linear equation. In  Section 5 
the classification of non-linear types of elements was given, namely:

(1) a relay-type element, the possible shapes of characteristics 
of which were given in Fig. 24;

(2) element with piecewise-linear characteristic (having, for ex
ample, any of the forms shown in Fig. 34), as well as elements 
described by piecewise-linear differential equations;

(3) element with arbitrary curved characteristic;
(4) an element, the equation of which contains the product of 

variables or their derivatives and various other more complicated 
joint combinations;

(5) non-linear element with delay, where the delay is understood 
in the sense of Section 45 while the non-linearity may have any form;

(6) a non-linear pulse element.
Non-linear elements of the third and fourth types may be linearised 

in many cases as has been done in Chapter VI. Many real curved 
characteristics may be approximately substituted by polygonal, 
consisting of straight line segments, i.e. transferred to the first 
or second type of non-linear characteristics. However it is sometimes 
unavoidable to study curvilinear characteristics.

Considering this circumstance and the great practical importance 
of the two first types of non-linear elements, we shall give them 
major attention below. Methods will also be given convenient for 
the investigation of curved characteristics, and non-linear elements 
with delay are considered. Non-linear pulse elements will not be 
considered.

The general method of composing the equations for non-linear 
systems is as follows. Initially, according to the rules of Section 18, 
as was done in Chapter VI, the equations of all elements of the 
system for which it is possible are linearised, except one or two

465
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essentially non-linear elements (most frequently one). Then the 
equation is set-up for this last -with all admissible simplifications of 
its characteristic.

The result is a system of ordinary linear equations to which are 
added one or two non-linear ones. According to this the generalised

The Dynamics of Automatic Control Systems

F ig . 229

block diagram of any non-linear automatic regulation system with 
a single non-linear element may be represented in the form of 
Fig. 229c, where the linear part may have a structure of any com-

F ig . 230

plexity (with feedback, etc. as, for example, in Fig. 229a or 229b). 
With two non-linear elements there may be various combinations, 
depending on how they enter into the system (see, for example, 
Fig. 230).

Frequently in studying non-linear automatic regulation systems 
it is possible to separate the non-linear element in such a way that 
it is described directly by the dependence between the output and 
input quantities;

(52.1)

which may have any form (relay type, piecewise-linear or curved). 
But sometimes, as will be discussed in succeeding sections, this



cannot be done and it is necessary to study the non-linear differential 
relations of the form

F (x2, x2) = C & , Fx{x2, x2) + F 2(x2) =  CjO?,, 
x2= F  ( x x , i j )  , x 2 =  F^xi) +  F 2{xx) .

More complicated cases are also encountered, where both q u a n t i 
ties (output and input) enter separately into the non-linear function
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F2(x2, x 2) — F ^ X j )  , F3(x2) + F 2(x 2) =  F ^ x , )  , (52.3)
or together

F{x2, x 2 , ®j) =  0 ,
etc.

F2{x2) +F,(x2, =  0 (52.4)

According to this new criterion we divide all non-linear regulation 
systems and servomechanisms into three large classes;

(1) in the first class of non-linear systems are those in which 
the equation of the non-linear element reduces to any of the forms
(52.1) and (52.2), i.e. when either only the output quantity (and 
its derivatives) or only the input quantity (and its derivatives) 
enter into the non-linear function. Here it is considered that the 
overall diagram of the system has the form of Fig. 229 with one 
non-linear element or with several, concentrated in a single place;

(2) the second class of non-linear systems includes such elements 
in which both quantities (input and output) enter into the non
linear function, for example in the form of (52.3) or (52.4), where 
the general system diagram has the form of Fig. 229 as before;

(3) in the third class of non-linear systems are all systems in 
which there are two or more non-linear elements, separated from 
each other by linear parts (Fig. 230).

We note that in all cases where any linear combination of different 
variables enters into the non-linear function, it should be denoted 
by a single symbol, and the given linear combination taken into 
account in deriving the overall equation of the linear part of the 
system. This occurs, for example, in those cases where derivatives 
are applied to the input of the non-linear element or it is included 
in feedback. Thus, if in Fig. 2296 we have

x.} =  F  (&1 M i Tt2z 2) ,
then we put

~ i  +  M i  —  M 2 =  ( 5 2 . 5 )

and reduce the equation of the non-linear element to the form (52.1).
The overall equation of the linear part of the system is composed 

of all the equations of the linear circuits and linear expressions 
of type (52.5) obtained with the non-linear isolated

Q l { P ) X l  =  - R l ( . V ) X 2 > ( 5 2 . 6 )

31

(52.2)
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where Q\(p) and R\(p) are operational polynomials, p denotes the 
derivative with respect to time.

Let us present examples of deriving the equations of various 
non-linear automatic regulation systems and servomechanisms.

53. Equations of systems with relay type non-linearity

Following the remarks made in Section 52, we present several 
examples of equations for relay type non-linear systems.

Automatic voltage regulation system. Let there exist a shunt 
dynamo (regulated object) with vibrator voltage regulator. The 
simplified schematic diagram of such a system is shown in Fig. 231.

When the contacts K  close under the influence of the spring S  
the resistance denoted by 2r1 is cut out of the dynamo field circuit 
The system is calculated so that the voltage TJ at the dynamo 
terminals increases (with any actually possible load on the network 
fed by the given dynamo). As a result the current I 2 in the coil W2 
of the electromagnetic relay increases and the relay armature is 
attracted, which opens the contacts E . With contacts K  open the 
resistance 2r1 is connected in the field circuit. This causes reduction 
of potential V, and thus reduction of the current 7a and release 
of the relay, as a result of which the contacts K  again close, cutting 
out the resistance 2r, from the field circuit. Adjustment of the system 
to a desired nominal value of the regulated quantity V is carried 
out by setting the resistance R 3.

The regulated object (dynamo) is here the same as in Section 24. 
Therefore the equation of the regulated object will have as before 
the form (24.10), i.e.

(T1p +  1)AF =  - J c ^ r  + (b0p +  &)/(<) , (53.1)
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where the time constant Tl and the coefficients Jc}, bQ, b are defined 
by formulae (24.11). All values of variable quantities and para
meters denoted by zero upper indices, including the operating 
point C of the dynamo characteristic (Fig. 120) entering here and 
below, will be related to the relative steady-state process which 
would occur if the resistance of the field winding was constant, 
equal to the mean value

Jgo =  iei +  r i . (53.2)

Therefore we should assume in formulae (24.11)
r° =  ^  . (53.3)

Intending to study the transient processes in the absence of ex
ternal perturbations (f{t) =  0), in accordance with (53.1) we write 
the equation of the regulated object in the form

(Ttp +  1)AF =  - \ N r .  (53.4)
The equation of the sensitive element (winding of the electro

magnet 2), as in Section 24, has the form (24.20). In  this equation 
it is necessary to substitute the quantity A« by AIa, for which we 
employ the equation of motion of the armature (24.28) in which 
we neglect the moment of inertia of the armature (Tt =  0) and 
friction {T3 =  0) as small quantities. In  the result, we obtain from
(24.20) and (24.28) the equation of the sensitive element in the form

(Tft> +  l)AZt =  fc2A 7, (53.5)
where

T'{ — T2 +  W t ,  (53.6)
and the parameters T3, k 3, k3 and r 2 are defined from formulae
(24.21) , (24.29) and (24.17). The origin for reading the magnitude 
of deviation AZa in equation (53.5) will be defined below.

The regulating organ (contacts K  cutting the resistance 2rt in 
and out discontinuously) is a non-linear relay type circuit. Its output 
quantity—the resistance r of the field circuit—varies discontinuously 
with operation and release of the relay, i.e. depending on the magni
tude of the current I 3 in the coil 2 of the electromagnetic relay. This 
is represented in Fig. 232a, where I c and I 0 are the currents of the 
completely closed and open relay respectively. To derive the equation 
of such a non-linear circuit it is convenient to introduce the devi
ations AIa and Ar from certain constant values l l  and R°. As shown 
in Fig. 232a and in formula (53.2), we assume:

1" =  ^ — ’- = I 0 + h ,  W  = R 1 + r1 . (53.7)

Then the characteristic of the given non-linear circuit in deviations 
takes the form of Fig. 2326, symmetrical with respect to the origin
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of coordinates. I t  corresponds to the form 7 in Fig. 24 (relay charac
teristic with hysteresis loop).

In  this connection the equation of the non-linear circuit (Fig. 2326) 
will be:

A r =  )vsign(A / 2 —7j) 

A r =  r1-sign(AZa +  i1)

with

with

dA7a
dt

dA7a
dt

> 0 ,

< 0 ,

(53.8)

(53.9)

where the expression “sign(AIa—it)” denotes the sign of the quantity 
(AIa—i,J. If formulae (53.8) and (53.9) are expanded in greater 
detail, we obtain (Fig. 2326):

Ar =  — r, , when AI 2—i2 <  0 (segment ABC) 
Ar = when AI2—i± >  0 (segment EF)

Ar = +  r, , when A7a +  ii >  0 (segment FED) , 
Ar =  — rx, when A72 +  <  0 (segment BA)

d7a „ with -=-= >  0 dt
(motion 
to the right);

with ^  <  0 dt
(motion 
to the left) ,

where at the points C and D the relay state changes (jumps to points 
E  and B  respectively).

Thus, we have obtained the equations of the non-linear circuit 
(53.8)—(53.9) and the equations of the linear part of the system 
(53.4) and (53.5) which, according to (20.2), are combined in a single 
equation:

(T1p + l)(TXp + l)A7a =  — fcjifcgAr . (53.10)

The constant values from which the deviations are read are defined 
by (24.3), (24.19) and (53.7) from the algebraic equations of the 
relative steady-state of the system:

V0 = (R1 + r1)I°l ,

(B2 + Es) lt  = V°, j o _70 -f- 7e
2

(53.11)
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using the dynamo characteristics (Fig. 120). I t  is also possible to 
carry out matching of the fundamental system parameters from 
these formulae.

Automatic temperature regulation system. Let us consider the 
system whose schematic diagram is shown in Fig. 81 and which was 
described in Section 13. The equation of the regulated object, 
derived in Section 9 for the transient process in the absence of 
perturbations (/ =  0) has the form (9.15), namely:

(TlP +  l)0  = ( 5 3 . 1 2 )

where 0 is the deviation of the regulated temperature, £ is the 
displacement of the regulating organ (shutters), while the time 
constant and the coefficient are defined by formulae (9.12)
or experimentally.

The equation of the sensitive element (bimetallic plate 2, Fig. 81) 
is written in the form

(Tzp + l ) x  =  fca0 , (53.13)

where x  is the displacement of the end of the plate 2, sliding over 
the contact plates 7; Tt is the time constant defined basically by 
the thermal inertia of the sensitive element.

The contact block 7 is moved by means of stiff mechanical feedback 
from the regulating organ drive. Consequently, the equation of the 
(stiff) feedback will be:

xfb =  . (53.14)

The equation of the drive and the regulating organ, as in (50.3), 
will here be:

(ZVp +  l)pS =  * i7 , (53.15)

where T3 is the mechanical time constant of the electric motor with 
reduction gear and damper.

These four elements exhaust the linear part of the system. The 
electromagnetic relay controlling the regulating organ drive is a non
linear relay type element. The input quantity of this element is the 
relative displacement of the bimetallic plate 2 and the shoe 7, equal 
to x —Xfb, while the output quantity is the voltage V  across the 
field circuit of the motor (Fig. 81). We put

s = x — xtb. (53.16)

Noting tha t the linear part of the system in this case (Fig. 233) 
is an open network with branching, on the basis of formulae (21.27)
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and (21.28) we obtain the equation of the linear part of the system 
in the form *

where
Q(p)s = R(p)V, (53.17)

Q(v) = { T i P  +  l ) {T3p +  l ) {T3p +  l )p  , \
R{p) =  -  Tclk^ +  Jc/b^p +  l ) {Tzp +  1)] . |

i______________________________________J

F i g . 233

We now derive the equation of the non-linear element (relay). 
Let us take the voltage V applied to one of the windings of the 
motor field 4 (Fig. 81) as positive and the other as negative. The 
voltage is constant in magnitude and equal to some value c. In  the 
ideal case the relay will switch instantaneously with passage of the 
quantity s through the zero position (Fig. 234a).

In  reality we have here two basic non-ideal factors. Firstly, about 
the zero position the quantity s has some zone of insensitivity ±  s* 
(Fig. 2346). Secondly, when the end of the bimetallic plate 2 (Fig. 81) 
is incident on the contact plate, the current I  in the control circuit 
of relay 3 increases exponentially (Fig. 234c):

I  =  - (  l - c ~ * ) ,  T = | ,  (53.19)

where L  and R  are the inductance and resistance of the control 
circuit. Therefore even with s = s* the relay does not operate in
stantaneously but after a time delay during which the quantity s 
increases by some value Asx (Fig. 2346), where from (53.19) we have

( 5 3 - 2 0 )

* In the present case blocks 1 and 2 of Fig. I l l  correspond to the drive and 
regulating organ of Fig. 233, block II is the regulated object and sensitive element, 
block III is the feedback, while in place of the equation of block IV it is necessary 
to take equation (53.16), taking into account the minus sign existing there with 
application of formulae (21.28).
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and I c is the current of the completely closed relay 3. With decrease 
in s the relay also does not open instantaneously at s =  s* but after 
a delay t 2 during which the quantity s reduces by some value Asa 
(Fig. 2346). Now the current I  in the control circuit of the relay 
decreases exponentially (Fig. 234d):

(53.21)

from which we obtain
„  =  (53.22)

where I 0 is the current of the open relay. We note that

Ta — Ti with IIO►h+

t2 >  Ti with I c  "1“ I o  ^  jj )

T2 <  T1 with I c  +  I 0 > ~ .

Thus the magnitudes of delay with relay operation ^  and Ta are 
completely defined and constant during the operation of the given 
system while the quantities As, and A.s2 (Fig. 2346) obviously depend 
on the rate of change of s, i.e. the rate of change of the regulation 
process, and during the transient process they will be variable. Thus, 
in Fig. 234e in the second swing of the oscillation with the same t, 
and t 2 the quantities Asa and Asa will be smaller than in the first.



This is the principal difference between the given non-linear 
element and that of the previous example, where the instant of 
switching is not defined by time but only by the value of the input 
quantity (there this role was played by the quantity AIa).

A non-linear (in the present case relay) element of this type is 
termed a non-linear element with delay (in the present case of relay 
type). Its characteristic has the form of Fig. 234b, where Ast and Asa 
are unknown and defined by the overall variation of s(t) in the 
regulation process with given delays T j  and t 2 (Fig. 234e). In  Fig. 2346 
it is assumed that |Asa| <  s*.

The equations of the non-linear element are written in complete 
form as follows:
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7  =  c

7  =  0

with s >  (s*+ | AsjI) , 

with s >  (s* — | Asa|) , 

with’’— (s*— [ Asa|) < s < (s* + | Asj))

with (s*— ]Asa|) >  s > — (s* +  ] Asx|) 

with s <  — (s*— |Asa|) ,
V — — c

with s <  — («*+ ] AsjD ,

.. ds
lf 5 > 0 ’

ds
11 a < 0 ’
.. d S  A
,f S > 0 ’
.. ds .
,f S <0’

(63.24)

where

A =  s ( 7  +  t 1 ) - s * with (•■S)
/ /7«\

> 0 ,

(53.25)
ASg =  S ( t * + T a) — S* with

H ) < 0 .

In  the ideal case (Fig. 234a) they reduce to the simpler form

7  =  c-signs . (53.26)

If the zone of insensitivity s* is sufficiently small, while the opera
tion time of the relay is large, its characteristic may take the form 
of Fig. 234/.

The idealised case taking into account delay is represented in 
Fig. 234g-} to this there corresponds the equation

7  =  c-sign(s- K |) 

7  =  c-sign(s+ |sT[)

with

with

dt > ° ’ 
rds
'S<0’

(53.27)
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where
=  *(f» +  T) , (53.28)

if t  denotes the given total magnitude of delay in the non-linear 
element (as a whole), while i° is the time of passage of the quantity s 
through zero (Fig. 234ft).

In  the first rough approximation such a system (but without 
feedback) was considered in Sections 9 and 10 as a relay system with 
hysteresis loop, where operation was defined not by time but by 
a given value of input quantity. We note further that in the presence 
of feedback, according to Section 13 it may be studied roughly as 
an ordinary linear system. Below (in the examples of Chapter XVI) 
this system will be considered in detail as non-linear.

Automatic torpedo course regulation system. Let us take the simple 
element described in Section 4 (Fig. 26). The equation of rotation 
of the torpedo about the vertical axis (yaw) as the regulated object 
will be written approximately in the form

t/vp +  c ^  =  — caS , (53.29)

where +  =  — ca<5 is the angle of deviation of the torpedo from
the given direction, J  is its moment of inertia with respect to the 
vertical axis, is the resistive moment of the medium (water), caS 
is the rudder moment, 8 is the angle of rudder rotation. Dividing this 
by clt we obtain the equation of the regulated object in the form

(T1p +  l)ptl» = - M  , (53.30)
where

The sensitive element is a three-stage gyroscope, rotating the 
gate valve arm feed of the pneumatic rudder drive by an angle 
equal to the angle of deviation of the torpedo. Consequently, the 
equation of the sensitive element will be:

s =  , (53.31)

where s is the magnitude of gate valve displacement from the neutral 
position.

We shall consider tha t the piston of the rudder drive 3 (Fig. 26) 
with open gate valve, rapidly taking on full velocity, instantaneously * 
shifts the rudder from one extreme position to the other.

* More exactly, in such a small time that the torpedo has not appreciably 
turned, i.e. a time much smaller than the possible period of oscillation of the 
torpedo.
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In  this approximate representation the linear part of the system 
is limited to equations (53.30) and (53.31). The single equation 
of the linear part of the system will therefore be:

(Tjp +  1 )ps =  -& A S  . (53.32)
The rudder drive together with the rudder (drive and regulating 

organ) constitute a non-linear element, the equation of which form 
the above may be represented either in the simplest form (Fig. 235a)

8 =  c-signs; (53.33)
6

I n )

0

e
____ i _  (b)

.. o n , w

6

t

Id)

7 r J

6

0
I

-c J b s b ' J Sr
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or, if there is an appreciable zone of insensitivity 
the form

8 =  0 with —b < s <  + 5 , 1  
8 =  c-signs with |s| >  b; )

(Fig. 2356), in 

(53.34)

or, if the hysteresis loop has an appreciable value (Fig. 235c),

8 - c-sign(s —6) with ds
d t > 0 ’

8 =  c-sign(s +  6) with ©V

(53.35)

or, finally, in the idealised case with delay (Fig. 235d)

8 =  c ■ sign (s — | sr\) with ds
S > 0 ’

8 =  c-sign(s +  |sT|) with ds
m < 0 ’

(53.36)

where
sT = s(t0+r) .  (53.37)

In studying the system as a whole one of these four alternatives 
may be taken depending upon which of them will best correspond 
to the properties of the given relay system.

54. Equations of systems with non-linearity in the form of dry friction 
and backlash

We present examples of the equations for non-linear systems 
with dry friction or backlash in mechanical transmission.

Servomechanism with linear and dry friction. In Section 26 we 
derived equations of a servomechanism in linear form. Let us now



Derivation of the Equations of Non-linear Automatic Begul. Syst. 477

consider the case where to the linear friction moment M y  is added 
a dry friction moment Mdf, having a constant magnitude equal 
to some value c, and changing its direction (sign) with change of 
sign of angular velocity of the object (5 (Fig. 236). Consequently, 
the equation of the controlled object (26.1) taking into account
(26.3) now takes the form

where

df

II , My  — C2(5 , (54.1)

with
with

5 ^ 0 , 1
P =  0 . i

(54.2)

*;i / ^

~P

F i g . 236

An important property of the dry friction consists in tha t (in 
distinction to relay characteristics) it does not always signify 
instantaneous switching of the quantity M df at (5 =  0. Here two 
alternatives are possible:

1) [5 =  0 and \Mr\ >  c , 1
2) $ =  0 and |M T\ <  c . j

In  the first case the velocity of the object (5 passes through zero 
and its motion will continue without stopping according to (54.1). 
In  the second case the controlled object stops, during which the 
quantity M df does not switch but changes slowly in the interval 
— c <  ^  +c  (or the reverse), where M df has always defined
values

M d, =  Mr ((5 =  0 , \Mt \ < c) . (54.4)

In  this case the motion is renewed only when the rotary moment 
reaches the value \Mr\ =  c and exceeds it.

If there remains \MT\ <  c, the system will be stationary. Therefore 
the equilibrium position of the controlled object is indeterminate 
within a certain segment, namely, with any value |Jf,.| <  c, i.e. 
in accordance with (54.1) with any value of armature current in 
the interval |I4| <  c [cj.. This corresponds in turn, as is evident from
(26.17), to any value | / 3| <  c/c,^ and further, according to (26.10),
(26.11) and (26.14), to any value of error
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This expression defines the dead zone of the system. I t  is ex
pressed, as is evident from (26.9), (26.8) and (26.23), in that on the 
one hand, the system will not move with variation of the adjuster 
angle in the interval

a = ^ p ± - ^  (P =  const) (54.6)

and, on the other hand, tha t the system will have an error due to 
dry friction, namely, in the equilibrium position we have:

(54.7)

in place of the required (3 =  le0a as required, where (3 may take on 
any value in the interval (54.7). With motion of the system to one 
side with arbitrary velocity the dry friction introduces a constant 
error of one sign, such as with /° =  cTc1!cl in formula (26.28), which 
corresponds to an effective additional external load M° = c.

Thus, the equation of the controlled object as a non-linear element 
of the system from (54.1) and (54.2), taking into account (54.3), 
will have the form

jp  +  c2p +  c-signp =  CjZ4 with or p =  0 and ]J4| >  —,
ci

P =  const with p =  0 and |Z4| <  —.
ci

(54.8)

The equations of all the remaining elements of the given servo
mechanism, i.e. (26.8), (26.9), (26.10), (26.11), (26.14) and (26.17), 
remain without change in the linear form. Taken together they 
form the linear part of the system, with the single equation

(T2p +  l)(T 3p +  l ) ( Z >  +  l)Z4
=  ft0(ft +  V p)« - [(T,p + 1 ) (T3p + 1) ftap +  ft +  Vp ] p , (54.9)

where we employ the notation (26.23). This equation may be sub
stantially simplified if we neglect (as small) the inductance of the 
motor armature (i.e. T4 =  0) and eliminate the differentiating 
element (i.e. put Je' =  0 and T2 =  0)

(T3p +  l)Z4 =  fc0fca-[(T3p +  l)fc9P +  k]P , (54.10)

where now ft =  ft2ft4fts:ft0.
Servomechanism with backlash. Let us now assume that in the 

same servomechanism the non-linearity does not consist in dry 
friction but in the presence of backlash in the mechanical power 
transmission between the motor M  (Fig. 128) and the controlled 
object. All the backlash is combined in a single resultant backlash
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and it is represented conventionally in the form of a yoke with 
free play ± 6. Thus, between the drive and the controlled object 
is now a new non-linear element represented in Fig. 237a, the input 
quantity of which is denoted by p,.

The characteristic of this non-linear element is represented in 
Fig. 2376. Its  significance is as follows. If there were no backlash, 
P would be equal to p, and the characteristic would be a straight 
line at an angle of 45°, represented in Fig. 2376 by the broken line.

As a result of the backlash, with motion towards increase in angle p 
this line shifts to the right by the quantity 6 (the pin presses against 
the right side of the yoke). With change of direction of motion the 
pin will first be displaced inside the gap, without moving the yoke 
(p =  const). In  the characteristic this corresponds to the horizontal 
segment of length 26 (AB  or EF  or KL, etc., in dependence on the 
actual value of p at this instant). The yoke then begins to move, 
which corresponds to the straight line BC, shifted to the left from 
the origin of coordinates by the value 6.

In  equilibrium of the system the pin and yoke may take on any 
relative position within the backlash, with causes the backlash error 
of the system, equal to ± 6. With motion of the system to one side 
there will be a constant lag of the object due to the backlash by 
the magnitude 6, not taking into account the lag caused by the 
load (26.28).

The previous equation of the controlled object (26.6), including 
the drive, is now separated into two non-linear equations. The first 
non-linear equation of the controlled object with drive will be:

(ZiP +  l)PPi =  fci I* with M 0 , |  (54 11)
(T(p-fl)pPj =  ft,!, with p =  0 J

(with pin pressed against the yoke, and with pin moving freely inside 
the gap, respectively), where T, and ft, have the previous values
(26.7), while T[ is smaller than Tx by the magnitude J x:c2, J x is the 
moment of inertia of the controlled object. In  addition, it is neces-
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eary to write a second equation of the non-linear element with 
backlash, corresponding to the characteristic of Fig. 2376:

P =  6 with px >  0 ,
P =  pi +  6 with px <  0 ,
P =  const with |px— p| <  6 .

(54.12)

Consequently, the controlled object will lag in its oscillations, corre
sponding to the segments AB, CD, etc. of the characteristic of 
Fig. 2376.

The linear part of the system remains the same as in the previous 
example. Its equation has the form (54.9) or, in the simplified 
case—(54.10).

Automatic pressure regulation system (taking into account dry 
friction). Let us consider the system (Fig. 117) for which the equations

in linear form were obtained in Section 23. In  the sensitive element 
2, 3, 4 the mass is negligible but dry friction may have an appreciable 
value. Therefore the equation of motion of the membrane coupling 
rod (23.14) is written in the form

P - F m- F f - F s =  0 , (54.13)

where F f is the dry friction force having the constant value c, 
varying direction with change of sign of the velocity y (Fig. 238a) 
and taking on various values during the time of stopping, i.e.

F T = c-signy with y ^  0 , \  (54 14)
— c <  F t <  +  c with y — 0 ; J

the remaining notation in formula (54.13) is the same as in Section 23.
As a result after transition to dimensionless relative deviations

(23.9) and (23.17) we obtain in place of (23.18) the following equation 
of the sensitive element as a non-linear element:

6 -sign^ +  Sy] =  — <p with or rj =  0 and |<p +  &7)| =  6
t) =  const with | cp +  8>] | <  6 ,

(54.15)
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where the coefficient 8 is defined by formula (23.19) and

b = c
QmPn (54.16)

Let us plot the characteristic of this non-linear element with 
dry friction in the coordinates (—9 , 7]). I t  is easily seen that the 
first of equations (54.15) corresponds to the straight lines DA  and BG 
with rj >  0 and ^ <  0, while the second equation (tj =  const) to the 
segments A B , C D , E F , G H ,  etc. From comparison of Fig. 2386 
and Fig. 2376 it is evident tha t dry friction in this non-linear circuit 
(without mass) is equivalent to backlash, half of which is equal 
to b (54.16), which cannot at all be said about the dry friction in 
the servomechanism, where the mass (moment of inertia) was taken 
into account.

All the remaining elements of the system (Fig. 117) form the 
linear part, which is described by equations (23.12), (23.25), (23.26) 
and (23.29). The single equation of the linear part from this will be:

(T iP + l ) ( T sp +  l )9 =  fcj r,
(with /  =  0).

(54.17)

55. Equations of systems with other types of non-linearity

Let us consider several examples of deriving the equations of 
automatic systems with other types of non-linearities than those 
in Section 54 and 53.

Automatic aircraft course regulation system with limited-linear 
rudder characteristic. Let us take the aircraft with course autopilot,

described in Section 25 (Fig. 125) the rudder direction cannot deviate 
without limit, it has stops in the extreme positions, corresponding 
to certain values 8 =  ± 8m.

The equation of the aircraft (25.8) or (25.10) and the equation 
of the course autopilot (25.26) or (25.28) is left in its previous linear 
form, but, firstly, we shall consider the free motion of the system 
about the zero steady-state (^° =  0 , 8° =  0 , fx =  /2 =  0) and, 
secondly, at the output of the autopilot the quantity 8 will be replaced
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by the relative 8,, adding to this the corresponding non-linear rudder 
characteristic of Tig. 239, termed limited-linear characteristic.

Then the rudder equation as a non-linear element will be:

8 =  with 1
i (DD«1 )

8 =  Sm • sign Sj with <  — 8m and 8X >  +  Sm .)

The equation of the linear part from the above will consist of the 
aircraft equation in the form

[{Trf + l ) ( T2p + 1) +  (55.2)
or, in a roughly simplified form,

(TlP +  l ) ^ = (55.3) 
and of the autopilot equation

[(T,p +  l) (T4p +  l )p  +  M 8i =  ( h  + ̂ P  + ̂ P 2)^  (55.4)
(with stiff feedback) or

(T3p + l ) (Tip +  l)pSx =  ( h  + ^ P  + ̂ P 2)^  (55.5)

(without feedback), where all the notation are as before (Section 25).
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Automatic regulation system with non-linear drive characteristic of 
the regulating organ. The regulating organ drive, regardless of 
type (electrical, Fig. 77, 125, 128; hydraulic, Fig. 78; pneumatic, 
Fig. 82, 117), always has, firstly, a certain zone of insensitivity 
a t the origin of coordinates (Fig. 240a) and, secondly, a zone of 
“saturation” at the edges. In  addition, there may also be present 
hysteresis (Fig. 240d). These two curvilinear characteristics may 
be approximately replaced by piecewise-linear (Fig. 2406, e or c, /, i). 
Finally, there exist drives with constant velocity (Fig. 240jf, h), 
relating to non-linear relay type elements.



Derivation of the Equations of Non-linear Automatic Begul. Syst. 483

The zone of insensitivity 5, is expressed in tha t the electric motor 
has a definite minimum starting current (I = b j, below which 
the motor shaft will be stationary (£ =  0 or S =  0). In a hydraulic 
motor the slide valve has a so-called zone of overlap (its pistons 
are somewhat wider than the openings covered by them), as a result 
of which they admit the working fluid to the motor cylinder only 
after moving by a certain magnitude s =  .

The pneumatic drive is similar, where the role of the slide valve 
is played by the gate valve. The zone of saturation occurs when 
with increase of current above a certain value I  =  b2 the velocity 
of the regulating organ remains constant & = c or & =  e); the same 
occurs for the hydraulic motor with s ^ b a when the gate valve 
openings are completely open.

The terms “saturation” and “hysteresis” are applied here in 
a generalised sense to denote non-linearities of a definite type; 
they do not necessarily correspond to the physical phenomena of 
saturation and hysteresis.

The equation of the regulating organ drive taking into account 
the above circumstances, in place of the previous linear form has 
a non-linear form

Pi =  F(s) , (55.6)

where F(s) is a non-linear function given graphically (Fig. 240a or d). 
In other notations we have:

v i  =  F(I) or p 8 =  F(l) . (55.7)

In  the approximate form (Fig. 240b) equation (55.6) may be
expanded in the following manner:

p i  = 0 with - b x <  s <  +bj ,
p i  =  Tcds-bJ with +  ^  s ^  +  ba , (55.8)
p i  =  1cc{s +  bt) with bi ^  s ^  b2 ,
p i  =  c-signs with |s| ^  ba .

In  the presence of hysteresis (Fig. 240d) it is necessary to write 
two columns of such expressions with different values b, and ba, 
one for motion to the right (s >  0) and the other for motion to the 
left (s <  0). The equations of the relay characteristics (Fig. 240g, h) 
have been considered in Section 53.

This defines the equation of the regulating organ drive as a non
linear element. The equation of the linear part is set up in the usual 
manner in dependence on the specific automatic system in which 
the drive is applied.

Servomechanism with linear and quadratic friction. In  Section 54 
we considered a servomechanism with linear and dry friction, and
32



484 The Dynamics of Automatic Control Systems

in Section 26 with linear friction. Let now the controlled object in 
the same servomechanism (Fig. 128) have in addition to linear also 
quadratic friction, i.e. the equation of the object has the form

,/p =  M r -  M , , M r =  c, / 4 , (55.9)
whwr

M, =  c2p +  c3p2 • sign p (55.10)

(Fig. 241). Then the equation of the controlled object as a non
linear element will be

jp  +  c2p +  cap8 • sign p =  cx/ 4 . (55.11)

The equation of the linear part of the system in complete form 
will be (64.9) as before, or more simply (neglecting the inductance 
of the motor armature and without the differentiating element),
(54.10).

Automatio regulation system with variable gain factor. In  a number 
of cases, to increase the quality of the regulation process, it is desirable 
that the input to the regulating organ not be proportional to the 
deviation of the regulated quantity but be amplified or attenuated 
with increase of this deviation (as compared with the linear function). 
Examples of such inputs with variable gain factors may be the 
characteristics with limited linearity (Fig. 239) and with saturation 
(Fig. 240a). However they give decrease of gain factor with increase 
of deviation. We now consider two examples of characteristics with 
variable gain factor on the side of its increase.

Let the winding of the rheostat 3 in the indirect-acting voltage 
regulation system (Fig. 19) be constructed so tha t its resistance 
does not vary proportionally to the displacement s of the slide, 
as a result of which its output voltage to the motor armature varies 
non-linearly according to the function shown by the graph of 
Fig. 242a or Fig. 2426. The voltage is not plotted along the axis 
of ordinates in these graphs but the velocity % directly, which we 
consider proportional to the voltage.
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Consequently, the equation of the regulating organ drive as a non
linear element will be in the case of the characteristic of Fig. 242a:

A| =  kts with \ s \ <b  ,
A i  = ktb + lc[{8- b ) with s>  b ,
A t =  — ktb +  k'4(s +  b) with s < —b

and in the case of the characteristic (Fig. 2426)

Ai = F(s) (55.13)

in place of the usual linear dependency (Fig. 242c)

At, =  k'ls . (55.14)

The linear part of the system (Fig. 19) consists of a do shunt dynamo 
(regulated object), the electromagnet 2 with spring (sensitive element) 
and the rheostat 5 (regulating organ).

The equation of such a regulated object was obtained in Section 24 
in the form (24.10) or (24.13)

(TjP +  IJAF =  —fcjAr , (55.15)

where Tu fc, are calculated from formulae (24.11).
The equation of the sensitive element (electromagnet 2) in ac

cordance with (24.20), neglecting the quantity Ta, is written in 
the form

(T2p + 1)A12 = k2AV , (55.16)

where T2 and k2 are defined from (24.21). To this it is necessary 
to add the equation of motion of the electromagnet armature 3 
(Fig. 19)

ms = Ft —Fs — Fr

where Fit Fs and Fr are the forces of electromagnet, spring and 
damping resistance, and

c j i Fe = Fj +  Cj« F — c3s .
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From this after transformation to deviations according to the ruIeB 
of Section 18 we obtain

m S  " 2 C 2 -7 2AI 2 C^S ■ 6'jS ,

where l \  is the steady state value of current from which the devia
tion A! 2 is read. As a result wo arrive at the equation

(Ttp2 +  T2p + 1 )s — Tc3AI2,
where

r 2 — — T  — -5 —-*■ 4 — „ 1 K3 —
2 c2Z2

55.17)

(55.18)

In  simplified form, without mass and damper, this equation will be

s = k3AI2 . (55.19)

The equation of the regulating organ (rheostat 5)

Ar =  TchA l . (55.20)

Thus, the equation of the linear part of the system from (55.15), 
(55.16), (55.19) and (55.20) will he in simplified form

(TiP -f-1)(T2p +  l) s  — — TtJeJcJCfrA'e, . (55.21)

With this we conclude consideration of examples of deriving the 
equations of various non-linear automatic regulation systems. All 
these examples illustrate cases where the overall layout of the system 
has the form of Fig. 229o with non-linearities of the first class (except 
the dry friction in the servomechanism in the presence of stops). 
Combinations of these non-linearities may lead to non-linearities 
of the second and third classes (see Section 52).



CHAPTER XV

STUDY OF STABILITY AND SELF-OSCILLATIONS IN 
NON-LINEAR AUTOMATIC REGULATION SYSTEMS

56. Phase trajectories and the Andronov point transformation method

In. Sections 9 and 10 we have discussed the essential properties 
of processes in non-linear systems which make the question of the 
system stability more complex. Aside from the system structure 
and the values of its parameters, here, in contrast to linear systems, 
the initial conditions also have significance for the stability of one 
or another steady-state process. A new type of steady-state process 
is possible—self-oscillations, i.e. stable self-oscillations with constant 
amplitude in the absence of external oscillatory forces. When self- 
oscillations arise in the system, the steady-state corresponding to 
a constant value of regulated quantity is frequently impossible.

Consequently, in place of two types of regions in the plane of the 
system parameters (stable and unstable), as in linear systems, there 
may be: (1) a region of stability of an equilibrium state with constant 
value of the regulated quantity; (2) a region of stable self-oscillations;
(3) a region of instability of the system; (4) many other more complex 
cases. Self-oscillations are not possible in all non-linear systems. 
The region of stability may be such that the system is stable for 
arbitrary initial conditions, i.e. both with small and large initial 
deviations and velocities (to which the equations studied are valid), 
as was the case in linear systems. But there may occur new pheno
mena, when the region of stability is such that the system is only 
small-signal stable, i.e. for sufficiently small initial deviations and 
velocities (up to a certain limit), and large-signal unstable, i.e. 
for sufficiently large initial deviations. There may be present simul
taneously certain possible stable states, for example a small-signal 
stable equilibrium state and a large-signal stable oscillation.

Up to now we have studied the stability of linear systems. However 
these linear systems were obtained from real ones by linearisation 
under the assumption of smallness of the deviations of all variables 
from certain steady-state values. With increase of deviations 
the linearised system will be in many cases non-linear. Where

487



488 The Dynamics of Automatic Control Systems

instability was obtained in the linear solution, with increase of 
deviations stable self-oscillations may arise in the system as a result 
of essential non-linearity of some circuit (for example, in systems 
with saturation non-linearity). And, on the contrary, where a system 
in the linear solution was stable, with increase of deviations it may 
become unstable as a result of non-linearities; for example, it is 
obvious that if an aircraft with autopilot is stable in altitude in 
the linear solution, with sufficiently great angular deviations in 
the vertical plane as a result of non-linearities of the aerodynamic 
characteristics it may fall on its tail or pass into a nose dive, i.e. 
the flight altitude regulation system which is small-signal stable 
may be large-signal unstable.

In  this section we shall illustrate certain of these properties by 
the construction of phase trajectories for simple second-order systems. 
In  this investigation the mutual variation of coordinates and velocities 
in transient and oscillatory processes will be determined, but the 
duration of the process and the magnitude of the period (frequency) 
of oscillation remain unknown. To determine these factors, it is 
necessary to solve in addition the differential equation with respect 
to time.

Example 1. Let us take an automatic regulation system with 
object without self-regulation and with the regulating organ drive 
having constant velocity. From Sections 22 and 23 the equation 
of a regulated object without self-regulation will be:

Ta? =  5} (56.1)
for a regulator without mass and damper, with stiff feedback, i.e. 
St) =  — <p, a =  t) — Z, £ =  £, we obtain

a = - - 9 - J ; .  (56.2)

The regulating organ drive can have two forms of constant velocity:
(1) with instantaneous switching (Fig. 240g) in passage of the control 
element (gate valve, jet tube) through the neutral position (it =  0);
(2) with zone of insensitivity (Fig. 240%) as a result of the presence 
of “overlap” of the gate valve or the jet tube. In  the first case the 
regulating organ drive equation will be

£ =
and in the second

c ■ sign cr, (56.3)

4 =  0 with |ff| <  b , | (56.4)
t  =  c ■ sign a with |<j| >  b . |

Let us take the phase plane (x, y), putting

® =  9 > y =  ? i (56.5)
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i.e. along the a-axis we plot the deviation of the regulated quantity <p 
and along the y-axis the rate of change of this deviation <j>. From 
equations (56.1), (56.2) and (56.5) we have:

l  = Tay ,  a = ~ x - T ay .  (56.6)

Consequently, switching of the drive in the first alternative (<r =  0) 
will occur at

x = - S T ay ,  (56.7)

which corresponds to the straight line A B  (Fig. 243a) in the phase 
plane, where from (56.6) the values <j  >  0 correspond to the portion 
to the left of the straight line AB, while a <  0, to the right.

On the basis of the first of relations (56.6) and (56.3) with a <  0 
we obtain

and from (56.5),

dy =  _ o _  
dt T„ ’

dx
d t ~ y ’

(56.8)

(56.9)

from which we find the

or after integration

equation of the phase trajectories:

dy _  c
dx ~  Tay (56.10)

This is a family of parabolae, shown in Fig. 243a to the right of 
the line A B  (they are symmetrical with respect to the X-axis). 
Since (56.8) and (56.9) are the projections of the velocity v of the 
generating point M  on the x  and y-axes, we have vy <  0 and the
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sign of vx agrees with the sign of y. In  accordance with this in Fig. 243a 
we indicate the direction of motion of the generating point M  over 
the phase trajectories by arrows. By similar means we easily plot 
the parabolae to the left of the line AB.

As a result, as is evident from the general disposition of phase 
trajectories (Fig. 243a), a stable system is obtained with a damped 
oscillatory transient process. The number of oscillations will be 
finite. In  fact, there is a singular segment CD in which all the phase 
trajectories merge. To find the behaviour of the system on this 
segment, we recall that for it, from (56.7) and (56.5)

__ i_
8Ta<p +  9 =  0 or 9 =  C»e STa .

Consequently, the generating point incident on the segment CD 
cannot emerge from it and the system will approach aperiodically 
to the steady-state, i.e. the generating point will slide along the 
segment CD to the origin of coordinates 0. Thus the initial oscillatory 
transient process degenerates after a finite number of oscillations 
into a so-called “sliding” process.

The extreme points of the singular segment CD are obviously 
defined as the points in which the straight line A B  is tangent to 
one of the parabolae of the right and left families respectively. 
Therefore, substituting the value dyjdx from (56.7) in expression
(56.10), we find the point C:

yc =  cS .

From the pattern of phase trajectories the transient response curve 
9 (t) may be found qualitatively for arbitrary initial conditions. 
The initial conditions define the initial position of the generating 
point M  and by this define the phase trajectory illustrating the 
course of the process. I t  indicates (Fig. 243a) the maximum devia
tion of the regulated quantity 9max, the maximum velocity <pmax 
as well as all succeeding deviations, the number of oscillations etc.

We shall now consider the same system, but taking into account 
the zone of insensitivity. In  this case switching of the drive (at 
a =  — b and a =  +  b) corresponds in the phase plane according 
to (56.6), to two inclined straight lines (Fig. 2436):

x =  — STay +  68 and x  =  — 8Tay — 68 .

Between these lines |erl <  6, to the right of them a < — h. to the 
left a >  6 (with 6 >  0).

With !<t| <  6 we obtain from (56.4), (56.6) and (56.5)

dy
dt 0 ,
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from which (with y ^  0 )

or y = C3

(straight lines jjarallel to the ®-axis in the strip A B  in Fig. 243b).
With |<t| >  ft we obtain the previous parabolae. As a result the 

system is again stable and has an oscillatory transient, but in place 
of the singular point 0 we obtain a singular segment (y =  0, — 68 <  x  
<  b8), i.e. the steady-state is not uniquely defined. This corresponds 
to the fact that the regulator may be in equilibrium at any point 
within the zone of insensitivity. Here exactly the same “sliding” 
process is possible as in the case of Fig. 243a.

In  the present example the system is stable with arbitrary values 
of the parameters and with arbitrary initial conditions. However 
we have carried out here a very rough idealisation of the regulator 
equations (neglecting mass and damping), in Chapter XVI we shall 
see tha t taking the inertia of the regulator into account may strongly 
change the entire pattern of the process in this system.

Example 2. Let now in an analogous automatic regulation system 
(Section 22 or 23) the equation of the regulated object have the form

Ta<p +  pep =  E . (59.11)

(object with self-regulation).
The regulator, as in example 1, will be assumed without mass 

and damping, but with stiff feedback, i.e.

a (56.12)

while the regulating organ drive is taken in two forms: (1) with 
constant velocity and zone of insensitivity (Fig. 240h), i.e.

t  = 0 with |<r| <  b , |
E =  c - sign <r with |cr| >  & , |

(56.13)

and (2) with variable velocity and a zone of insensitivity (Fig. 240i 
with kc =  1/T,):

E =  0 with jej <  b , (
Ts% =  cr— t-signa with j<r| >  b . \

(56.14)

The coordinates of the phase plane are taken as before in the 
form (56.5). Then from (56.11) and (56.12) we obtain

a - ^ - - ( T a f p  +  pcp) =  —| | - f - p j ® - 2,„^ . (56.15)
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The instants of switching the drive a — ± b  therefore correspond 
to the straight lines

.'/ =  -  —  ̂  +  — • (56.16)

The strip A B  (Fig. 244a) between these lines corresponds to values 
1 (71 <  bt To the right of the strip a < — b, to the left a >  b. 

Differentiating (56.11) with regard to (56.5) we obtain

dx dy S , %
dt ~  ~ T ay + 7̂ n , (56.17)

from which we find for the region inside the strip AB, i.e. for |a | <  b, 
from (56.13) the equation of the phase trajectories in the form of 
straight line segments:

<iy
dx

p p
Ta 01 =

where, since vx =  dxjdi = y, above the ^-axis we have vx >  0 while 
below vx <  0 (these define the directions of the arrows in Fig. 244).

For the region to the right of the strip AB, i.e. with a <  — h, 
from (56.17) and (5^13) we obtain

dy =  __ _P____c_
dx Ta Tay ’ (56.18)

This coincides with equation (10.22) in the example of Section 10, 
differing from it only in the notation of the constants. Therefore
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here to the right of the strip A B  the curves should be plotted which 
were plotted to the right of the hue EFGH in Fig. 64, as shown 
in Fig. 244a and b. A similar pattern will apply to the left of the 
strip AB, i.e. the given regulation system is stable. The transient 
response is oscillatory for large values of c/p (Fig. 244a) and aperiodic 
for small c/p, i.e. with a large self-regulation factor of the regulated 
object p (Fig. 2446).

The steady-state operation of the system may correspond to any 
point of the singular segment CD, which corresponds to the insensi
tive zone of the regulating organ drive. At which point of the singular 
segment CD the system will arrive depends upon which phase 
trajectory it traverses, i.e. the initial conditions.

We shall now investigate the same regulation system but with 
the other regulating organ drive characteristic (56.14).

With |a| <  b we obtain in the phase plane (* =  9 , 1/ = 9 ) the 
same strip A XB X (Fig. 244c, d), as in the preceding case.

To the right of the strip A XBX, where cr <  — b, from (56.11), (56.12) 
and (56.14) we have:

(Tap + P)9 = 1 ,

(T 'p  + m  =  —^ 9  +  6 ,

from which we obtain the system equation

Ta+ PTS 
TaTs

1 +  pS =  b 
TaTeS9 ~  TaTs ' (56.19)

This equation coincides with equation (10.6), if we put x  =  9 
— 68/(1 +  pS). Since here all coefficients are positive, the pattern 
of phase trajectories is obtained either in the form- of Fig. 58c or 
in the form of Fig. 606, depending upon on whether the roots of 
the characteristic equation

Tg + ^T  
TaT„

1 +  pS 
T„TS 8 =  0 .

are complex or real. The corresponding two patterns are shown in 
Fig. 244c and d. Here the abscissa of the singular point, from the 
above, will be

aP —■ 68
r + p s ’

i.e. it concides with the point Dx (Fig. 244c and d).
The system is stable in both cases (neglecting the regulator inertia), 

where, in the case of Fig. 244c the transient process is oscillatory 
and in the case of Fig. 244d aperiodic. The singular segment CXDX
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as before corresponds to the region of possible steady-states depending 
upon the initial conditions.

Example 3. The equation of the automatic course regulator of 
a marine torpedo in simplified form has the linear part (53.30) and
(53.31), i.e.

2V|i +  <Ji =  , s =  , (56.20)

and the non-linear element (we take first a single case—Fig. 235c),

3 =  c • sign (a -b )  with * >  0 , |
8 =  c ■ sign (s +  b) with s <  0 . j

We shall 6how that here the steady-state equilibrium of the system 
with constant value =  0 is unstable, but a stable oscillatory process * 
will occur.

Let us take the phase plane (a?, y) with coordinates x = i{/, y =  <{< 
(angle of deviation and angular rate of change deviation of the 
torpedo axis from the prescribed course). Equations (50.20) and
(66.21) are rewritten in the form

dx
dt al

it
-

ii y
Tx

S>

8 c-sign j with y >  0

8 =-■- o  • sign | with y < 0

(56.22)

From a comparison of these equations with the simplified equations 
of the temperature regulation system at the end of Section 10 their 
complete agreement is evident. Therefore here, as in Fig. 64, the 
steady-state torpedo motion will be oscillatory where the pattern 
of phase trajectories will have the form shown in Fig. 245a.

Here the curve A B  is the limiting cycle, corresponding to the 
oscillatory process defined by equation (10.23) with such a value of 
the arbitrary constant Cx as satisfies the condition

Ha — “ lfn • i.e-- (?/) b = - ( V )  b , (56.23)
x”*2 x~ kt

since just in this case the closed limiting cycle ABD  (Fig. 245a) 
is obtained. Finding in this way Cx we find the amplitude of oscilla
tion a as the value of x  with y =  0, i.e. from (10.23),

a =  /c,c'±\]nkxc -f- C\ .

* 11' we hail studied here the two other cases (Pig. 235a, 6), analogously to 
the previous examples we would obtain stability with respect to the equilibrium 
state 41
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The values of (5G.23) give the amplitude q of the oscillations in 
velocity y. I t  is also possible to determine all these graphically 
directly from the drawing (Fig 245a). The period of oscillations 
remains unknown. We now introduce into the characteristic of the 
non-linear element (rudder drive) a zone of insensitivity as shown

in Fig. 2455, c. Thus, on the segment bxb2 of the characteristic 
8 =  f(s) (Fig. 2455) we have 8 =  0 and from (56.22)

x
y — — j r  + ^2 -

which corresponds to the inclined straight lines within the strip 
EFFXEX in the phase plane (Fig. 2455) There is an analogous strip 
HGGXH1 in the lower part of the plane. The remainder is filled by 
the same curves as in Fig. 245a. As a result, with increase of the 
zone of insensitivity 5j52 the dimensions of the limiting cycle, and 
thus of the amplitude of oscillation, decrease. With b} = 0 the limiting 
cycle degenerates to the point 0.

With further increase of the zone of insensitivity the character
istic of the non-linear element and the pattern of phase trajectories 
take the forms shown in Fig. 245c. Here oscillations are absent 
and a steady-state process with constant value of <]> occurs. The 
previous unstable singular segment F XG has now become stable. 
Further increase of the zone of insensitivity leads to widening of 
the segment F XG, i.e. to increase of the steady-state error of the 
system due to an excessively broad region of equilibrium.

Example 4. Let us consider the vibrator voltage regulator, the 
equations of which were derived in Section 53. We shall employ 
equations (53.4) and (53.5), namely:

(Txp + 1)AF =  — kxAr , j 
m p  + l ) M 2= 1c^V  , )

(56.24)
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where the equation of the non-linear element (regulating organ) 
from (53.8) and (53.9) will be:

Ar — r1-sign(AI2— it) with AI 2 >  0 ,
Ar = r1- sign (AI2 +  ix) with AI 2 < 0 . (56.25)

For the ordinate of the phase plane it is more convenient here 
to take the second variable A1% rather than the rate of deviation 
of the regulated quantity AF, as was done previously. Thus, we 
take for this problem

= AF , y =  AZ*. (56.26)

Then the equations (56.24) are transformed to the form 

f  Ar),

dy i  , , .

where from (56.25), (56.26) and (56.28) we have

Ar =  rx ■ sign (y — %) with y <  k2x , |
Ar =  rt • sign (y +  it) with // >  k^x; (

(56.27)

(56.28)

(56.29)

the first of these conditions is therefore valid below the straight 
line BBl (Fig. 246) and the second above it. For the former the 
relay switches at y =  i,, i.e. on the line CD (Fig. 246), while for 
the latter at y  =  — ix, i.e. on the line EF. The drawing is made, 
under the assumption tha t k1?c2r1 >  i.

As a result we find tha t above the line EFCD we have

Ar r, (56.30)
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and below the line EFCD ,
A r — i (56.31)

Let us first consider the upper region. For it, dividing (56.28) 
by (56.27) and considering (56.30) we obtain the equation of the 
phase trajectories

dy =  Ti y — k2x 
dx T2 x  + kx >\

which may be represented in the form

dy = rJ\ y + Ma*', — k2(x + kxrx) 
dx T  2 x +  k

and integrate, applying the auxiliary substitution

y + kxk2rx =  z(x + kxrx) ,

(56.32)

where z is a new variable in place of y. As a result we find the follow
ing equation of the phase trajectories (with Tx >  T2),

y = olx + (3 +  Cx(x +  k xr x)y ( y  > i ) , (56.33)

where (/, is an arbitrary constant,
kt Tx kxk2vxrl '2

7 - | > i (56.34)a Tx — T2 ’ 1 Tx- T ”2 ’

(with y =  1 the solution will have another form, while with y <  1 
we have a =  0 and (S <  0, which we shall not investigate).

To represent the entire set of phase trajectories, the straight line

yx ~  aa?+ [3 (56.35)

may be plotted in the phase plane, and to all the ordinates of this 
line we add

y2 =  Ox(x + kxrx) \  (56.36)

giving Ox arbitrary values (to each value of Gx we obtain a given 
phase trajectory). These will be parabolae of degree y with the axis

x = -~kxrx (56.37)

and with a common origin at the point H  (Fig. 246), having the 
coordinates

x = — kxrx . y — - kxk2rx .

All the branches of these parabolae lying above the line EFCD 
(since the above calculations are valid only there) are shown in 
Fig. 246. The directions of the arrows on the phase trajectories 
obtained are defined by the projections of the generating point 
velocity vx =  dxjdt which from (56.27), will be negative to the right
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of the straight line (5G.37) and. positive to the left; the projection 
of vy =  dyidt, from (56.28), will be negative above the line y =  h2x 
and positive below (at all points of the straight line y =  1cax  the 
tangents to the phase trajectories are horizontal).

We plot similarly all the phase trajectories below the line EFCD, 
since their differential equation differs from (56.32) only by the 
substitution —rx for + rx according to (56.31).

As a result we see from Fig. 246 that all phase trajectories emerg
ing from the singular segment FOC diverge, while all trajectories 
arriving from the edges of the drawing converge. Both sots approach 
asymptotically to the steady-state limiting cycle, denoted in the 
drawing by the heavy closed curve (lens-shaped). This corresponds 
to an oscillatory steady-state process in the system, where the 
dimensions of the limiting cycle av and al2 represent the amplitudes 
of oscillations of the regulated voltage AF and the current in the 
electromagnetic relay winding A/ 2 respectively.

The phase trajectory forming this limiting cycle may be defined 
as a curve (56.33) for which

ix )u=h ~  ? (56.38)
which defines the value of the arbitrary constant Cx. The value of x  
(56.38) for this curve gives the required amplitude ay. Tho ampli
tude a/2 is defined as the ordinate of intersection of the curve of 
the limiting cycle with the straight line y =  Jczx  (since, as we have 
seen above, the tangents to the phase trajectories on the points 
of this line are horizontal).

I t  is evident from the drawing (Fig. 246) that the limiting cycle 
lies to the left of the point L  and encloses the point C. Therefore 
we have xc < ay < x^, i.e. the amplitude of oscillation of the re
gulated voltage is included in the interval

h ^  ^  h +  P

where a. and (3 are defined by formulae (56.34). The amplitude of aIa 
will be somewhat greater than il . The period of oscillation is not 
defined.

Example 5. Let us consider a servomechanism with dry friction 
in the controlled object, for which the equations were written in 
Section 54. The equation of the regulated object (54.8) as a non
linear element in the absence of linear friction (c2 =  0) has the form

<7(3 +  c-sign(3 =  with (3=^0 on [3 =  0 and [I«| >  £ ,  
C1

(3 =  const with (3 =  0 and \It \ <  .
(‘i

(56.39)
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In  writing the equations of all the remaining (linear) elements 
of the system we neglect their time constants (in order to be able 
to consider the equation of the entire system as a second-order 
equation) and we assume that the input device of the servomechanism 
is set to zero (a =  0). Introduction of the derivative into the regula
tion function is retained.

As a result we obtain from (54.9) for the linear part of the system

l4 =  -(fc9 +  fe')£-fcp-

Substituting this in the equation of the object (56.39) and putting

Ci . t  - I#.  Cilc . c«i =  jr (fc# -)- fe ) . a2 =  —j~ , bx — j  ,

we obtain the equation of the entire servomechanism;

p - f a ^  +  ajjP =  — 6t -signp with $ ^ 0  or

with fi =  0 and |P| >  ,Cj fc

P =  const with p =  0 and |p! <  —Cj tc

For the coordinates of the phase plane we take, as usual, x  =  p, 
y  =  (5. The condition y  =  0 and |®| <  c/c-Jt for which, from (56.42), 
p =  const, i.e. the system is in equilibrium, is represented in the 
phase plane by the segment A B  (Fig. 247)

Outside this segment, from (56.41), it is necessary to consider 
individually two cases y  =  p Js 0 and y =  p <  0, i.e. the upper 
and lower halves of the phase plane. With y <  0 we have from (56.41)

x + alx + aix  =  bt .

This equation coincides with equation (10.6) with a shift by the 
magnitude x  =  bjaa. Consequently, below the x-axis it is necessary 
to plot the same curves as in Fig. 58c (if a\ <  4a*) or as in Fig. 606 
(if a, >  4a2), but with shift of the origin of coordinates to the 
point A, as in Fig. 247a and b respectively.

Similar curves are plotted above the aj-axis, but with shift of 
the origin of coordinates to the point B  (Fig. 247), since from (56.41) 
with y > 0 we have the equation

x  +  atx +  a2x = — 6t .

In  both cases (Fig. 247a and 6) the system is stable, where in 
the first case the transient consists of a finite number of damped 
oscillations of the controlled object while in the second case we have 
an aperiodic motion. The position of equilibrium of the object is

(56.40)

(56.41)

(56.42)
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not defined uniquely, the object may 6top at any point of the singular 
segment A B  (Fig. 247), as occured previously in the presence of 
a zone of insensitivity (see Example 1). The singular segment A B  
is defined by the relationships | M r\ =  | Z41 <  c, where c is the absolute 
value of the dry friction moment with motion of the controlled 
object.

We note tha t the simplification of the system equations carried 
out here has permitted their exact solution but this solution, giving

y-fi i?=j2
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stability of the system for arbitrary numerical values of the system 
parameters, does not fully reflect the actual pattern of phenomena 
in the given non-linear system.

Example 6. Let us now consider the contact servomechanism 
with dry friction (for example, Fig. 6a), differing from the preceding 
in tha t the rotary moment will now be constant in magnitude and 
changes only sign. Consequently, there will be two non-linearities 
in the system simultaneously: the relay characteristic of the rotary 
moment and the dry friction. The system equations in simplest 
form will be:

J$ + Md, =  Mr ,
Mdf =  c ■ sign (i ,
Mr = — c1-sign(p — b) with (i >  0 ,
Mr =  — cl -sign(p +  6) with (1 <  0 ,

(56.43)

if the characteristics of the non-linear elements are such as shown 
in Fig. 248a to the right. Here, since cx >  c, stopping as in (56.42) 
cannot occur here.

Switching of the relay will take place at x  =  +b if y > 0 and 
a t x = — b if y < 0, which corresponds to the line ABD E  in the 
phase plane (Fig. 248a). I t  is therefore necessary to consider the 
four quadrants separately:
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1) EDx , where Mr =  -  Cj , -Mdf — C >
2) A B x , where £ II 1 M df =  - o  i
3) ABF  , where ftII:§r 1II
4) EDF  , where. ftii Mdf =  0 •

For the first of these, from (56.43) the system equation reduce 
to the form

= — (Cj. +  C) j

F ig. 248

while since (3 =  x  and $ = y, we have
dx dy cx +  c
dt ~  y  ’ d t ^  J~~ ’

from which the phase trajectory equation will be:
dy
dx

Ci +  e
Jy

or -2 C- ^ x + C l . (56.44)

The corresponding parabolae are plotted in the quadrant EDx 
(Fig. 248a).

In  the quadrant A B x  the equation of the system (56.43) will be:
=  -C j +  C,

which corresponds to the phase trajectories

t? --= -  2 x  +  C?a . (56.45)J
Analogously in the quadrants ABF  and EDF we obtain the 

parabolae:
f  =  2 — x  +  C 3 , (56.46)

y* =  2 ^ * + C 4. (56.47)
respectively.

As we see, the singular segment BD  is unstable since the phase 
trajectories emerge from it. I t is possible tha t in the present case
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the phase trajectories will converge from within and without to 
a limiting cycle as shown in Fig. 248a. Then there will exist a steady- 
state oscillatory process (stable). The amplitudes a3 and a* of the 
oscillations of angle p and angular velocity $ of the controlled object 
are shown in Fig. 248a.

Let us verify if stable oscillations will actually exist in this case. 
In  Fig. 248a it is evident tha t for the presence of a closed limiting 
cycle it is necessary that one of the parabolae in the quadrants EDx, 
expressed by equation (56.44), have the ordinate y with x  =  h equal 
to that for one of the parabolae in the quadrant EDF  (equation
(56.47) ), where the abscissae of these parabolae with y =  0 should 
be equal in absolute value and opposite in sign. We obtain on this 
basis the following equalities:

a \ =  - 2  — & +  C1 =  2 - E E lb  +  Oa .

0 =  — 2 ' a3 +  Cx =  2 — (— a3) 4 -  C3 .

From this, by subtracting the second expression from the first, 
we find:

a | =  2 -1 ■■ (a3 — b) =  2 — (a34- b) ,

which gives the following amplitude of oscillation

H  = a- = - | / 2 ^ % .  (56.48)

This result shows tha t actually everywhere where cx > o there 
will exist the limiting cycle shown in Fig. 248a, corresponding to 
steady-state oscillations of the system. In  addition, from formulae
(56.48) it is evident that the amplitude of oscillation is proportional 
to the width of the loop 2b of the relay characteristic and that in 
the absence of the loop (b =  0) oscillations will be absent.

Let us now turn to the case where in the same contact servo
mechanism the sign of the rotary moment varies according to the 
relay characteristic 6hown in Fig. 2486 a t the right, where there 
exists an insensitive zone within which Mr = 0, specifically:

P 'C &2 and
and

p >  0 
( J < 0

P >  &2 and p >  0 ,
an d p < 0 ,

“U3 A 1 e* M an d P > 0 ,
p <  b2 and p <  0 .
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Here the equation of the controlled object

t/p - \ - M d f  — M r , | 
Mdf == c ■ sign $ . |

(56.49)

remains in force.
I t  is obvious that the results of the previous solution in the 

quadrants EBx, ABx, A XBXF  and E^B^F (Fig. 2486) will be valid 
here. Between these quadrants there appears a new strip, bounded 
by the lines EDBA  and E 1B 1B lA lt which corresponds to the in
sensitive zone (Mr — 0). For this strip the system equation will 
be from (56.49)

3 -- — -  with $ >  0 ,

This gives the parabolae

,'/2 =■■
2c
J X - ('h with y > 0

f J x  O', with y < 0 ,

respectively, the segments of which are plotted inside the strip in 
Fig. 2486. Here we already obtain damped transient oscillations 
with passage to a stable equilibrium corresponding to some point 
of the singular segment B 1B.

The case of the characteristics in the form of Fig. 248o are studied 
similarly, where again self-oscillations appear.

Example 7. Let us consider the automatic pressure regulation 
system with dry friction in the sensitive element. From (54.15) 
we have for the non-linear sensitive element the equation

Sr) =  —<p — 6sign7) with i\ ^  0 or t) =  0 and |Sr) +  (p| =  6 , 
7j =  const with |Svj +  cp| <  6 ,

(56.50)

where 8 and 6 are coefficients (Fig. 2386).
The equation of the linear part of the system from (54.17) will be

* +  ( t i +  T’J <*> + T1T ,<P t It , ’ (56.51)

Here within each period of oscillation in the regulation process 
it is necessary to distinguish the following four stages (Fig. 249a).

(1) The motion of the generating point over the straight line EA, 
where <p >  0, V) <  0 and equation (56.50) has the form

S t; =  —  <p +  6  (<p >  0  , <  9  <  q w x ) ;
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This motion occurs until 9  reaches its maximum value, when 9  =  0, 
tq =  0 (the point A ,  Fig. 249a).

(2) The motion of the generating point over the straight line A B ,  
when 9  <  0, Yj =  0 and equation (56.50) has the form

y) =  const =  y)̂ „ (9 <  0 , 9max >  9 >  9 /?);

which is valid up to emergence of the generating point onto the 
straight line B D , and consequently,

9B  ~  9max 25 , f ]AB =  ^  (9max 5) .

(3) Motion of the generating point over the straight line B D , 
where 9  <  0, yj >  0, and equation (56.50) is written in the form

Sy) =  — 9  — b (9 <  0 , 9 b >  9  >  9mln);

this stage terminates at the point 9 =  9min, when 9  =  0 , yj =  0 
(the point D  in Fig. 249a).

(4) Motion of the generating point over the straight line D E , 
where 9  >  0, iq =  0. From (56.50) we have

Y) =  const =  (9 >  0 , 9min <  9 <  9 e ) •
where

v id e  —  £  (19minI ^ ) •9E  =  9mln +  25 ,
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After this the generating point again passes onto the straight 
line EA  and the stages of motion repeat, beginning with the first, 
with the difference that in each new cycle the straight lines AB  
and DE  may be higher or lower than those in the preceding cycles.

The equation of the overall regulation system in the first stage, 
from (56.51) and the equation Sr\ =  - 9  +  5, will be:

9 +  «!<p +  a29 =  (9 >  0 , 9mm +  2b <  9 < 9mttX) , (56.52)
where we pul

1 1  S -j- Jci . kxb
a' = ~T, + Y s ' = h ^ ¥ [ T j s '

Analogously, for the second stage, employing the formulae of (2) 
above, we obtain:

9 +  ai9 +  aa9 =  — 52 (9 <  0 , 9mtlx > 9 >  <pmas.— 2b) , (56.53)
where

1 u î(9max b)
^  ~  rl\Ts  ’ 2 ~  TxTaS '

For the third stage

9 +  <1,9 +  a29 =  — bx (9 <  0 , 9mai—2b <  9 <  9^ )  . (56.54)

Finally, for the fourth stage the equation of the system will be 

9  + « i 9  +  a a 9  =  ba  (9 >  0  , 9mi„ <  9  <  9 rain +  2 5 )  , ( 5 6 .5 5 )

where
_  & l(|9m in |“ &)

3 T ,T J  '

Let us put x = 9 and y =  9 . Then the equation of the first stage
(56.52) agrees with equation (10.6) except for a shift of magnitude 
x  =  6,/a2. As a result, in the first stage we obtain the same phase 
trajectories as in Fig. 58c (if a\ < 4a2), but with shift of origin of 
coordinates to the point L  (Fig. 2495), where

_ b \  _  kxb 
ai S +  kx

The first stage, according to (56.52) and (56.55), extends to the 
entire upper half of the phase plane. But since the left-hand boundary 
(9 =  9min +  25) is still unknown (it becomes known in the fourth 
stage), while the right-hand boundary (9 =  9max) corresponds to the 
value 9  =  0, i.e. the #-axis, we provisionally plot the above curves 
over the entire upper half of the phase velocity plane (Fig. 2495).

Similarly for the third stage, as yet not knowing the left-hand 
boundary (9 =  9m ax— 25), we provisionally plot over the entire 
lower half of the phase plane (Fig. 2495) curves as in Fig. 58c, butf
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in accordance with equation (56.54), with a shift of the origin of 
coordinates to the point F, where

Let us now plot the phase trajectories individually for the second 
stage. Let us take the points A 1,B 1, C1} Dlt E x at the ends of the 
phase trajectories of the first stage (Fig. 2496). The abscissae of 
each of these is the corresponding value xmBX =  <pmax, which must 
be used to plot the phase trajectories of the second stage according 
to equation (56.53). We take, for example, the point Bt (Fig. 249c). 
The phase trajectory corresponding to this in the second stage will 
be, from (56.53), that curve taken from Fig. 58c (if o? <  4as), for 
which we have at y =  0

where xm is taken from Fig. 2496 and the quantity 6 from Fig. 249a. 
This curve is plotted from the point Bx below the axis of abscissae 
as shown in Fig. 249c. The end of this curve, as shown by formula
(56.53) should correspond to the value 9 =  cpmBX—2b or, in the present 
case, x  =  Xm — 26. Therefore, measuring off the distance 26 as shown 
in Fig. 249c, we find the terminal point B2 on this curve.

Proceeding in exactly the same way for all remaining points 
(Ax, Cx, Bu  E x), we plot all the phase trajectories represented in 
Fig. 249c. The locus of their terminal points automatically gives 
us the boundary of the second stage of the motion (broken-line FB2G).

From (56.55) in the fourth stage the pattern of phase trajectories 
will be symmetrical to the above with respect to the origin of co
ordinates 0, where in place of the quantity xmax we will have 
which does not alter the situation.

I t now remains to plot all the curves obtained in a single drawing. 
For this we plot the boundaries FG and L N  of the second and fourth 
stages (Fig. 249d). In  regions I I  and IF  we plot the curves shown 
in Fig. 249c and those symmetrical to them with respect to the 
origin of coordinates. In regions I  and I I I  we plot the curves of 
Fig. 2496.

In  Fig. 249d and e are represented two possible forms of joining 
the phase trajectories in all four regions. The first gives a stable 
system with transient in the form of damped oscillations and a singu
lar segment FL  including the steady-state region (corresponding 
to the segment FXLX of the non-linear characteristic of Fig. 249a). 
In  the second form (Fig. 249e) divergent oscillations are obtained 
close to the singular segment FL, as a result of which the system

bx Tcxb
aa 8 +&]

+  —6) =  ( l + | ) — , (56.56)
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tends to a steady-state oscillation with bounded amplitude (the 
stable limiting cycle, marked in Fig. 249e by a heavy line, corre
sponds to the latter).

I t  is similarly possible to join the phase trajectories in most cases 
where a\ > 4a3 or a? >  4a2, employing in place of Fig. 58c the corre
sponding curves of Fig. 60b. As a result for certain conditions there 
may be obtained regulation with aperiodic attenuated transient.

The Andronov point-transformation method. Let us illustrate the 
basis of the method by the last example 7 and then in a somewhat 
more general form.

We take the initial position of the generating point M0 somewhere 
in the strip Ox (Fig. 250a). One stage of motion of the system (de
noted in Fig. 249 by the region II)  consists in passage of the gener

ating point over the line FG, bounding this stage, to a certain posi
tion Mx (Fig. 250a). The next stage (I I I  in Fig. 249) transfers the 
generating point to the position M 2 in the strip OH (Fig. 250a), 
then to the position on the curve L N  and, finally, M4 on the 
initial semi-axis Ox.

To each position M0(x0, 0) on the semi-axis Ox there corresponds 
a definite position of the point Mt(xl , y4) on the curve FO. This 
is termed the point transformation of the semi-axis Ox to the 
curve FG ; in Fig. 249c it is shown how this transformation takes 
place. For briefness we shall term  it, for example, the transfor
mation S + (but for our purposes this is not essential). Further 
(Fig. 250a) the point transformation of the curve FG to the semi
axis OH, termed F  takes place, then the point transformation S~ 
of the half-axis OH to the curve L N  and the transformation FT of 
the curve L N  to the initial semi-axis Ox.

All these as a whole (or, so to speak, the transformation S + F + S~ E  ) 
is termed the point transformation of the semi-axis Ox into itself. 
In the present case this transformation is written in the form

®« =  /(®o) >
where x4 and x0 denote the abscissae of the points and 
(Fig. 250a). If with arbitrary x0 we find x4< x0, there will be an
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attenuated process in the system while if xk >  x0, a divergent process. 
If the equality xx =  x0 is possible, we obtain in the phase plane 
a limiting cycle which, as we know, may represent either stable 
oscillations or the limit of small-signal stability, or may correspond 
to a singular case of bifurcation (see below).

In  those cases where the general pattern of phase trajectories 
divides into two symmetrical parts, it is sufficient to study only 
half of the entire point transformation.

In the above example the upper half-plane (Fig. 249) is symmetrical 
with the lower with respect to the origin of coordinates. I t  is therefore 
sufficient to consider only the first half of the transformation (S+ F +), 
i.e. the point transformation of Ox to the semi-axis OH (Fig. 258), 
and to express it in the form

W  =/(«„) O»2<  0), (56.57)

where the condition for the presence of a limiting cycle in the phase 
plane will be \x2\ = x0 with x2 <  0.

Let, for example, the function (56.57) have the form of the curve 
6hown in Fig. 2505. We plot in this graph further the straight line 
from the origin of coordinates at an angle of 45° to the coordinate 
axes. If it intersects the curve, then at the point of intersection 
we obtain |a?2| =  x0. To determine what type of limiting cycle this 
represents, it is necessary to take the initial point x0 on the axis 
of abscissae at first to the left and then to the right of the point 
of intersection and to follow the course of the point transformation 
as shown by arrows in Fig. 2505. In  this case the process converges 
from both sides to the point of intersection. Consequently, we have 
here a stable limiting cycle corresponding to an oscillatory process 
in the system. In  this example the abscissa of the point of inter
section (Fig. 2505) gives the amplitude of oscillation. I t  is easily 
verified that this corresponds to the pattern of phase trajectories 
represented in Fig. 249d.

I t  is possible to proceed in a different way. Let us assume that 
the transformation S + from the point M0 to M, is carried out fairly 
simply, but it is found that from the point M2 thus found the corre
sponding point M  is more difficult to find than to determine Mx 
from a given position of M2. We then pass to the curve FG from 
two sides, taking simultaneously the point M0(x0) on the semi-axis Ox 
and the point M'Q{—x0) on the semi-axis OH and finding the corre
sponding points and M[ (Fig. 250c). As a result we obtain the 
point transformations of the semi-axes Ox and OH to the curve FG, 
expressed by certain functions

•'i'l =  fi(x0) and x[ == f2(x0) .
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Kepresenting this in the form of two curves (Fig. 250d), we analyse 
them in the same manner as the curve and straight line in Fig. 2505.

Thus, these graphs (termed the point transformation diagrams) 
correspond to stable limiting cycles, i.e. the presence of steady- 
state oscillations in the system. Other possible forms of point trans
formation diagrams are shown in Fig. 251. Here Fig. 251a corre
sponds to an unstable limiting cycle; it bounds the region of initial 
conditions (x0, y0) for which the system is stable with respect to 
the steady-state with constant value of the regulated quantity

(x =  0). With initial conditions x0, y0 outside the contour of this 
limiting cycle, the system is unstable (the system is small-signal 
stable and large-signal unstable).

Fig. 251c corresponds to two limiting cycles, of which the smaller 
is unstable and the larger stable. Consequently, with initial con
ditions x0, y0 inside the first limiting cycle, the system is stable 
as in the previous case; for all other initial conditions it tends to 
steady-state oscillations defined by the second limiting cycle.

This case may degenerate to that shown in Fig. 2515, where both 
limiting cycles merge in a single semi-stable cycle. This type of 
singular case is termed bifurcation.

Finally, in Fig. 251d and e are shown cases where in the diagram 
of the point transformation the curve |.r2[ =  f(x0) does not intersect 
the line plotted at 45° to the axes. This denotes stability (d) and 
instability (e) respectively, for arbitrary initial conditions within 
which the equations of the system are valid.

We note that the above considerations are only qualitative since 
the time t is absent from them. The course of the process in time 
and the period (frequency) of oscillation remain unknown. To obtain 
a complete solution of the problem it is necessary in addition to 
these considerations to solve the differential equations in individual
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sections with respect to time (as in the method of matching solutions, 
p. 541). Therefore the corresponding time parameter is introduced 
into the point transformation which we shall not consider here.

For systems of higher than second order, in place of the phase 
plane we deal with the phase space and with the point transfor
mations of surfaces rather than lines. New properties of the processes 
arise there. However in view of the excessive complexity of such 
constructions we shall not consider them.

Method of isoclines. Above we have considered examples of second- 
order non-linear systems for which the phase trajectories were easily 
found by integration of the equations over sections. In those cases 
where integration is difficult, the shape of the phase trajectories, 
if only qualitatively, may be studied by the use of the so-called 
method of isoclines without integrating the equations. Quanti
tatively this method has relatively low precision. Its application is 
as yet limited to second-order systems.

An isocline is a line for which at all points of intersection with 
the phase trajectories, the latter are inclined a t a single defined 
angle to the axis of abscissae x. Thus, if the differential equation 
of the phase trajectories

^ (56.58) 

is known, to obtain the isoclines it is necessary to pul

The equation of the isocline is thus
/(®, y) = e , (56.59)

where c denotes the slope of the phase trajectories. To each given 
value c there corresponds a single isocline.

For example, the frequently encountered non-linear equation 
(Reference 7)

x — k (l — x2)x + x  =  0 ; 
may be written in the form

dy
dt k ( l  — a?)y — x ,

from which the differential equation of the phase trajectories will be
dy
dx Jc( 1 - ^ ) - - ,

while the equation of the isoclines

Jfcd-® *)--
>1

- c .
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Assuming various values for c (with given ft), we plot for each of 
them the curve in the phase plane according to this equation — the 
isocline (full-line curves in Fig. 252). Then along each curve we mark 
arrows at angles a =  arctgc to the axis of abscissae (in Fig. 252

the values of o are marked on each curve). From these arrows the 
required phase trajectories are derived; some of them are shown 
in Fig. 252 by broken line. In  this case a stable limiting cycle is 
obtained, which corresponds to self-oscillations in the system *.

57. Theorems of Liapunov’s direct method and their applications
We make the preliminary observation th a t in describing Lia

punov’s direct method, also called Liapunov’s second method, we 
shall employ the differential equations of the automatic system in 
the form (10.1), assuming that they are written for the transient 
process in deviations in all variables from their steady-state values, 
with the new constant values of the perturbation and command 
forces, /  =  /° and y = y° respectively. Consequently, these equations 
for the non-linear nth-order system take the form:

dXj .
—j j j  ~~ -1 1 ( -̂'l !  ,jp„) .

~W X ^ Xl‘ :V*: **) ’ (57.1)

^  — An(®j, « ®n) ?

* For application of the method of isoclines see, for example, V. A. Bodner, 
Avtokolobaniia v sisteme soderzhashchei kompressor (Self-oscillations in a system 
containing a compressor), “Inzhenernyi sbornik” (technical symposium), voL VI, 
1950.
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where the functions X 1, X2, , X n are arbitrary and contain arbitrary
forms of non-linearity, but satisfy always the condition

X, =  X2 =  ... =  X n =  0 with =  x2 =  . . .= * »  =  0 , (57.2)

since in the steady-state process all deviations of the variables and 
their derivatives are obviously equal to zero by the definition of 
the concept of deviation.

Further we shall also require the following concepts.
The concepts of sign-definite, sign-constant and sign-variable 

functions. Let there exist a function of several variables

V = V{xx, x2, ..., xn) .

We consider an w-dimensional phase space (see Section 10), in which 
Xn x2, ..., xn are rectangular coordinates (in particular this can 
represent the phase plane with n = 2 or ordinary three-dimensional 
space with n =  3). Then at each point of this space the function V 
will have a certain definite value. We shall require below functions 
V(xlt ®2, ..., xn) which vanish at the origin of coordinates (i.e. with 
xl =  x2 =  ... =  xn =  0) and are continuous in some region about it.

The function V  is termed sign-definite in some region if a t all 
points of this region about the origin of coordinates it retains a given 
sign and nowhere vanishes except at the origin of coordinates itself.

The function V  is termed sign-constant if it retains the same 
sign but may vanish not only at the origin of coordinates but at 
other points of the given region.

The function V  is termed sign-variable if in the given region about 
the origin of coordinates it may have both signs.

Let us present examples of all three types of function V. Let 
ft =  2 and V = x\ +  x l . This is a sign-definite (positive) function, 
since V  =  0 only when xx =  0 and x2 =  0 simultaneously and V  >  0 
for all real values of a;, and x2. Analogously for any n the function 
V =  a-'i +  a?2 + ... +  x^ will be positive-definite while V =  —{xt + xl + 
f .. .+ a £ )  is negative-definite.

If we take the function V =  x[ +  xl with n = 3, it will not be 
sign-definite since, while it remains positive for arbitrary xl t x2 
and x3, it may vanish not only with xt — x2 =  x3 = 0 but also for 
any value of x3, if xx =  xz =  0 (i.e. along the entire a?3-axis, Fig. 253a). 
Consequently, this will be a sign-constant (positive) function.

Finally, the function V = x1-\-x2 will be sign-variable since it 
is positive for all points of the plane to the right of the line xt =  —a?* 
(Fig. 2536) and negative to the left of this line.

We note that in certain problems we require a function V which 
does not vanish only at the origin of coordinates but on a given
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finite segment A B  (Fig. 253c). Then the sign-definitenesB of the 
function V will denote its constant sign and non-vanishing in some 
region about this segment.

The Liapunov function and its derivative with respect to time. An  
arbitrary function

H * 2 , • • 7 ® » ) 7

fn)
i s* 26) \ N \

\V >
0 \ 0

(b)
/! 0

X,
h \  *

\  *3
B  *

P ig . 253

(57.3)

vanishing identically with x1 =  x2 =  ... =  xn = 0, will be called 
a Liapunov function if for the quantities xu  x2, ..., xn we take those 
deviations of the variables of the regulation system in the transient

*i =  ®i{t), =  ®«(<) >
in which equations (57.1) are written for this system.

The time derivative on the Liapunov function (57.3) will be:

dV _ 8V dxl 8V dx2 8V dxn
dt dxi dt dx2 dt 8xn dt

Substituting here the values dxj’dt, dxn'dt from the prescribed 
equations of the regulation system in the general case (57.1), we 
obtain the derivative of the Liapunov function with respect to time 
in the form

dV
dt

?V 8V 8V~ X l + —  X 2 + ... + -^r A n , 
8Xi 8x2 8x 1̂

(57.4)

where X lt X 2, ..., X n are the right-hand sides of equations (57.1) 
of the automatic regulation system, constituting prescribed functions 
of the deviations xx, x2, ..., xn.

Consequently, the time derivative of the Liapunov function, just 
as V, is a certain function of the deviations i.e.

^  — ^(®i» ®2» •••» *®n) 7 (57.5)

where from the properties of (57.2) this function W, as V, vanishes 
identically with xt =  x2 =  ... =  xn =  0. Therefore we may apply 
to the same degree all the concepts of sign-definiteness, sign-con
stancy and sign-variability in a certain region about the origin of 
coordinates tha t were discussed above with respect to the function V.

Here we have been concerned only with non-linear equations in
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which the time t does not enter explicitly, since we shall limit our
selves to this case below. In  general the Liapunov method may 
be applied as well in the presence of the time t in explicit form, 
in particular, for equations with variable coefficients (linear and 
non-linear).

Basing ourselves on these preliminary considerations, we shall 
give the general formulation of Liapunov’s theorems (References 3, 
19, 25, 37) on stability and instability of non-linear systems and 
shall demonstrate their validity. These theorems are suitable for 
studying the stability of regulation systems not only for small but 
also for large deviations, to the extent that the initial equations 
of the system remain valid.

Liapunov's theorem on the stability of non-linear systems. The 
formulation of the theorem is as follows: if the equations of an 
nth-order system are given in the form (57.1) it is possible to choose 
such a sign-definite Liapunov function V(xxt x2, ..., xn), that its 
time derivative W (xlf x2, xn) will also be 6ign-definite (or sign- 
constant), but have the opposite sign to F, then the given system 
is stable. With the function W  sign-definite, asymptotic stability 
will occur.

Let us illustrate the validity of this theorem geometrically. For 
simplicity we take a third-order system (n- =  3). Equations (57.1) 
for it will be in general form:

Let us take the positive-definite Liapunov function in the form

where a ,b ,c  are arbitrarily given real numbers. We shall assign 
to the quantity F increasing constant values F  =  0, Cx, Ca, C3f..., 
which signifies:

The first of these expressions corresponds to a single point xx =  xt 
=  x3 = 0 (origin of coordinates in the phase space), while the remain
ing are ellipsoidal surfaces in the phase space, where each successive

(57.6)

V = a2x2 +  b2x |  +  c2x2 (57.7)

2 2 I 7-2 . ,2 | 2 2   aCt 4* ̂  QO'* t   ̂ — 0 )
a2x \ +  b2x \ +  c2x \ =  C’i , 
a2x \ +  b2x \ +  c2x \ =  C2,
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ellipsoid contains the previous one completely within itself (Fig. 254).
Let us now take the derivative of the Liapunov function with 

respect to time. From (57.4) and (57.7)

dV—  = 2a2xx-X 1(xl , x3, x3) + 2b2x3-X i(xl , xz, ®3) +(tv
+ 2c2x3 X 3(xlf x2, x3) = W(xlt x3, x3) ,

where the functions X l} X 3, X 3 are taken from the prescribed 
equations of the regulation system (57.6).

If the function W (xlf x2, x3) thus obtained is negative-definite 
i.e. if

w  < 0 (57-8)

at all points of the given phase space, except the origin of coordinates, 
where

dV_  =  0 (with xt =  x2 = x3 =  0) ,

then for arbitrary initial conditions as a result of (57.8) the generating 
point M  (Fig. 254) will move towards decreasing values of V, i.e. 
will intersect the ellipsoids represented in Fig. 254 from without. 
As a result in the course of time M  will tend to the origin of coordi
nates 0 of the phase space and cannot emerge from those ellipsoids 
into which it has penetrated.

But this signifies attenuation with time of all deviations xlf x3, x3 
in the transient, i.e. stability of the given regulation system. 
We have thus illustrated the validity of the theorem for a third-order 
system (with sign-definite function W).

From this there follows the validity of the theorem in the general 
case. The considerations remain analogous, only in place of three 
equations (57.6) there will be n equations (57.1). As before, for an 
arbitrary positive-definite Liapunov function V(xl , xz, ..., xn) =  C 
we obtain certain closed surfaces enclosing the origin of coordinates
34
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(Fig. 254), but now in place of ordinary three-dimensional space, 
in the n-dimensional phase space (sometimes termed hyper-surfaces). 
Therefore if the derivative dVIdt =  T F ^ , x2, x n) is negative- 
definite, the trajectories of the generating point M  in w-dimensional 
space for arbitrary initial conditions will in the course of time inter
sect these surfaces only from without, which indicates the stability 
of the system.

If the function W is not sign-definite but sign-constant, it is 
obvious that the trajectories of the generating point M  will not 
always intersect the surface V =  c and may bo tangent to them at 
those points where W  vanishes (aside from the origin of coordinates). 
But since at all other points of phase space the function W  has 
the same sign, as a result of which the generating point may only 
pass the surface V  =  c from without, in solving the problem it is 
only necessary to check whether the generating point does not 
“stick” at the point where W =  0 (see example below).

Note on the Liapunov stability theorem. In  connection with the 
formulation of the Liapunov stability theorem it is necessary to 
make the following two important remarks.

(1) The theorem concerns the choice of Liapunov function 
7 (0?!, x2, ..., xn). With regulation system equations given in the 
form (57.1) it may be possible to select several different forms of 
the function V, since it is only required to obtain sign-definiteness 
of it and its derivative. Different forms of the function V, satisfying 
the theorem, may give differing forms of the stability condition 
for a given regulation system. Some of these will be broader, others 
narrower; the latter may enter into the former as particular cases, 
etc.

Therefore, in general, the given Liapunov theorem ensures obtaining 
sufficient conditions for stability, which will not always be necessary, 
i.e. in satisfying the conditions of the theorem the system will 
certainly be stable, but these conditions may not include the entire 
region of stability of the system with respect to the parameters. 
In  fact, choosing the function V satisfying the theorem we are not 
certain that a second form of the function V  cannot be found which 
would more fully include the stability region of the given system.

Geometrically this signifies that, having obtained a defined family 
of surfaces V = C (Fig. 254) and verifying that the trajectories 
of the generating point M  approach the origin of coordinates, inter
secting these surfaces from without, we are not certain that there 
do not exist other forms of trajectories of the generating point M  
which at individual points may intersect the given surface from 
inside, but nevertheless in the course of time approach without 
limit the origin of coordinates. These trajectories will correspond
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to a second family of surfaces V =  G, i.e. to a different choice of 
the Liapunov function.

In a number of engineering problems it is possible to satisfy these 
sufficient stability conditions completely. The degree of closeness 
of these sufficient stability conditions to be necessary and sufficient 
will depend on the degree of success in choosing the Liapunov func
tion V, i.e. this will determine how completely the entire stability 
region of the given system is included. There exist, of course, func
tions V(x1, x2, ..., xn) which satisfy the entire stability region.

(2) To the above formulation of the Liapunov theorem it is neces
sary to add tha t the Liapunov stability concept admits tha t with 
sign-definite function V  its derivative W need not necessarily be 
sign-definite or sign-constant, but may vanish identically over the 
entire phase space involved. In this case, by considerations analogous 
to the above, it is easily verified that the generating point M  (Fig. 254) 
will remain for all time on some one of the surfaces V =  const, where 
it has been placed by the initial conditions. As a result the system, 
although it will not approach asymptotically to 6ome steady-state, 
will remain for all time sufficiently close to it if the initial deviations 
were small. However such a case does not as yet present any practical 
interest and we exclude it from consideration.

The Liapunov theorem on the instability of non-linear systems. 
Since the previous Liapunov theorem gives in general only sufficient 
conditions for stability and since, aside from the stability region, 
a non-linear system may have a number of singular regions (see 
the start of Section 56), there may arise the need for the separate 
determination of the regions of instability by use of the following 
Liapunov theorem which gives sufficient conditions for instability 
of the system.

The theorem is formulated as follows: if with the equations of 
an nth-order system given in the form (57.1) the derivative 
W (xi, a?2, ..., *„)3 of any Liapunov function V{xx, xi t ..., x„) is sign- 
definite, where the function V in 6ome region adjacent to the origin 
of coordinates has sign identical to the sign of the derivative IF 
the given system is unstable.

We shall illustrate the correctness of this theorem geometrically 
as follows. For some given second-order system (n =  2) let there be 
found such a sign-variable function V (x1, x2) for which the derivative

=  ^ r - ^ i ( ® i»  ®ss) =  W ( x l f  ®*)

is positive-definite. Let the loci V(xlt x2) bo distributed in the phase 
plane as shown in Fig. 255, where the loci A B  and CD correspond
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to values V  =  0 and separate the regions within which V  >  0 and
7 <  0 .

Let us take the generating point M  as shown in Fig. 255. Since 
there V  <  0 and everywhere

w ~ W > 0 ’

the generating point M  will move in the course of time and intersect 
the loci V  =  <7, passing from smaller values of C to larger. In  this 
it may temporarily approach the origin of coordinates but will

finally diverge without limit from the origin of coordinates. This 
corresponds to a divergent process, i.e. instability of the system. 
The validity of the theorem for systems of any order n may be shown 
by similar considerations in w-dimensional phase space.

Let us present two examples of application of these Liapunov 
theorems to the study of non-linear automatic regulation systems.

Example taking into account the non-linearity of the regulating 
organ drive. An example of this type with respect to the system 
aircraft with course autopilot (in simplified form) was considered 
in the work of A. I. Lur’e and V. N. Postnikov in 1944, on the basis 
of the work of B. V. Bulgakov, solving this problem by, a different 
method (see below, Section 66). The block diagram of the given 
automatic regulation system is shown in Fig. 256a.

Let all the elements of the system be linear, except for the electric 
motor (with reduction gear), for which we shall consider its real 
characteristic (Fig. 2565). I t  may have an arbitrary curved form 
with a dead zone (with |F | <  6,) and a zone of saturation (with 
|7 | >  6a). The slope of the characteristic and its curvature may be 
arbitrary, except that the conditions

^ p > 0 , F > 0  with V > b 1 and F < 0  with V <  —5,, (57.9)

should be observed. I t  is required to find the stability conditions 
of the given automatic regulation system.
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The equation of the aircraft as a regulated object in a rough 
approximation according to Section 25 will be

+  = - M ,  (57.10)
where ^ is the deviation of the course angle of the aircraft, S is the 
rudder deviation.

(b)

F i g . 256

The equations of the sensitive elements (gyroscopes with potentio
meters)

Vx =  , V2 =  . (57.11)

The feedback equation
V3 =  \ S  . (57.12)

The amplifier equation

7  =  TcbVx +  fc97 2-  k,V3 . (57.13)

The equation of the electric motor with gear reduction and rudder

& =  F (V ) , (57.14)

where F(V) is given by the graph of Pig. 2566.
Equations (57.11), (57.12) and (57.13) may be reduced to a single 

one:
V =  ^  +  (57.15)

where
kty k2k3 , 1ĉ  =  k3k$ , kfb = k^k~.

To pass to equations of type (57.1) we substitute the new variables

x\ =

x 3 =

T1JfeI^ +  T1* ’

Txk±k 7  =

X2 — r£ ^ 5
(57.16)
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and the dimensionless time
T T i (57.17)

With introduction of these variables the differential equations 
of the entire system (57.10), (57.14), (57.15) are transformed to 
the form (57.1), namely:

.. ._  =  — a?, +  /  (x3) ,

$  =  - / < * ) ,d'v

^  =  ( r - i  »

(57.18)

•where we substitute the constants

and

TjlCiu ICih
r =  - f c ~ ’ r  =  ^ v

/ ( * 3 )  —  -F1 ( X g )  ,

(57.19)

i.e. the function f(x3) has the same properties as the given function 
F(V) (Fig. 2565), and differs only in scale along the axis of abscissae 
because of the substitution of the variable V by x3 according to 
the third of equalities (57.16).

Steady-state flight with this system from (57.10), (57.14), (57.15) 
and the graph of Fig. 2565 will occur with

8 =  0 , 4 =  0 , |4I < | t ) (57.20)
%

i.e. the presence of the dead zone of the motor permits the course 
angle in the steady-state process to have any constant value in the 
limits (57.20).

In  the new variables (57.16) the steady-state flight is defined 
by the values

*i =  0 ,  x3 =  0 , |a?3| <  r£ ic. ’ (57.21)

to which there corresponds an arbitrary point of the segment A B  
in the phase space (Fig. 257a).

In  finding the stability conditions we consider two cases: y >  1 
and 0 <  y <  1.

Case y >  1. Let us take the Liapunov function in the form
28

V  =  — g— x l  +  ^  a?* +  1 (x -i) d x 3
0

(57.22)



521Study of Stability and Self-oscillations

Here the integral will always be positive since the function f(x3) 
is odd (see condition (57.9)). Therefore V is a positive-definite 
function if y > 1 vanishes on the steady-state segment A B  (Fig. 257). 
The surfaces V (a?,, x3, a?3) =  C enclose this segment (Fig. 2576), 
converging to it with decrease of G.

Let us compose the derivative of the Liapunov function:

_  dV 8V dxi 8V dx2 8V dx,= __ = _____ i_]______t _|---------2
d x  d X i  d x  8 x j, d x  8 x 3 d x  ’

where the partial derivatives are taken from (57.22), while the 
derivatives with respect to dimensionless time, from the system 
equations (57.18). Then

W  =  ~ ( ' f ~ l ) x l  +  { Y - l ) x 1f ( x 3) - y x 2f { x 3) +

+  / W [ ( T - l ) * i  +  T * r f / t e ) ]  •
We represent this in the form

W =  -  (y - 1)[/(*,)-*,]* — — y +  ! ) [ / (a*)]8 • (57.23)

This function W  is sign-constant, since it does not include the 
coordinate x% and therefore vanishes not only on the segment of the 
steady-state A B  but in an entire strip of width A B  in the plane x2x3 
(Fig. 257c). But outside this strip, from (57.23), it will be everywhere 
negative with

r > y — 1 , if y >  1 • (57.24)

Therefore according to the Liapunov stability theorem expression
(57.24) is a sufficient condition for stability of the given non-linear 
system aircraft-with-course-autopilot (with arbitrary curvature and 
arbitrary slope of the drive characteristic, having the form of 
Fig. 2566).

The trajectories of the generating point M  will intersect the 
surfaces V = C from without, where W  =  dVjdx <  0. I t  is only 
necessary to verify whether the generating point M  “sticks” at 
a point where W  vanishes (outside the steady-state segment AB). 
In  the present case we are concerned with whether the generating
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point remains in the strip (shown in Fig. 257c) where W  — 0 if it 
should accidentally be incident on it.

To answer this question we find the projections of the generat
ing point M  velocity dx jd t, dx2!dx, dxa>dx, when the point is at an 
arbitrary location in the strip. Since there

®j =  o . N  <  h k jfa  ’ =

the required velocity projections from (57.18) will be

dx, „ dx2 „ dx~—  =  0 , ~  =  0 , —? =  Y« , .
d-i ’ <Zt ’ d r  1 2

Thus, if the generating point M  is incident on the given strip outside 
the segment A B  (Fig. 257c), it will not remain in it but will pass over it 
crosswise over a straight line parallel to the ®3-axis with a constant 
velocity equal to yxa, as shown by the arrows in Fig. 257c. Passing 
the strip, the generating point will again intersect the surfaces 
V  =  C from without, i.e. the given regulation system will be stable.

The case 0 <  y <  1. For this case we take the Liapunov function 
in the form

X3
V = ^— x\-\-^x l + J  f(xa)dxa .

0
Its derivative will be

w  = ~  = -  ( l - y ) x l - r [ f ( x a)T .

From this analogously to the above we come to the sufficient condi
tion for stability of the system in the form

r >  0 , if 0 <  y <  1 • (57.25)

General conclusion. The sufficient conditions for stability (57.21) 
and (57.25) obtained in the problem after substitution of the ex
pressions for y and r in terms of the system parameters (57.19) 
take the forms

•> {T\kty > if <  T-jTtty)
Tift >  0 , if >  T^kif,

respectively.
The first of these stability conditions indicates that the transfer 

factor of the feedback must be made sufficiently large if the deriva
tive if' is not sufficiently intensely introduced into the regulation 
function. From the second of the stability conditions it follows
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that the system will be stable with arbitrary feedback if the transfer 
factor with respect to the derivative is sufficiently large.

The fact that these stability conditions are sufficient but not 
necessary is clearly seen from the fact that they are independent 
of the motor characteristics (Fig. 2566), i.e. they are the same 
for any curvature, any slope and any dead zone (including a single
valued relay motor characteristic with constant ^velocity as well as 
linear characteristic). At the same time the true stability conditions 
(necessary and sufficient) should depend on the shape of the motor

characteristic. These stability conditions guarantee that with their 
satisfaction the system will be safely stable. But, in general, it may 
be stable even in some region outside the limits of these stability 
conditions.

Example talcing into account non-linearity of the regulated quantity 
gauge. On the basis of the above Liapunov theorems, M. A. Aizerman 
proved in 1946 that if the system equation contains non-linearity:

(iiC = an Xi +  a12x2 + ... +  ainxn -\-F(vk)

dx2
~  ®2i'*i*i~<*22̂2 +  ••• +  u2nXn , (57.26)

dxn—rjj- =  an 1x1 +  an 2X2 + ... +  ann®n }

where F(xk) is a single-valued non-linear function, vanishing at 
xk =  0, while k is an arbitrary whole number 1 ,2 ,...,% , for the 
system to be stable it is sufficient if for the linearised system (57.26), 
with substitution F (xk) =  axk, the Liapunov function V may be 
constructed with derivative W  a negative-definite function for any 
value a in the interval ax < a < a2, if the curve F{xk) lies between 
the straight lines F  =  and F  =  a2xk, as shown, for example, 
in Fig. 258a.
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In  the previous system of aircraft with course autopilot (Fig 256a), 
for example, let the equation of the regulated object have the form
(57.10), the rudder drive have the linear characteristic S =  TcaV} 
but the rheostat with sensitive element 1 (gauge of regulated quan
tity  i}/) have a non-linear characteristic, as a result of which the 
non-linear autopilot equation

$>=F^) + 1 c ^ - k fb8, (57.27)
is obtained, where

=  7c3Tcelca , fcg ,

and -F(4*) is a non-linear function of the form, for example, of Fig. 2586. 
Let us put

X y  " 8 , X -y  —' tj/ , x 2 ■ ^ .

Then the autopilot equation (57.27) and the aircraft equation (57.10) 
take the form (57.26), specifically:

Xy -- TtftfXy F ( x 2) ,

II $

X* = YyXl~
1
TyX»

Let us assign the function F  in the form

(57.28)

F  =  -&!*? +  -  b 2x \  +  ̂  b3 x?3 +  b13Xyx 2 +  biaXyX2 + b a x 2x a ,

where all six coefficients 6 are unknown. We require that the function

(57.29)w  8V . 8V . 27 .
w  = jz r xi + jz r x* + jz r x 3dXy ' 8x 2 8 x a 

with fixed value of F { x 2) =  a 0x 2 in equations (57.28) have the form

TF0 =  - ( x l  +  x t  +  x t )  . (57.30)

Then by equating corresponding coefficients of expressions (57.29) 
and (57.30) it is possible to find all six quantities 6 from the system 
of six algebraic equations. Below we present the solutions for only 
three coefficients which are required further, namely:

t _ D y  l _ 1 1    -®13
bl ~  aD ’ bn ~  a0 ’ b12 “  a^D ’

where
D  =  (TyTc/b-^^iTcflj-^-Tc^Tcy) — a 0TcyTy,

Dy =  a0Jcy(Tyk̂  +  ky) +  (Tykjb-f 1)(a0 +  Tty) ,
D yy  =  T y [ a 0( T y a 0 -\-JCft,JCy lc^) 1Cjb(Ty 7c fb 4-1)] .

(57.31)

(57.32)
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We then require that the expression (57.29) with substitution 
in equations (57.28) of F (x2) =  ax2, where a =  o0 +  Aa, have the form

W =  — (CjX \ c 2x 2 - j - c3x $ -f-2iC12x 2x 2 t 2 c ] 3 ,T3 -(-c22x 2x 2) ,

which gives the valueB

=  c3 =  1 , c2 b}2 A a 1 j ^
2c?i2 r b2 Aa j  2cjj =  0 , 2ca =  6i3 Aa . J

(57.33)

The function W  will be negative-definite, as required by the 
condition, if

c2 0 , c2c2 C23 ^  0 ,
c1cac3 +  2cjaci3c2a Oj c22 c2Ci2 c2c 2̂ 7> 0 .

Taking into account (57.33), these inequalities lead to the follow
ing:

(Aa)2 4̂ 12 Aa __4__
b\ + bI

<  0 .

Substituting here (57.31), we see tha t this condition is satisfied 
if A a lies in the interval Aat <  Aa <  Aaa, where

Aa1>a =  - a°~ 2 (-D=F Vd^ + DI + D-,) , (57.34)
Ul +  - îa

from which it is evident that Aat <  0 and Aaa >  0. Here it is also 
required tha t B  >  0. I t  is not difficult to verify tha t the last re
quirement coincides with the Vyshnegradskii stability criterion 
(29.3) for the given linearised system with substitution •F(ij') =  a0ty 
(Fig. 2586), since the characteristic equation from (57.10) and (57.27) 
will be in this case:

T 1 z 3 +  ( T 1 k f b  + l)z 2 + ( k f b  + k ^ k l ) z - \ - a 0 k 1 =  0 .

Thus, for this non-linear automatic regulation system to be stable 
it is sufficient, firstly, that the Vyshnegradskii stability criterion 
D >  0 be satisfied for the linearised system with F(<j») =  a0ij; and, 
secondly, tha t the non-linear characteristic F{<\>) of the regulated 
quantity gauge lie as shown in Fig. 2586, between the straight lines 
F = a2ty and F  =  a2<\>, where

a>2 - a0 Aax , a2 =  a2 -J- A aa ,

and the values Aaia are defined by formula (57.34) in which the 
quantities B , B 1} B n are expressed in accordance with (57.32) 
through the parameters of the system and the initially assumed 
value of a0 with linearisation F(<J0 =  a0̂ .
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I t  is necessary to note tha t this type of sufficient stability condi
tion may be very far from necessary and sufficient (i.e. in essence 
the system may be stable in substantially wider limits, which remain 
unknown).

The Liapunov method applied here to two examples may be used 
for the study of the stability of a system also taking into account 
non-linearity in other circuits, including the regulated object.

58. The study of stability in non-linear systems using special canonic 
equations (after Lur’e)

As is evident from the preceding section, the Liapunov theorems 
are distinguished by a great degree of arbitrariness in the choice 
of the Liapunov function. On its choice depends to a large degree

how fully we include the region of stability of the system, i.e. to 
what extent the sufficient stability conditions obtained will approxi
mate to the necessary and sufficient conditions.

To establish a definite method for investigating non-linear auto
matic regulation systems using the Liapunov theorems, A. I. Lur’e 
(Reference 20) introduced special canonic form of the equations and 
a recommended definite form of Liapunov function applicable to 
certain classes of non-linear systems.

Let there exist an automatic regulation system with a single 
non-linear element, the input quantity of which is denoted by a 
and the output by / ( cr) (Fig. 259a), where the non-linear charac
teristic of the element may have any of the forms shown in Fig. 259. 
All remaining elements of the system are linear or linearised by the 
rules presented in Section 18. The linear part of the system (Fig. 259a) 
may in general have a structure of arbitrary complexity, including 
multi-loop structures. Three forms of non-linear system equations 
are considered, which we shall analyse individually.
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First alternative. Let the equations of the non-linear nth-order 
regulation system be given in the form

t)i =  anrh +  a12/]2 +  • • • +  »
^2 =  a21rji +  a22t\2 +  ... +  a2in-l^n-i +  b2̂  ,

......................    Y  (58.1)
n̂-i = a n~j.iY]! + a n- li2Tl2 -f-... -+- a n- \ ,n - \t \n - i T On-it ,

a — c17]! +  C2Y)2 +  ... +  r?n-iT)n-i — ’"5 ,
$ =  /(<*).

This occurs, for example, for a system with non-linear motor charac
teristic in the regulating organ drive, where % denoted the motor 
velocity, o the input to the motor, r  is the feedback transfer factor. 
Expressions (58.1) are the general form of writing the equations. 
In  concrete problems many of the coefficients % , b{, c{ may be 
zero, which simplifies calculations.

For this case we present the derivation of the Lur’e canonic 
equations in simplified form, proposed by A. M. Eats. Writing the 
first (»—1) of equations (58.1) in the form

(an —p)y]1 +  ai2v;2-f... +  <*i,n-i»]n-i =  —b ^  ,
+  (<*22— v )ri2~̂' =  — ̂ 2? f

an -i,irli "t” 4- ••• +  (<*n-i,n-i— P ^ n - i  — —&«-1?

and transforming them according to (21.33) to a single (arbitrary) 
variable =  1 ,2 , . . . ,  n —1), we obtain

Afc(p) c
M v P '

where the determinant B(p)  will be:

(58.2)

an — p,  a12, .. . ,a ltn-i

D(p) = <*21, <*22 P »  ••• J <*2,®-l (58.3)

< * ® -l.l>  <*ni,2 j  , an- hn-1—p,
while the expression N k{p) is obtained from D(p) by substitution of 
the fcth column by the column

K ,
b2,

bn-i ,
The polynomials D{p) and N k{p) characterise the properties of 

the linear part of the system.
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We denote by X,, X2, X „ _ ,  the roots of the polynomial D(p) 
and shall consider that they are all distinct. Then equation (58.2) 
after expanding the quotient of the two polynomials N k{p) and D(p) 
in elementary fractions may be written in the form (Eeference 48):

y  N k(i,-) i
^  Z j 5 '( x, ) > - x, ’ (58.4)

where D'(kj) denotes the derivative of the polynomial D(p) with 
respect to p, in which we substitute p =  fy.

We introduce the new variables

2/; =  ——- or (p — Xf) yj = \  (j =  l , 2 , . . . , n - l ) .  (58.5)p — A}

Writing out these relationships and adding to them the last two 
of equations (58.1), in which the variables tq* are substituted from 
formulae (58.4) and (58.5) in terms of yj, we arrive at the following 
system of equations:

+ Z ( J = l , 2 , . . . , n - 1 ) ,
n—1

« =  , £  fryy-r&i £ =  /(«)>
1

where
C1N 1(\j) + C aWj(Xy) +  ... -\-Cn- iN n - i( h j)

p' --------------------------5 1 ) -------------------

Finally, we introduce the new variables

Bl = yi = hyj  + Z (j =  1, 2, ..., n - l )  . (58.8)

Differentiating all equations (58.6) with respect to time except 
the last, then eliminating from them y and %, we obtain the canonical 
equations for the given system (58.1) in the form

(58.6)

(58.7)

*1 =  *1®1+  /(<*) > =  *8®s +  /(a)> — >
%n-i =  hn-iX n-!  +  / (<?) ,  * =  pi +

+  ... + pn-1xtl- 1 — rf{a) (xn =  a) ,
(58.9)

where xlt x2, ..., xn-i and a are the canonical variables (a plays 
the role of the variable xn). These equations have a substantially 
simpler form than the initial equations (58.1), which permits further 
study in a simpler and more general form.

I t  should be noted that the real canonical variables x  correspond 
to the real roots X while the complex canonical variables to the 
complex roots.
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I t  is now necessary to write only the expressions for the initial 
variables (•/],, ij2, ...» £) in terms of the canonical variables
(®j, a?2, aon-D a). Let us obtain them.

If all roots Xy are distinct from zero, then from (58.8) we have:

0  =  1 ,2 , ..., n - l )  .

Substituting this in equation (58.4), taking into account (58.5), we 
find the expressions for the initial variables in terms of the canonical 
variables in the form

n—1

o)
7)2 Z j  X ,-Z>'(Xy) 1 D( O p ’

Z j  XjD'iXf) 1 D(0) ^ ’
n—1

j j-i  v

(58.10)

If one of the roots of the polynomial D(p)  is equal to zero, for 
example Xn-j =  0 then

Vi = — —  O' =  1 , 2 , . . . , » - 2 )  and \  =  a?n- i .
N

As a result, in place of (58.10) we obtain the formulae

t]i = V Z M
x l /  X y D '(X y )7 = 1

X j b-yXn-i - W )
D ' ( 0 )

Vn-i »

>]2 =  - Z ;  XyD'(X,) # /l2®n~1j-l D'(0) 2'”“1 ’

V  . aYn-a(0)
Yln-1 “  Z /  ^ '(X y) -£ '(b y  2/n"1 ’

n—2 n—l
Pn-i Vn-\ =  — ^  Xj +  [  CyAf +  r j  a:»_] +  ( j ,

(58.11)
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■where

y  j w _

Z (  XyD'(Xy) (58.12)

From the last of formulae (58.11) yn-i is defined and substituted 
in all the preceding.

Second alternative. Let the equations of the non-linear regulation 
system be given in the form

Y)l =  an fh +  <h.2V]a +  ... +  ainT\n +  5]/(<t) , 
*̂2 =  +  <®22'/)2 +  ••• +  hsf(a) ,

v\n =  « n i '* ) i  +  <*n2 7 ]2 +  •••  +  +  & » /(< * )  >

a  =  Cl -t)1 +  c2riz+ . . . + c n y\n •

(58.13)

Then the canonical equations (Eeference 20) in the new variables
•Tj i x%y I., j Xu will be •

=  X1x1+/(<j) , 
xt =  X2X2 +/(<t) ,

Xn — Xti X-n. "i~ /  ( )  j

(58.14)

where X^Xg, ...,Xn are the roots of the following characteristic 
equation of the linear part of the (closed) system:

an X •; a m

D{\) = a 21 J CL 22 X j • •) a % n

a m  i U in 2  i • > a r m

with the old variables >), ,7)?, ..., v)n expressed in terms of the new 
canonical variables x1, x2y xn by the formulae

% ^  - 2 1
i = l

NiCkt)
D'(Xi) 1 ’

_  _  y  N z(\ )  
Z j  D '(x,)t = l

y  N n ( k i )

Z j D\ki) u
t  =  l
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where D'(X) denotes the derivative of the determinant D(X) with 
respect to X and

n
t f i M ^ M M x ) ,

i=*l
n

N 2(X) =  ^  biDizty) ?
i - 1

n

N n(X) =  £ 6  D«(X) ,
i-i

where in turn  D,* denotes the algebraic complement to the element 
in the ith  row and the Zcth column of the determinant D(X).

The variable a is expressed in terms of the canonical variables 
®i, ®a, xn in the following manner

where
a  =  y t ®, +  y t X 2 +  . . .  +  Yn%n ,

Yi =  “ s

V „
^ '( x 2) j

Y» =  - ^
i = l

. ^i(Xn)

I t  should be particularly noted that if in the equation D(X) =  0 
there is a zero root, for example X» =  0, the canonical equation is 
written in a form coinciding with (58.9), specifically:

®i =  X1®l +  /(o) ,

Xn-i =  Xn-, ®n-i /  (®) i

is =  p1a?1 +  Pa®* +  — +  Pn X n - r f ( a )  (x n =  cs) ,

(58.15)

where

f  — — (Yi +  Ya +  ■■■ +  Y») — — (c i^ i +  C2 b 2 +  . . .  +  Cn b n )  , 

P i =  XiYi , pa =  X2y 2 , . . .  , pn =  Xnyn

with the remaining notation as before. In  the present case the 
canonical variables are xx, x2, ..., xn- x and xn = a.
35
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Third alternative. If  the equations of the non-linear regulation 
system are given in the form

!) +  a,7)<“-2) + ... +  an-2ri +  «n-it) =  — k \  , 
a =  c0v) +  c,^ +  c2̂  +  ... +c„_27i(n-^ — r l ,
S = /(o )

(58.16)

(nth-order system), the canonical equations (Reference 20) will he:

x1 =  X ^-f/C a) , 
X% =  X2fl?2 “f" /  (g) ,

X j i — l  —  Xft- j  X j i -  2 / ( c )  ,

dr =  P1®1 +  Pa® 2 +  -" +  P»-i*»-1 —r /(<0 ,

where X2, X2, ..., Xn-i are the roots of the polynomial

(58.17)

.D(X) — Xn 1-(-<J1XB 2 + ... +  fln-aX-f-an-i

(it is assumed that there are no multiple roots),

Pi = — Jc AQJ
■D'Oi)

Pa — k A(Xa)

and A(X) denotes the polynomial

J

A (X) =  c0 +  cxX +  c2X2 + ... +  c„_aX»-2 .

The polynomials D(X) and A(X) characterise the properties of the 
linear part of the system.

The old variable y) is expressed through the canonical variables 
by the formula

71 =  “ ft(^X iX » ;(Xi)+ i ]  '1=1
If the polynomial D(X) has a zero root Xn-i =  0 (i.e. the constant 

term On-\ =  0), the canonical equations retain the same form but 
the expressions for p1} p2, ..., p„-i will be:

where

Pi =
, A(Xt) 

X1D«X1) ’ Pa — & AO,)
x2A ( x2)

i — k A(0)
A(0) 1-2

-Di(X) — Xn 2 +  i^X” 1 + . . .  +  a»_3X +  <in-2 ,

while for the old variable t] we have the expression

i] =
71 — 2

0C*i
X,-D((Xf)

®»-i\
an-zl
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Example. Let it be required to -write the canonical equations for 
the automatic motor velocity regulation system considered in 
Section 22 when the hydraulic drive has a non-linear characteristic. 
Let the regulated object not have self-regulation while the regulator 
is fitted with stiff feedback. Then on the basis of Section 22 the 
regulation system equations have the form

Ta* = Z,
+  Tkri +  Syj =  — <p ,

"  =  x. =  i ,

S =  /(<*)•

(58.18)

The last equation is the non-linear equation of the hydraulic drive, 
where f(a) may have any of the forms represented in Fig. 259. 

Introducing the notation
7)1 =  9 ,  7)a =  7) , 7)3 =  V) ,

we rewrite the system equations (58.18) in the form

7)2 =  -

IQs =  ^2 , 0 = ^ —1 ,
$ = / ( « ) .

In  this case we have equations of type (58.1), in which

n = 4 ,  bk = ^ - t
’*• a

c3 — 1 , *i !i

l Tk _  s
®21 — — > ®22 — aw rr.9 9 ®32 — 1 >T; T; T;

while all remaining coefficients are equal to zero. The determinant 
(58.3) is here:

D(X) =
X, 0, 0
1 _ ^ _ X s

t V T l  ’ T l

0, 1, - X

/ Tk S'
~ T + t f x + i j

(58.19)

Its roots have the values

X1.4 —
- T k ± V T l - 4 T 2r8

2T;

The required canonical equations are therefore written in the 
form (58.9) where the coefficients p1; pa and p, are to be calculated
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according to formula (58.7) since among the coefficients c,, c2, cs 
only c3 is non-vanishing, we must determine only jV3(X) and Z>'(X). 

From (58.19) we have in this example:

D'( X) =  — 3X2—2 — X +  
Tt

= ___ 1 _
TaT‘r

8̂
t Y

y

Consequently, we obtain from (58.7):

D '(\)  ^ ( - 3 ^ - 2 ^  + 8) ’
=  _CsNs_ = --------------1_________

T > ' ( \ )  2'a(—3T^X2—2 T fcXa + S )  ’

n   °3-̂ 3 _  1
Pa D'(0) “  Ta8 •

The canonical equations will therefore be:

i i = h1x1+ f ( a ) , x2 =  X2a?2 +  /(cr) , xs = / ( a ) ,

* =  M i +  P A + M j — /(a) •

The equations for the old variables in terms of the new variables, 
are found on the basis of formulae (58.11), for which we need to 
know, in addition to the preceding, the values

a

- ^ - x
t ;
i  ,

T\
0 ,

>2 ’

- k t

X

t ut Y

The canonic equations for various concrete non-linear systems 
are written similarly, if their equations relate to one of the three 
above classes. For equations of higher degrees it is necessary to 
have numerically given coefficients of the equations and to calculate 
the roots X by the methods presented in Section 39.

On the choice of the Liapunov functions. We present here recom
mendations for the choice of Liapunov functions after reduction of 
the non-b'near automatic regulation system equations to the canonic 
form. We limit ourselves here only to the case where the linear 
part of the system is stable, i.e. all roots X of the polynomial D (p) 
(or D(X)) have negative real parts, where one of them may be zero.
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Let the system be described by the canonic equations (58.9) 
(or, which is equivalent, (58.15) or (58.17)). Among the n — 1 roots X 
let there be s real roots (X,, X2, ..., X„) and the remaining complex 
(Xgn-!, Xg+2, ..., Xn^). We shall first assume that the characteristic 
of the non-linear branch f(a) has no dead zone and has the form b, d 
or f  in Fig. 259 (we shall take the dead zone into account later), 
i.e. /(a) >  0 with a >  0 and f(a) <  0 with a <  0, so that everywhere 
for arbitrary er we have:

of (a) > 0  and f  f{a)da > 0  (<r ^  0) , (58.20)
0

with these quantities vanishing only for a =  0.
I t  is recommended to take the Liapunov function (Reference 20) 

in the form of the following negative-definite function:
9

V  =  — /  f(o)da +  <&(au, x2, ..., + F(alxx, a f t , ..., a * - ,^ - ,) , 
o

where
O (^i, x %, ..., X n —i) ‘ g (A,:Ci “1“ +  ••• +  - A g X g )

(^1  X g  t I  X g  t e ^ X g - j - y  X g  t~4 ~ I '  • • • "1" 2+ 2 X f t —2^7I—l )  J

n— 1 n—1
F(a±Xi) a2&2, ..., an—i®n-i) = y  y  o a o ^ p

-f—1 Xa +  Xn

(58.21)

(58.22)

and A,, A2, ..., As, c,, c3, ..., cn_*+2 are arbitrary small positive coef
ficients. Here it is important that xly x2, ..., xB are real quantities 
while xs+1, x3+i, xn-i are complex conjugate, pairwise as a result 
of which xs+1, x3+i — (a;3+il2 (the sum squares of the real and imagi
nary parts). The numbers a,, ..., a3 are real, as+1, ..., an_, are complex 
conjugate, pairwise as yet unknown.

I t  is found (Reference 20) tha t with this choice of the Liapunov 
function V(Xj, x2, a) its derivative with respect to time
dV/dt = W(xlf x^, a) will be sign-definite if the following
auxiliary system of quadratic equations

2a, \'r — 2a, x̂ ZjTx* "(‘ Pi — ® , 
0=1 1 *
71 — 1

2a3 j/r —2a3 ^  +  P* =  0 , (58.23)

2dji—j j/V 2&n—i
71 — 1
V I

Xn-i +  Xaa™i
‘ Pfl-i — 0 ,
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has at least one set of solutions with respect to the unknowns 
a,, a2, ..., On-i, where al t ..., a„ are real, aa+1, On-x are complex 
conjugate pairwise.

As a result finding the stability of the non-linear system reduces 
here to determining the conditions for which the quadratic equa
tions (58.23) have a solution of the given form.

With the presence among the roots Xj,. . . ,  Xn-i of a single zero 
root, for example X„-i =  0, the Liapunov function (58.21) is written 
in the form

a
V  =  —/  f{o)da + ̂ >(xlr ..., xn̂ )+ F {a ]x1, a2x2, ..., a„_2a;B_.!) +

0
i  i®n-l y

where it is required tha t pn-i <  0. Equations (58.23) here preserve 
the previous form with substitution of (n— 1) by (n—2).

When the canonical equations of the regulation system have 
the form (58.14), the Liapunov function is taken in the form

V  =  <!)(*!, Xz , . . . ,  X n j + F i a M ,  ttgX2, . . . ,  O n, xn) 
and equations (58.23) are substituted by the following:

— 2 a1 1
aa

•̂l +  ̂ a
n

Yi =  0 »

y2 =  0 , (58.24)

~ 2a" 2 j  x ^ +Y n- ° -
a = l

Below it will be shown how to solve equations (58.23) for non
linear automatic regulation systems of third, fourth and in part 
fifth orders. For systems of higher order their solution becomes 
very difficult. Therefore for high order non-linear systems a simplified 
procedure for finding the stability conditions may be applied, which 
naturally gives narrower sufficient conditions, but reduces the 
number of equations. This method consists in the following.

Let one of the real roots X in the canonical equations of the regula
tion system (58.9) (or (58.15) or (58.17)) correspond to the negative 
constant p, say Xx and px. Then the Liapunov function is taken 
in the form

a
V = J  f(a)da +  £ px *? +  <!> (a;2, ..., xn-x) -\-F(a2x2, ..., an-iXn-x) >
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while from equations (58.23) the first drops out completely and 
in the remaining summation with respect to the index a goes from 2 
to (n—1). There is thus one quadratic equation less and one un
known a, drops out.

Finally we note tha t taking into account the dead zone o0 of the 
non-linear circuit (Fig. 259c, e, g) does not cause any additional 
difficulties. All calculations remain as before. The entire difference 
consists in tha t the Liapunov function V  will be zero not a t the 
point a =  0, xt =  0, ..., xn- x =  0, as before, but on the segment 
a <  | <r0| , xx =  0, ..., xn-i =  0, which now corresponds to a set of 
possible steady-states of the regulation system. The surfaces V  =  G 
will in this case encircle the given segment, as in Fig. 257b.

Cases where study of stability reduces to analysis of two quadratic 
equations. The investigation of stability of the following non-linear 
automatic regulation systems reduces to analysis of two quadratic 
equations of the type (58.23):

(a) third-order regulation systems, the equations of which are 
reduced to canonical form (58.9), (58.15) or (58.17);

(b) fourth-order regulation systems, the equations of which have 
the same form (58.9) or (58.17), but in the presence of a zero root 
of the polynomial D{p) or D(X);

(c) fourth-order regulation systems with equations of the same 
type as in case a), without a zero root, but with the simplified 
procedure mentioned above.

The quadratic equations of type (58.23) in these cases take the 
form

ta^/r-

2a., \ r -

2ax 2ax a%
X* Xj +  x2
2asal 
Xa +  X1

+  p! =  0 ,

al~  +  Pa =  o .

Here the sufficient stability conditions of the system are found as 
the conditions tha t the solutions of these equations ax and a2 are 
real with real X, and X2 (and therefore, real and p2 as well) or tha t 
the solutions ax and a2 are complex conjugate with complex X2 and X2 
(and pt and p2).

I t  is shown (Eeferences 20) that with the substitutions

r2 =  ^  +  ^  +  r ,Ai A2
n y(X1-X 2)̂  +  (pi - p 2)(X1-X 2) 

4XjX2 ’

(58.25)

the required sufficient stability conditions of the system will be:

r > 0  for « ■ > -£  (58.26)4
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and

T >  2 \/r for H (58.27)

These conditions are represented graphically in Fig. 260a and b 
for two different values (r =  1 and r =  0).

These stability conditions are sufficient with any single-valued 
non-linear characteristic f(a) of the type Fig. 259 and are independent 
of its specific shape.

Example. Let us find the sufficient stability conditions for the 
non-linear automatic engine velocity regulation system for which

we have obtained the canonic equations above. This is a fourth-order 
system but with a zero root X3. From formulae (58.25) we obtain 
for it:

T2 =  1- Tk
§2T„

• — i (4
Tl

S2T* ST;
Tk

(58.28)

Substituting the quantities T2 and 5- from these formulae, we may 
employ the graph of Fig. 260a directly to determine the system 
stability. However it is better to plot the stability region in the 
plane of parameters

Q = J (58.29)
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For this expression (58.28) must be substituted in the stability 
conditions (58.26) and (58.27) which gives, taking into account the 
notation (58.29),

Q < 1 for R  <  ~ ,

1 1 
R 4 R-

(58.30)

The corresponding stability region of the system is represented 
in Fig 260c.

Cases where the investigation of stability reduces to the analysis 
of three quadratic equations. The investigation of the stability of 
non-linear automatic regulation systems reduces to the analysis 
of three quadratic equations of type (58.23) in the same three 
cases (a , b , c ) as above, but with the order of the system equations 
higher by unity, i.e. systems of fourth and fifth orders respectively.

In  this case the sufficient condition for stability of the system 
is expressed in the form (Eeference 20)

M3 + N 3- M 2N 2- I m N + — > 0 , (58.31)o Job
where

M =l ( rVg3~3i3[B1 + r (g l -2g2)] ,

N  =

and we substitute
r 2 =  r Pi , P2 , Ps

X1 X2 X3

Ri =  Pi^i +  Pâ 2 +  Pâ a ?

B, __ Pi , P2 . P3 
x? x! x^’

with g1} g2, g3 being the coefficients of the characteristic equation 
of the linear part of the system, figuring in the derivation of the 
canonic equations. In  the present case (after extracting the zero 
root, if it is present) we have

I3 +  {Jib2 +  gib +  3a =  0 ■
As before, the stability conditions (58.31) are only sufficient 

and do not depend on the shape of the non-linear characteristic /(<r) 
of the types in Fig. 259. Graphic representation of the condition is 
given in Fig. 260d.

Supplement. Here we have discussed cases where the non-linear 
system is described by equations of type (58.9), (58.15) or (58.17).
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The number of quadratic equations to which the investigation was 
reduced was less than the order of the system. If the equations of 
the non-linear regulation system reduce to the form (58.14), the 
number of quadratic equations will be equal to the order n of the 
system. But the equations will have in this a somewhat simpler 
form (58.24) in view of the absence of the quantity r.

Comparing equations (58.24) with the preceding (58.23), we con
clude tha t for a second-order non-linear system (58.14) all the above 
is valid for the case of two quadratic equations if we put r =  0 
(Fig. 2605) and in formulae (58.25) we substitute fa and (3a by Yi 
and ya.

For a third-order non-linear system (58.14) it is possible to apply 
the above case of three quadratic equations, putting r  =  0 and 
substituting fa, (3a, fa by yn  y2) Ya-

Finally, for the fourth-order non-linear system (58.14) the suf
ficient stability conditions are obtained (Reference 20) in the same 
form as inequality (58.31) with the additional conditions:

YA +  Yâ 2 +  Yax3 +  yA  >  0 ,
Yl . Y2 , Y 3  , Y 4 .  n

where in inequality (58.31) the quantities M  and N  have the follow
ing values:

M = - ( C t C 2g l ) ^ [ C 1(gl -2g2) - C 3\ ,

where

N  = - - { C XC l g l m c ^ M i - g l )  +  Ctgt] ,

Cl =  YA +  Y2 ̂ 2 +  YsX3 +  y A  ,

2 Xi Xa+ X3+ X4 ’
C3 =  Y1/-1 +  Y2̂ 2 +  Yŝ s +  y A  > 
r  -

Ai A2 A3 A4

and the quantities gt , g2, g3, g\ are the coefficients of the charac
teristic equation of the linear part of the system -D(X) =  0, which 
in this case has the form

X4 +  <7iX3 +  02X2 +  03X +  04 =  0 .
In  the last two sections we have presented only the basic ideas 

of the methods of studying stability of non-linear systems using the 
Liapunov theorems and only the simplest results, having the form 
of final calculational formulae of a more or less general character
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and which may be of practical interest in the study of stability of 
certain non-linear automatic regulation systems.

In  general the Liapunov theory gives the most general methods 
for studying the stability of non-linear systems, including the sta
bility of periodic processes, which requires special study. I t  will 
without doubt find further widely varying applications in the future. 
In this question there are as yet many difficulties. An important 
field of application of this theory is the investigation of the sta
bility of linear systems with time-variable parameters.

59. Determination of self-oscillation in relay systems by the method of 
matching solutions

Above, in Section 56, using the phase plane we have demonstrated 
self-oscillations of certain second-order non-linear systems. Earlier, 
a t the end of Section 9, we have studied oscillations in a second- 
order relay system by the method of matching solutions. However 
for relay systems of arbitrary order an exact analytic solution also 
exists (but not for other non-linear systems), since the relay charac
teristics are simpler than other non-linear characteristics in that 
the output quantity takes on only defined constant values ± c  
(and in the presence of a zone of insensitivity also the value zero).

We present here the solution of A. I. Lur’e for a relay system 
or arbitrary order by the method of matching solutions, in the 
simplified presentation of A. M. Kats, assuming tha t the equations 
of the automatic regulation system have the initial form (58.1) 
and have already been reduced to the special canonic form (58.9) 
as shown in Section 58, i.e. to the form

— X1a;1 +  /(a) ,
=  f (&) ,

Zn-i — ^n-ixn-i +/(<*) ,
(T =  +  ••• +  — Tf (®) >

(59.1)

where f(a) denotes the given relay characteristic. Eor example 
this is the form taken by the equations of an automatic regulation 
system with a constant velocity regulating organ drive (an electric 
or pneumatic relay turns on the drive to full velocity immediately 
on one or the other side).

Let us consider the case where the relay characteristic has a hys
teresis loop without insensitive zone (Fig. 261). In  the particular 
case b =  0 this will be an ideal relay characteristic. The required 
oscillations are assumed symmetrical, i.e. the second half of the 
oscillation period repeats the first with reversed sign (unsymmetrical 
oscillations may be encountered only in rare cases).
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Let us denote the half-period of oscillation by T. In the course 
of one-half period, when a > 0 and, from Fig. 261, f(o) =  c, 
equations (59.1) have the form

xi = —\ fxi + e (} =  1, 2, ..., n - 1 ) ,
n—1

6 =  2  Pi * i - w  ■
3 - 1

c = f i a j

a

\
c

b

P ig .  161

If the roots \ j  do not vanish, the general solution of these equations 
will be:

X j = —-—b Cj6 
A j

n—i
(j =  1 ,2 , . . . ,  n - 1 ) ,

— • ( p M l + 2 ĉ ‘‘ + 0 ’ ’
where Cu  <7a , ..., C„ are arbitrary constants of integration. They 
are defined from the conditions of periodicity, expressing the fact 
that at the end of the half-period of oscillation each variable should 
be equal to its value at the start of the period with opposite sign, 
namely:

X j ( T )  =  -  Xj  (0) 0  =  1 ,2 , ..., n — 1) ,
a(T) = - a {  0),

if the time t is read from the origin of the given half-period of oscil
lations. As a result we obtain:

Cj = 2c (j = 1, 2, ..., n - 1 )  ,

n-1
* , ( l  +  ex' r )

3 = 1  3 = 1

Consequently the above solution takes the form

C f1 l + V )  °,==1’ 2’

a =  — c

i ) ,

2eM

in the time interval 0 <  t < T.

(59.2)
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At the start of the half-period (at the moment of switching the 
relay) we have from Fig. 261 a =  b. Substituting this in (59.2) we 
obtain the equation for finding the half-period of oscillation T:

V ^ - t a n h ^ (59.3)
j=i ' j=i

The period of oscillation will be 2T. Consequently, the oscillation 
frequency

2 tz tz 

“  =  2T =  T ’
I t  must be noted that for relay switching to occur, it is necessary, 

according to Fig. 261, for the quantity a at a =  b to be increasing, 
i.e. it is necessary that <r >  0 at this instant. From this we find 
that it is necessary to satisfy the following switching condition:

n— 1
>'+ y  i^ tanh^—  < 0 .  (59.4)

•j—̂  Aj Z
7 =  1

In  addition, reverse switching of the relay should not occur within 
a half-period, i.e. we require a >  —b with 0 < t  < T. This may be 
verified, plotting the curve a{t) according to the last of formulae (59.2).

The amplitude of oscillation is found for any of the variables 
as its maximum value within the half-period (0 < t  < T) on the 
basis of formulae (59.2). The latter also give the entire curve of 
oscillation in the segment 0 <  t < T  (in the second half-period it 
repeats with reversed sign, then with the original sign, etc.).

If one of the roots X, is equal to zero, for example X»_! =  0, formu
lae (59.2), (59.3) and (59.4) are substituted by

*/ =  - -  ! 1 +  e"
0 = 1 ,2 , . . . ,  n — 2) ,

xn-! — c | t  — — | ,

7 —  1

C y h + r )Xj / 2 A j X? 2 c7=1 J 7=1 1n—2
’■ tanh +  - -7—  <  0 .z z

(59.5)

(59.6)

(59.7)

respectively.
2
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The stability of oscillation is defined on the basis of the equations 
of the given system in small deviations from the given oscillatory 
process. These equations are linear equations with periodically 
varying coefficients. According to the Liapunov theory (presented 
without derivation) the necessary and sufficient condition for stabi
lity of oscillation is the negativeness of the real parts of all roots 
of the following characteristic equation:

, x , X,- T
V f ,  2~ tailh-2 -

2 S t a n h i ------------------^ * - r '/-i 1 — iztanh—r^
At

(59.8)

while if Xn-i =  0, then

n—2
V.P_

I-* \i-1
,Jtanh^—  •

tanh
P»-i T

1 —ztanh Xy T s =  r , (59.9)

where by s, as everywhere above, we denote the variable of the cha
racteristic equation.

Example. Let us consider the system aircraft with course-autopilot 
(in simplified form) which was considered in Section 57, except 
that the characteristic of the rudder drive will be taken in the relay 
form of Fig. 261. In  Section 57 we obtained the condition of system 
stability on the basis of the Liapunov theorems (system stability 
with respect to the steady-state with constant value of course angle); 
Here we shall seek the self-oscillations and the conditions under 
which they occur.

The equations of the aircraft and autopilot, from (57.10), (57.15) 
and (57.14) will be written here in the form

Ti§ +  41 — — ,
a =  Tc^ + Tc^ — Tcfb̂  ,

i  =  /(* ),

(59.10)

where «J> is the deviation of the aircraft from the prescribed course, 
!■ is the rudder deviation, cr is the control force on the rudder drive 
(the derivative is introduced into the regulation function and feed
back is present). Let the last of equations (59.10) be represented 
by the graph of Fig. 261 (the rudder drive has constant velocity).

Putting

^ =  -']2 ,Y ~  rJi ) (59.11)
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we bring equations (59.10) to the form (58.1), namely:

*ls =  ;
a = ^^rh + T c ^ —'kfbl, 
£ = /(* ) •

Consequently, in equations (58.1) in this case we have:
_  1

«n -  Yl  ’

a21 =  1 )
Ĉ =  Jĉ  ,

— 0 ^ IIIH

2̂2 =  0 j II O

(?a — j II S' cr

The determinant (58.3) is here

and its roots

Calculating JVi(p) and N 2(p) according to the discussion of for
mula (58.3) and the derivative D ’(p) and the coefficients p1} pa, Kt  
from formulae (58.7) and (58.12), we obtain

&i(P) =  | r P

Pj =  ,

#.(P) =  | r  ,

[̂ 2 ~  1̂ ̂  >

i >'(p ) = Y 1+ 2p ’

/ij — fcj, b2 — fc, T , .

As a result the canonical equations (58.9) will be:

1 V
*.1 =  ~ y xxi +  »

*«=/(<1) 7

CT =  kllCq,%2 '̂/fc/(0’) )

(59.12)

while the expressions (58.11) for the previous variables vji, vja, ? in 
terms of the canonical variables xx and x2 have the form

t]i •— Tĉ Xi TciX2 ,

7]a =  — Jc1T1oe1 + Tii1T1xi —k1y2,
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Substituting y2 from tbe last equation in the second and employing
(59.11), we obtain the following expression for the initial variables 
in terms of the canonical variables:

^ = T t ^ - x 2) , S =  a?2,

4 +  (lc1k̂  +  Jefb)x2 +  (y] (59.13)

Further, from (59.6) we write the equation for finding the half
period of oscillation:

+ k fb ^  +  fc1T ? ( f c , - ^ ) t a n h ~

or

n  \ T  b* _ + n T  
(1 * 2Tj c J c t b l \  ' tanh 2T, ’

where we put
v/6

b
c

(59.14)

(59.15)

The left-hand side of equality (59.14) is represented by the straight 
line A B  (Fig. 262a) and the right-hand side by the curve OD. The 
point of intersection is the solution of equation (59.14). From the 
graph of Fig. 262a it is evident that equation (59.14) has a solution 
only under the condition

— oo <  a <  1 , (59.16)
where we have

0 <  T  <  co .

With a >  1 the straight line A B  does not intersect the curve OD, 
which signifies the absence of oscillation for these values of a.

Eut aside from equality (59.14) it is also necessary to satisfy the 
switching condition (59.7), which in this case will be:

/ k -. \  T  TclTc&T
kfb + k1T1 ̂  j tanh ------jj— <  0

or
, . T  fc,IcajT

a +  t a n h ^ r ---- « <  0 • (59.17)

Consequently, if the value of a lies in the interval (59.16), but 
condition (59.17) is not satisfied, there will be no oscillation in the 
system.
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To study the stability of oscillation we write the characteristic 
equation (59.9). I t  takes here the form

Study of Stability and Self-oscillations

TcxTt
T

tanh

T
2 +  tan h 2T, 

Y
1 H 2 ta n h ^ ~  2 1 !

-  —  z = kf„.

The case 1 +  «tanh(T/2T1) =  0, when the denominator vanishes, is 
not real. Therefore, considering 1 + » ta n h (I ,/2!T1) Y  0, we reduce

this equation to a common denominator, employing the notation 
of (59.15), which gives:

TCjk^T
*2 +

\ T  1 I =  0 .

Since this characteristic equation is of second degree, for stability 
of the investigated oscillations it is necessary and sufficient that 
all its coefficients be positive. The coefficient of z2 is positive. The 
coefficient of z, from (59.16) is also positive. Therefore the condition
36
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for stability of oscillation reduces to positiveness of the constam 
term of this equation, i.e.

T  1. . T
- 2 S 7 + t r * h 25T- ; ta n h 2T; 0 .

From this, considering (59.16), we conclude that these are two 
legions of stable oscillations

(tanh— )
-oo < a < 0 and \  ——- <  a <  1 . (59.18)

2 h1b ^

Between them is a region of unstable periodic solutions

(,anh2T j
" < * <  w r —  •

where, with initial conditions leading to deviations greater than 
the amplitude of the periodic solution, divergent oscillations are 
obtained in the system.

The condition a <  0, for which stable oscillations always occur, 
according to (59.15) signifies

fc- >  l\k ,v , (59.20)

i.e. the unstable system (59.19) may be brought to a stable oscil
latory system by increasing the intensity of introduction of the 
derivative into the regulation function according to (59.20). Here 
it is necessary to choose the system parameters such that the ampli
tude of oscillation is sufficiently small and its frequency acceptable 
(with respect to technical conditions).

To calculate the amplitude of oscillation it is first necessary to 
write the solutions for xXJ x% and a from formulae (59.5), namely:
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Then, from the last of formulae (59.13) it is necessary to write the 
solution for the angle of yaw t|*(f) of the aircraft and the angle of 
rudder deviation E =  which gives:

22\ l ) +  #V -  c M ’i 

; - '■ (< -!) (0 t ■ T ) .

T
ifc.j.

/ 2 — L\
x -  z .  * )

' 1 +  e Ti } \ (59.21)

From these equations we may plot the graph of aircraft oscillation 
(Fig. 2626) and rudder oscillation (Fig. 262c), where

Vo cA;1 let,
2

1  +  e

T  
2 ‘

The amplitude of rudder oscillation, as is evident from Fig. 262c. 
will be

(Ip cT
2 ?

where c is the velocity of rudder motion according to the charac
teristic of Fig. 261.

The amplitude of aircraft, oscillation (with respect to the yaw 
angle) a^ is found as the maximum of the function (t) in the segment 
0 < t  < T. Taking the derivative of (59.21) with respect to t and 
equating it to zero, we obtain the following equation for the time tm, 
corresponding to the maximum •!>:

where

T
:2T\

T_

 ̂ me T> ,

in
2 (fy +  T.)

h  Z\(l +  e *«)

'this equation is solved graphically as shown in Mg. 262d. The 
quantity tm thus found is substituted in the first of formulae (59.21) 
which gives the required amplitude of aircraft oscillation

a^ — (̂̂ xn) •

The frequency of oscillation is defined in terms of the half-period T, 
found graphically (Fig. 262a) on the basis of equation (59.14).

We note that the solution of this example, in the interests of 
simplicity, was carried out only for the simplified equations of 
motion of the aircraft with respect to course (the first of equations 
(59.10)) and under the assumption of a rigorously constant velocity 
of the rudder drive.



CHAPTER XVI

THE APPROXIMATE DETERMINATION OF 
OSCILLATIONS AND STABILITY OF NON-LINEAR

SYSTEMS

60. The approximate method of Krylov and Bogoliubov for second-order 
non-linear systems

As is evident from the previous chapter, the exact determination 
of oscillations and the study of stability of non-linear systems is 
in general a difficult problem. Plotting of processes in the phase 
plane is exact only in integrable cases and is convenient only for 
the study of second-order systems. For systems of higher order only 
certain simple particular cases are solved exactly. The study of 
stability by means of the Liapunov theorems is in principle universal, 
but in practice limited.

As a result of this, approximate methods of determining oscil
lations and stability of non-linear systems are widely used in regula
tion theory at present, and we shall now consider them.

The basis of the majority of approximate methods of studying 
non-linear automatic regulation systems is the work of N. M. Krylov 
and N. N. Bogoliubov (References 5, 6). The entire present chapter 
will be devoted to various methods developed on this basis.

N. M. Krylov and N. N. Bogoliubov established the method of 
“equivalent linearisation” of non-linearity (termed here harmonic 
linearisation), the method of harmonic balance with application of 
symbolic frequency methods and the method of energy balance 
(sec Reference 6).

The first work of Krylov and Bogoliubov in this field was the 
study of hunting in synchronous machines, published in 1932. They 
then developed the above methods for systems of various types from 
mechanical to electronic.

The Krylov-Bogoliubov method of harmonic balance was applied 
to particular problems in the theory of automatic regulation in 1941 
by V. A. Kotel’nikov and later by L. S. Gol’dfarb and others.

Aside from these methods the same results may be obtained by 
the well-known variational principle of Galerkin, as shown by

550
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A. I. Lur’e and A. I. Chekmarev in 1938 in problems in the theory 
of oscillations and by V. A. Bodner in 1946 in problems of regulation 
theory.

Further development of asymptotic approximate methods of 
studying non-linear systems was carried out by N. N. Bogoliubov 
(Reference 50) in 1945 and 1949 and by Yu. A. Mitropolskii.

In Chapter 8 of the book by S. P. Strelkov (Reference 23) other 
approximate methods (Mandel’shtam, Andronov, Teodorchik) are 
presented, giving similar results in the first approximation.

In the present section we describe one of the approximate methods 
now termed the method of slowly varying functions, applicable to 
non-linear second-order systems, permitting not only finding the 
periodic solutions (limiting cycles) but studying approximately the 
course of the transient process for various initial conditions (Krylov 
and Bogoliubov have also studied processes in non-linear systems 
of higher than second order, processes in the presence of external 
periodic forces, including cases of resonance, as well as the con
struction of higher-order approximations).

Tran sien t  equation. Let the non-linear second-order equation for 
the transient process in the closed automatic system have the form

x  +  F ( x , x )  =  0 , (60.1)

where x  is the deviation of the regulated quantity while F ( x ,  x) is 
a non-linear function which may also include linear terms in x  and i ,  
if they are present in the equation.

To derive the formulae of the approximate solution we represent 
the non-linear function F ( x , x ) in the form

F ( x ,  x) =  unfio +  z f (x ,  x) , (60.2)
so that equation (60.1) takes the form

x  +  +  e f (x ,  ac) =  0 , (60.3)
where the letter e is introduced only to be able to note below the 
relatively small order of the quantity e/(®, x).

For example, equation (60.1) for the simple automatic temperature 
regulation system considered in Section 9, from (9.15) and Fig. 53a 
has the form

2^0+ 6 +  ^ ( 0 )  =  0 , (60.4)

where the function £(0) is represented by the full lines in Fig. 263a 
and is described analytically by formulae (9.17) and (9.18). We 
plot in Fig. 263a some “average” straight line (broken line in 
Fig. 263a). Then the non-linear function £(0) may be written in 
the form

i fc20 "I" fl( O) i
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where ki is the tangent of the slope angle of the “mean” straight 
line (Fig. 263a), while ^(0) is represented in Fig. 2635. The linear 
term fe20 represents the principal part of the function £ while /,(0) 
is some non-linear increment.

As a result the system equation (60.4) will be:

ii +  +  e/(0 , 0) =  0 ,
where

<4 =  ^ ,

(n)

-S'
0

F ig . 263

These operations as a whole are used only for the general deriva
tion of the formula for the approximate solution while in the solution 
of specific problems by this method, as will be clear from the follow
ing, it is necessary only to find the quantity to0; the function e/(0 , 0) 
need not be found.

We thus have a non-linear system equation in the form (60.3). 
We shall seek its solution in the form

x  =  a sin ((0^ +  9 ) , I 
x =  ato0cos(co0t +  9 ) , |

where a and 9 are unknown functions of time

a =  a(t)  , 9 =  9 (t) .

We note that if e =  0, equation (60.3) corresponds to a solution 
in the form of simple harmonic oscillations (60.5) with constant 
values of a  and 9 . If in equation (60.3) e ^  0, then, roughly speaking, 
the greater e, the more strongly the solution (60.5) will differ from 
simple harmonic oscillations. Here a(t)  denotes the variable amplitude 
of oscillation while 9 {t) is the variable phase which actually is 
a correction to the assumed approximate frequency of oscillation to0. 
Thus, the solution (60.5) and (60.6) fully describes the transient 
in the non-linear system with equation (60.3). The true value of the 
variable frequency of oscillation at an arbitrary instant will ob
viously be:

GJ =  G>0  “1 3 “  . ( 0 U . 7 )
at.

(60.5)

(60.6)
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The solution has not as yet become approximate, if we assume 
that we know how to find the function (60.6), exactly corresponding 
to the given equation (60.3) and the adopted form of solution (60.5). 
The entire problem thus consists in finding the functions (60.6), 
i.e. the functions a (t)  and 9 (f).

To find them, we first differentiate the first of equations (60.5) 
with respect to time

x  =  ^ s i n W  +  tp) dtp■a-— eo8(a>0< +  9 )-i-ato0cos(to0< +  9 ) ,

From which, considering the second formula in (60.6), we obtain:

(60.8)dd (Ifysin ( (Off +  9 ) +  a — cos (<*£ +  9 )

Differentiating now the second of equations (60.5)

da  2 09
x  =  <doCOs(ojo< +  9 ) — atooSm(o)0i +  9 ) —«co0-̂ - sm(a>o*-f 9 );

substituting this and (60.5) in the given equation (60.3), we come 
to the expression

aa
<o0cos(o)o< +  9)-

where for conciseness we put u — <0nt +  9  .
As a result, from the two equations (60.8) and (60.9) simutaneously 

we find the following expressions for the derivatives of a and 9 :

where

da
dt
dtp
dt

= ----- e/(asin« , a<i)0cos«)cos« ,co0

=  -i-e /(a sin «  , «w0co8tt)sin« , 
a co0

u =  o>Qt +  9  ,

(60.10)

(60.11)

liquations (60.10) define the required functions a (t)  and 9 ($), as 
yet without approximation. However it is not possible to solve 
them exactly. We shall find approximate formulae.

I f  in the prescribed system equation (60.3) e is sufficiently small, 
then from (60.10) the derivatives dajdt and d<pfdt will be sufficiently 
small, infinitesimals of the same order. Then a{t)  and 9 (f) will be 
sufficiently slowly varying functions of time. We shall consider 
them to be such that within each individual period of oscillation 
we may put a =  const, but change it in passage from one period 
of oscillation to the neighboring, etc.
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Then the right-hand sides of equations (60.10) may be replaced 
within each period by the average values, taken as usual, in the form

12jt

U 0
As a result the “averaged” equations (60.10) will take the form:

da
dt

dtp
dt

_  I ef(asinu
27ZC0q «/

2 n a na .) o
s/(asin« ,

a o 0eos u) cos u d u  ,

aco0cosM)sin wdM ,
( 60 . 12)

where in the integrands we assume a  =  const, and they are therefore 
in many cases very simply integrated. Thus, the problem of de
termining a(t)  and <p (/) is solved approximately.

It is still necessary to eliminate the preliminary decomposition 
of the non-linear function F ( x ,  x) in the equation of the automatic 
system (60.1) into two components (60.2). For this we introduce 
into the integrand in equation (60.12) in place of the function e/ 
the initial function F  in accordance with the relation (60.2), while 
the second of expressions (60.12) is substituted in formula (60.7) 
and squared, where we neglect the term containing ea as a second 
order infinitesimal. As a result of all this formulae (60.12) take the 
final form

da
dt

0)'

Z7*

-— I F { a  sini*, aco0cos«)cos«dtt , Jtco)a J0
2tt

— I F(asin« , a ^ c o a u i s i n u d u  .
7ta J

(60.13)

Thus the transient in the non-linear system described by a differ
ential equation of the form (60.1) is defined by the solution

x =  a { t )a in u { t) , (60.14)
where the functions a(t) and u(t) are found approximately from the 
equations

w  =  (s f)’ = = «<“’ “•> - (60-15)
where

<h(a, oi0) =  — { F(asinw , a u 0coau ) c o s u d u
7T d J

(60.16)
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In this solution a  and w are approximate values of the variabk 
amplitude and frequency of oscillation of the deviation from the 
regulated quantity x  in the transient. In solving the problem the 
final formulae for the values of qx and q for certain non-linear functions 
given below in Section 61 may be used.

If the differential equation of the non-linear system is given 
in the form (60.3) the transient is described by the solution

x  =  a(<)sin[co0tf+ <p(<)].

The functions a(t) and <p(i) are defined from equations (60.12), 
where the integrands are always functions only of a. The variable 
frequency of oscillation a  =  u>0 +  dy[dt.

All these formulae give only the first approximation. In the works 
of Krylov and Bogoliubov (Reference 6 ) improved solutions with 
successive aproximations are also worked out. We shall not however 
present them here.

E xam ple . Let us take the automatic temperature regulation 
system considered in Section 9 where the non-linear regulator has 
the hysteresis relay characteristic £(0) shown in Fig. 263a. The 
equation of the closed system, as already noted, has here the form
(60.4) or

6 +  F (0 , 6) =  0 , where F (0 , 0) =  ^ ( 0) +  A  .

From (60.14) the transient response curve will be

0 =  a(f)sin«(<) ,

where to determine a(t) and u(t)  we have on the basis of (60.13) 
the following equations

Ht =  ~  2 no) J  2^ asinw) +  y-awocost* cosu d u  ,

(d u \2 1 i' ffcj * . 1 1 .
\W) =  w =  7ta * ^(asinw) +  y-ao)0cosaI sin watt

or
In

(Lot (tJct i  r  i t tS - 51»™«)00sudu- ^ ,

( f i f  " |  ’4 /' 0
where in the remaining integrals % is the non-linear function repre
sented in Fig. 263a. These integrals are consequently the values
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of <fo(a) and q(a) for the relay characteristic of the type in Fig. 267a 
which are calculated below in the form (61.37). Taking these values 
and considering also the value of to0 found for this example at the 
beginning of the section, we obtain:

da afc, / 4c6\ a 2cb ,h a
dt =r " 2^ ' \ 21\ 1 7ia |■ T-Jc,, 2T\

iduy
■= CO2 -

left. ¥
\d f j ' Tta l\ a-

From the first equation we find

(60.17) 

(60.1 K)

where we put

hi

2a da dt

6?- a 2 ~ 1 \  '

icb fci Tx
tT |  "3fcT'

(60.19)

Integrating this with the initial conditions: a =  a0 at t  — 0, we 
obtain:

_ /
<r ■■■■ [6?-(<*s-6j)\e  ^  . (60.20)

From equation (60.17) it is evident that with the initial amplitude

we have dajdt <  0 , i.e. the transient oscillations are damped, while 
with the initial amplitude

a0 < 2 K

we obtain dajdt >  0 , which corresponds to divergent oscillations.
Knowing coefficients (60.19), for each initial value of a0 we may, 

from equation (60.20), plot the curves of amplitude variation a(t)  
of the oscillations in temperature deviation 0 during the transient 
(Fig. 264a). This construction is easily earned out if various values 
are taken for a and the corresponding values of t  found from for
mula (60.20).

The oscillation frequency w will be variable in time and is defined 
by formula (60.18) or its graph Fig. 2646 in dependence on the 
amplitude of oscillation a, found above. The dependence of the 
frequency of free oscillations on the amplitude is a characteristic 
property of non-linear systems.
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The graphs of Fig. 264a show that in this example the system 
is unstable with respect to the steady-state with constant value 
of regulated quantity (a =  0 ), but has a stable steady-state oscillation 
with amplitude

"i  ̂ l>i
c b .

| I
/ w (HO.21)

to which the amplitude of oscillation tends in the transient processes 
for arbitrary initial conditions.

F ig . 264

All the results of the approximate solution in the present example 
agree qualitatively with the exact solution presented in Section 9, 
but this approximate solution is simpler and has the same form for 
the entire transient.

F in d in g  the periodic solutions ( l im it in g  cycles) an d  self-oscillations. 
The limiting cycle, as we know (Sections 10 and 56), corresponds 
to self-oscillations in the system if it is stable. An unstable limiting 
cycle in the simplest case defines the limits of initial conditions to 
which the system is small-signal stable (but other, more complicated 
cases are possible). The limiting cycle (periodic solution) is charac
terised by a constant amplitude of oscillation. In the general case 
it is therefore found, according to the first equation of (60.13), from 
the condition

2tt
I i'(a(Sinit , a(to0cosu) cosu d v  =  0 . (60.22)
0

From this its amplitude at is found, after which from the second 
of formulae (60.13) its frequency to =  to* is calculated. It is assumed 
that the oscillation has approximately the form

:r a,sintoj£,
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although in reality the form of oscillation is non-sinusoidal or is 
not exactly sinusoidal (non-linear).

We note, however, that the quantity w0 enters into formulae 
(60.22) and (60.13), but, as is evident from the start of this section, 
is not always strictly defined. In such cases in finding the limiting 
cycle it is natural to take the required frequency of the limiting 
cycle for to0. Then the limiting cycle will be defined simultaneously 
by two conditions:

where and wl are the required constants.
If for some given system condition (60.22) or (60.23) gives a real 

positive value a t , then for the given system we obtain the limiting 
cycle. If there are several such values al t  there will be several 
limiting cycles. If condition (60.22) or (60.23) does not have real 
positive solutions, the given system does not have limiting cycles, 
i.e. it is either stable or unstable for arbitrary initial conditions 
or there is a more complex pattern of phase trajectories without 
limiting cycles.

After obtaining the limiting cycle it is always necessary to test 
its stability. If a solution is found for the transient (as in Fig. 264), 
it is evident from it whether the limiting cycle is stable or unstable. 
We shall now explain how to proceed when we are interested only 
in the limiting cycle and do not require the transient response.

We introduce the notation

J F(ajsinw , at o»jcos«) cos u d u  =  0 ,
0

lire (60.23)
naioij =  J  F (a i s in u  , aito(cos«)sin«dtt

i)

(60.24)
o

Is'ow the first of formulae (60.13) takes the form

(60.25)

while the condition of the limiting cycle (60.22) will be

G (a t) =  0 . (60.26)

To investigate the stability of the limiting cycle let us consider 
the variation of the amplitude a in the transient with small devia
tion a from the amplitude of the limiting cycle. Let a =  ax +  A a.



A p p ro x im a te  D eterm ination  of Oscillations and S tab ili ty  559

Writing equation (60.25) with respect to the deviation A a  in linear
ised form according to the rules of Section 18, we obtain

d A a  _  1 / 8 0 \
dit o)Q\(la } as=Qi

From this it is evident that with

• A a .

(60.27)

the derivative Ad will be negative with Aa >  0 and positive with 
Aa <  0. Consequently, in both cases Aa^-0 , i.e. the limiting cycle 
is stable*.

If
(60.28)

the deviation |Aa| increases, i.e. the limiting cycle is unstable.
According to condition (60.26) the limiting cycles are found easily 

by graphical methods as the points of intersection of the curve O(a),  
plotted according to equation (60.24), with the axis of abscissae a 
(Fig. 265). The stability and instability of the limiting cycles are 
defined according to (60.27) and (60.28) by the sign of the slope 
of the curve O (a) at these points. If, for example, the curve 0 ( a )  
has the form shown in Fig. 265a, the limiting cycle with amplitude an  
will be unstable while the limiting cycle with amplitude al2 will 
be stable. The arrows in Fig. 265a denote that the transient oscil
lation amplitude diverges from the value a tl and approaches either 
to zero or to the value at2. In this case, consequently, the system 
will be small-signal stable up to such initial deviations for which

* This stability condition, strictly speaking, is not sufficient since the frequency 
is not varied here. But in practice in many particular cases it is found sufficient. 
Krylov and Bogoliubov (Reference 5) give conditions with variation of frequency.
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the amplitude of oscillation does not exceed a tl and has a stable 
oscillation with amplitude a,2.

In the temperature regulation example according to (60.17) we 
have

0 ( a )
icbkj. — nai 

2 n l \ a i

from which we obtain without plotting the single value (60.21) 
satisfying the condition (60.26), where

ldO\ __ /  4cb1cL \
\da \2TiT1a2Jn^U[

71

HTxcbkx >  0 .

This coixesponds to Fig. 2656.
B elay  system s w ith  t im e delay. In deriving the automatic temper

ature regulation system equations in Section 53 it was explained 
that non-idealness of the electromagnetic relay is better described 
by a time delay than by a hysteresis loop. Let us consider the ideal
ised case taking into account delay, where the relay has no zone 
of insensitivity (the characteristic of Fig. 234a) and has a constant 
time delay t ;  the times of relay switching are illustrated by the 
graphs of Fig. 234gr, h and equation (53.27). In the linear part of 
the system we neglect the time constants of the sensitive (dement T2 
and the drive T t . Then the system equation is the same as in the 
above example:

1\() +  6 -j- JcFz(0) =  0 , (60.29)

where ± \ (  0) is defined by a graph of the form of Fig. 234a with an 
additional time delay t.

Let us employ the solution applied by G. S. Pospelov for an 
equation of this type. We shall seek the solution in the form

0 ~  a sin (turf — <p) [a =  a(t) , cp =  <p(f)] .

To obtain the approximate equation of the transient we substitute 
this solution in (60.29) and neglect terms containing d2a/dt2, d ^ fd t2 
and (dafdt)(dq>jdt) as a result of the assumption on slow variation 
of the functions a and 9 in time. As a result we obtain the equation

2^  <ol\cos (tot — 9 ) +  2au>l\ — sin {art — cp) - - a<n2l \  sin (wt — 9 ) +

+  atoCos(to<—9 ) +  fcFT[asin(tot — 9 )] =  0 , (60.30)

where the function -FJAsinftoi—9 )] has the form shown in Fig. 234h  
below. If we expand this in a Fourier series and limit ourselves only 
to the first harmonic, we obtain
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A'-l asin(o>f— q»)’| — sin[w(< — t )<p |
7T

- -  cos c o t  sin (c o t — <p) — — sin c o t  cos (c o t -  «p)
71 Tl

(60.31)

Substituting this in (60.30), collecting all coefficients of the sine 
and cosine and equating them separately to zero, we obtain the 
required equations

da
dt

df
d i

a co
lek sin c o t

)■2 coiy
1 / loft \—----I O C O 2 . /  , ---------- COS COT ,

2 acoT1\  1 7t ) ’

(60.32)

defining the variation of amplitude and frequency of the transient 
oscillation.

To find the periodic solution (self-oscillation), it is necessary to 
put a  =  const =  cq, co =  co/, <p =  const. Substituting this in equa
tion (60.32), we obtain

1 ole 1 eh 2 m----Sill c o j t  — a i oj[,  cos c o j t  — ajcojTx,
7Z 7T

from which we find the following equations to determine the fre
quency co and the amplitude of oscillations:

7'jcojtan c o jt  -  1 , j
____ (60-33)

7TW; V 1.-(- TjCof I

The character of variation of the frequency and amplitude of 
oscillations defined by these formulae, in dependence on the magni
tude of time delay t ,  is shown in Fig. 266.

Comparison of these approximate results with the exact solution 
(method of matching solutions as in Section 9) shows their excellent 
agreement.
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61. Krylov-Bogoliubov harmonic linearisation of non-linearity

We now describe the approximate method of determining the 
periodic solutions (in particular, oscillatory) of non-linear systems 
of arbitrary order*, also based on the work of Krylov and Bogo- 
liubov, 1934 (Reference 5) and 1937 (Reference 6 ). Krylov and 
Bogoliubov have termed this the method of equivalent linearisation 
or the method of harmonic balance, proving that the method of 
energy balance also reduces to this.

This approximate method is a very powerful means of studying 
non-linear systems (in particular, oscillatory) because of its simplicity 
and of the universality of its apparatus in application to the most 
varied non-linearities. It is necessary however to bear in mind that 
it solves the problem approximately. There are definite limitations 
to its applicability, which will be discussed below. These limitations 
are usually well satisfied in problems of automatic regulation theory. 
Practical calculations and experiment show the applicability of 
this method to many classes of non-linear systems.

B a s is  of harmonic l inearisation  of non-linearity . Krylov and 
Bogoliubov (Reference 6 ) have shown that the approximate solution 
of the non-linear equation (60.1) in the form (60.14)-(60.16) corre
sponds (to a magnitude of the order of e4) to representation of the 
non-linear function F ( x ,  x) in the form

On this basis they recommend even for more complicated high- 
order systems than (60.1) separating the non-linear element and the 
corresponding non-linear expression and replacing it approximately 
by an expression of type (61.1), which is similar to a linear one, 
but differs substantially from the latter in that its coefficients are 
functions of the amplitude and frequency of the required oscillations 
in the system. We shall follow this recommendation below, terming 
the approximate substitution of non-linearity harmonic linearisation 
and further introducing special approximate equations for the non
linear elements.

The approximate expression (61.1) may be obtained directly 
(without reference to the preceding section) in the following manner.

Let there be given some non-linear expression of the form

* The method presented in Sections 61, 62, 63, 68 was proposed by the author 
at the II All-Union Conference on the Theory of Regulation in November 1953. 
This method is further developed in Sections 64 and 67.

F ( x ,  x) ss q (a ,  w)a?-f <h(«, io)x . (61.1)

y  =  F ( x ,  x ) ( 61 .2 )
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and given x  =  a sin cot. Then

y  =  F(asincot , acocoscot) . (61.3)
Putting

« =  cot, (61.4)

we expand the function in the right-hand part of equation (61.3) 
in a Fourier series. We obtain

etc

y  =  ji- f F(asin« , ao>cosu)du +
2 l Z  J  0

21

GJ*- a

F(asin« , acocosw)sinttciu sin cot+

-f l-J" F(asin« , acocos«.)coswdw COS cot-f

+  higher harmonics (61.5)

The first integral in this expansion is a certain constant quantity. 
Let us put

f  F (a a in u  , atx>coBu)du =  0 , (61.6)

which signifies the absence of a constant component in the given 
expansion. In the present chapter we shall everywhere assume 
satisfaction of the condition of absence of a constant component (61.6). 
Below (Section 67) we shall give a method for investigating oscil
lations in the presence of a constant component, i.e. when condition 
(61.6) is not satisfied.

If we neglect higher harmonics and take into consideration that

CD CCsin cot =  -  and cos col =  —  , 
a a co

formula (61.6) with condition (61.6) may be written in the form

y* * tq (a ,  <o)y +  ̂ ft> — x  , (61.7)(0
where

q (a ,  w) “  ~  J FJasintt , acocosM)sin«d« ,
o

2 tt

qx(a , c o ) —  — I F(asinw, a(ocoBu)coBudu.
7V d  J

(61.8)

Thus the non-linear expression (61.2) with x  =  a sin col to within 
higher harmonics is replaced by a quasi-linear expression (61.7).
37
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Its coefficients are constant with constant values of a and co, i.e. 
when we are concerned with the periodic solution. During the 
transient oscillations with variation of a and to they also vary. For 
various amplitudes and frequencies of the periodic solutions the 
coefficients and expressions (61.7) will be different in magnitude. 
This circumstance, very important below, is the essential property 
distinguishing the expression (61.7) obtained as a result of harmonic 
linearisation from the ordinary method of linearisation (Section 18), 
leading to purely linear expressions with which we have been 
concerned in the previous parts of the book. This permits analysing 
approximately the fundamental properties of the non-linear oscil
lations which we could not obtain with ordinary linearisation, ap
plying to expression (61.7) linear methods of investigation.

A p p ro x im a te  equations of the non-linear elements of the firs t  
class. The first class (Section 52) contains all non-linear elements 
described by equations of type (52.1) and (52.2) with arbitrary 
non-linearity. Let there ex'st a non-linear automatic regulation 
system (Fig. 229a), the linear part of which, having arbitrary 
structure, is described by an ordinary linear differential equation 
of arbitrary order (52.6), while the non-linear element, say, has the 
equation

=  F ( x 1, x l ) .  (61.9)

For the approximate determination of the periodic solution (in 
particular, oscillatory) in the absence of a constant component 
we put

®1 =  asinarf, (61.10)

and, employing formulae (61.2) and (61.7), we replace this non
linear differential equation by the following approximate equation 
(for oscillation):

x. gi(«» <■>)
CO

®1 , (61.11)

where q (a ,  co) and qx(a , co) are defined by formulae (61.8), where 
a and co denote the amplitude and frequency of the input oscillation 
to the non-linear circuit x x.

The approximation of such harmonic linearisation of the non
linear equation (61.9) consists, firstly, in that the non-linear oscil
lation of xx in the closed system (Fig. 229) is assumed sinusoidal 
(61.10), and, secondly, higher harmonics of x 2 at the output of the 
non-linear element are neglected (according to (61.5)), i.e. writing 
equation (61.11) we automatically consider the oscillation of x2 to 
be sinusoidal.

Both of these assumptions will be justified with arbitrary non
linearity if the neglected harmonics pass through the linear part
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of the system with much greater attenuation than the fundamental 
component. The linear parts of the majority of automatic regulation 
systems and servomechanisms have just this property, since their 
amplitude-phase characteristics (in the open state) have small 
radius-vectors at high frequencies. This property of the system 
may bo quantitatively estimated from the amplitude-frequency 
characteristic of the linear part of the system.

Therefore harmonic linearisation of the equations of non-linear 
elements, which will be widely applied below in studying oscillatory 
processes in non-linear systems, is admissible in practice for the 
majority of regulation systems and servomechanisms with arbitrary 
character of non-linearity (for a more exact solution see Section 64).

If the equation of the non-linear element has, instead of (61.9), 
the form

F ( x2, x 2) =  CxX x , (61.12)
where xt , as before, is the output quantity of the non-linear element, 
in place of (61.10) we put

x 2 =  asinw<, (61.13)
and as a result of harmonic linearisation we obtain the approximate 
equation of the element in the form

gi(«> to)
CO

p +  q (a ,  w) X% — Cjd?, * (61.14)

where qx(a , <o) and q {a ,  u>) are defined by (61.8), except that here a  
and to, in contrast to the preceding, denote the amplitude and 
frequency of oscillation of the output quantity of the non-linear 
element x 2. Expressions (61.13) and (61.14), as the above, denote 
the oscillations at the input and output of the non-linear element 
in sinusoidal form. It is necessary to consider that the formula of 
harmonic linearisation (61.14) is connected in the present case with 
an additional restriction: it is assumed that the combination terms 
entering into the first harmonic of the non-linear function in higher 
harmonics of the argument x % are negligible. In the contrary case 
there should be introduced additional terms in the coefficients qx 
and q (see Section 64).

We also present formulae of harmonic linearisation for the equation 
of a non-linear element of simpler type (52.1). Here two alternatives 
are possible: (1 ) the curve F [ x x) has a hysteresis loop (for example, 
Fig. 235c, Fig. 240d and e) and (2) the curve F { x x) does not have 
a hysteresis loop.

In the presence of the hysteresis loop, when a dependence on 
the sign of the derivative is actually observed, the non-linear equation

.r, =  F ( x x) , (61.15)
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after harmonic linearisation is replaced by the following approximate 
equation (with a?, =  osin&d):
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where
2 k

<?(«)=— f -#'(<* sin m) sinu d u  ,7Id J 0
lire

q J a ) =  — I i ,1(asin2t)co8'Md« , 7t a J

(61.16)

(61.17)

and with the absence of the constant component
2ttf F (a B in u )d u  =  0 . (61.18)
i>

If the curve F{Xj) does not have a hysteresis loop, we obtain 
qt(a) =  0 , since with x  =  asinw we have

2 k  U

?i(«) =  — I F (aB in  u) c o b  u d u  =  — - I F ( x 1)dx1 — 0 
ltd J TZQ> J0 0

(with a hysteresis loop this integral does not vanish as a result of 
the difference in shape of the curve F { x x) with increasing and 
decreasing xx).

Consequently, in the absence of the hysteresis loop the non
linear equation (61.15) is replaced by a simpler approximate equation

x 3 =  q ( a ) X i , (61.19)

i.e. the curved or polygonal characteristic x 3 =  F { x l ) is replaced 
by a rectilinear one, the slope of which q(a)  depends on the magni
tude of oscillation. In other words, the non-linear element is compared 
to a “linear” one with transfer factor (gain factor), dependent on the 
amplitude a of the input oscillation xl. The hysteresis loop also 
introduces, according to (61.16), the derivative, giving a phase 
delay, since q3(a) <  0. Thus, non-linear delay in coordinate in the 
form of a hysteresis loop is transformed in harmonic linearisation 
to an equivalent linear phase delay.

In cases where the non-linear element is described by a compli
cated equation including the sum of various linear and non-linear 
expressions, each of the non-linear terms is subjected separately 
to harmonic linearisation. Here we may encounter a different char
acter of non-linear function.
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For example, in harmonic linearisation of the second of equations 
(52.2) we are concerned with the function F ( x ,  x) with x  =  a sin <nt. 
In the first case we obtain

F ( x , x)i 9a(«> “ L , , 9i(«> “ )-p
co V (61.20)

w h e r e

q 2( a ,  co) =  — j F ( —  aco2s in u  , a co co s« )8 in ? id w  ,

7, ( a ,  co) --- |  F ( —  a c o 2 s i i i M  , a c o c o s « ) c o s t t d « ,

(61.21)

under the condition

F ( —  a c o 4 s i n w  , a c o c o s i i ) d t t  =  0  . (61.22)

If the function F ( x , x) or the function F ( x )  is the only non-linear 
function in the equation of the non-linear element, with harmonic 
linearisation we may put

. i  =  a  s i n  cot

and thus reduce the problem to the previous formulae. But now the 
quantity a  in all calculations will be the magnitude of oscillations 
in velocity x  and not the coordinate x. The latter will then have 
the amplitude

a
G*x ==z •(0

A p p ro x im a te  equations of non-linear elements of the second class. 
The second class includes all non-linear elements described by 
equations of type (52.3) and (52.4) with arbitrary non-linearity and 
with the same general structure as before (Fig. 229). The essential 
difference of the elements of this class is that both variables (a?, and x 2) 
are included in the non-linear function. Therefore in harmonic 
linearisation it is necessary to introduce into the equation two 
unknown amplitudes, putting

x 2 =  aasina>f , x x =  cix sin (cot +  (3) . (61.23)

For equations of type (52.3), where xy and x2 enter separately 
into the non-linear functions, the harmonic linearisation of non
linearity is carried out individually for each. Thus, for the equation

F 2{ x 21 x 2) —  F  i (a? i ) (61.24)
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where

[gaK,
I “

<*>)p  +  q2(a , ,  o)) •#2 i

q3(a2, <x>) =-^— I F 2(a2m \ u  , a2cocostt)sin«dtt , 
TZCto J  0

2ti
q2{a2, to) =  —  jF2(a2siiiM , a2u>cos u )c o s u d u  . 

TZdo J

(61.25)

In linearising the right-hand side of equation (61.24), in accordance 
with (61.23) we put « =  tof +  p and then from (61.15) and (61.16) 
we obtain

[g(<h) + gi(«h)
P ,-r,,

where
•5T*

g(ai) =  -^-J" J,(ajsintt)sin«d?« , 
10

27T

F i a ^ m u j o o a u d u  .

(61.26)

Thus, the non-linear equation (61.24) is replaced by the following 
approximate equation:

q3(as , to)
CO P +  9t(<h, “ ) Xo = / , qAai) qiaC  +  ^ — pto Xx (61.27)

where the coefficients are defined by formulae (61.25) and (61.26), 
and in the absence of a hysteresis loop we have in the right hand 
side (61.24)

giK) = « ■
The two amplitudes at and a2 introduced here are not mutually 

independent. They are related by the amplitude-phase character
istic of the linear part of the system since for the linear part (Fig. 229), 
a2 is the amplitude of input oscillations and al of output. If the 
equation of the linear part has the form (52.6), the ratio of amplitudes 
defined as the modulus of the amplitude-phase characteristic of the 
linear part of the system will be:

_a  —
a  ̂ Qi(ici)

(61.28)

* Here, as in formula (61.14), we introduce the additional assumption on the 
negligibility of combination terms. For a more exact solution see Section 64.
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This relation must be taken into account in investigating equation 
(61.27). It is convenient to have its graphic representation (Fig. 51a).

The phase shift (3 indicated in formulae (61.23) and in Fig. 515 
will be

P =  arg
Ri(i<xt)
Qi(ioi) (61.29)

(it has no influence on the process of harmonic linearisation).
Harmonic linearisation is earned out somewhat differently in 

those cases where the variables x l and x 2 are not separable in the 
non-linear expression of type (52.4). In these cases we represent 
the second of expressions (61.23) in the form

=  Aaa(cos (3 sin a t  +  sin (3 cos a t ) ,

where A  and [3 are as before. Considering the first of expressions
(61.23), we obtain

x1 =  'c,{a)x2-{- , (61.30)
CO

where we put

£(to) =  .A(o>)cos[3(a>) , £,(co) =  .4.(to)sin(3(to) . (61.31)

Expression (61.30) is substituted in equation (52.4) which is to 
be subjected to harmonic linearisation. As a result only the vari
able x 2 and its derivative x 2 remain in the non-linear function. After 
this harmonic linearisation is carried out as usual for an element 
of the first class. The complication consists here in that more compli
cated functions of the oscillation frequency (61.31) will enter into 
the coefficients of the equation; they are given either analytically 
according to (61.28) and (61.29) or graphically on the basis of Fig. 51a 
and b.

We proceed similarly with harmonic linearisation of the third 
class of non-linearity (Fig. 230), taking into account the amplitude- 
phase characteristics of the two or more individual linear parts of 
the system.

Calculation of the coefficients of the approx im ate  equations of non
linear elements. In calculating the coefficients of the approximate 
equations of non-linear elements according to formulae (61.8),
(61.21), (61.25) and, in particular, from formulae (61.17), (61.26) it 
is necessary to bear in mind that with symmetrical non-linear charac
teristics the integral (0 , 2n) may be obtained by the double inte
gral (0 , 7C), i.e.

n

0 0
(61.32)
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while for symmetry with respect to the origin of coordinates of 
a hysteresisless characteristic x t =  F ( x 1) we may write:

An 2

f  =  4 /  . (61.33)
o o

Let us calculate the coefficients for certain simple non-linear 
elements. We may then use them directly in solving various specific 
problems.

Coefficients of the approxim ate  equations of relay circuits. Let 
us find the coefficients q(a) and q^a) of the approximate equations 
of the most typical relay circuits according to formulae (61.17).

Let us take the general form of the characteristic of the relay 
circuit x 2 =  F { x 1) shown in the graph of Fig. 267a, where m  is an 
arbitrary fraction in the interval — 1 <  m  <  1. As particular cases 
we shall obtain the equations of two types of relay circuits.

If the oscillations of the input quantity =  a sin cot have an ampli
tude a  < b ,  then from Fig. 267a there will be no motion in the system. 
If the amplitude a >  b, switching of the relay takes place at the 
points A ,  B ,  C , D  (Fig. 2675) at which we have:

,b  . .m biq =  sm-1 -  , u2 — n — sin-1 — (61.34)

Consequently, after using the properties (61.32) each of the integrals 
in (61.17) separates into three components

n  Wi U2  n

J =  /  +  /  +  J >0 (I U i 14g



where the first and third vanish according to Fig. 267a and b. There
fore expressions (61.17) take the form

u2
q(a) =  — csinwdw , tra in

from which
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Ui

qAa) — — cco&udu , 
na J ’«i

2c

q A a )  = = ---------( s i i iM i  — s in t tg )na

2c / ,  /  b* m2b2

[ V 1
2 cb (a >  h) ,- 3  0 - ~ » 0na1

(61.35)

and the approximate equation of the relay circuit with characteristic 
in the form of Fig. 267a will have the form (61.16) with the values 
q(a) and qx(a) obtained here.

Let us consider particular cases.
For the relay circuit without hysteresis loop, but with a zone 

of insensitivity b (Fig. 267d), putting m =  1, from the above formulae 
we obtain

q(a) =  — cos% ^  - - 1 /  1 — ~  , qAa) = 0  (a >  b) . (61.36)7ra na f  ai

For the relay characteristic with hysteresis loop of type Fig. 267d, 
putting m  =  — 1 , we have:

q(a) =  -—cos n , =  - - 1 /  1 — — ,
*  (61.37)

. v tc . icb=  -  - sm  iq = ---- -  (a >  b) .
na na1

Finally, for the ideal relay circuit (Fig. 267/), putting b =  0 , 
we find:

Ap
q(a) =  — , qAa) =  0 . (61.38)

7UW

The significance of harmonic linearisation of the relay charac
teristic is easily seen of from the last example. The expression q(a)  
denotes the substitution of the polygonal characteristic A B G D  by 
the straight line M N  (Fig. 267/) with slope such that this line M X  
approximately replaces that segment of the polygon A B C D  which 
includes the given amplitude a. This makes clear the inversely 
proportional dependence of q on a, given by formula (61.38), since' 
the greater the amplitude a of the input quantity oscillation x1, 
the lower the slope of the line M X ,  approximately replacing the 
polygon A B C D .

Similar considerations relate to the relay characteristic in Fig. 267d  
for which the slope of the straight line substituting it is given by
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formula (61.36). Consequently, each hysteresisless relay circuit with 
oscillation is equivalent to such a “linear” element, the transfer 
factor (gain factor) q{a) of which decreases with increase in ampli
tude of oscillation of the input quantity.

Concerning the relay circuit with hysteresis loop, from (61.16) 
and (61.37) it is replaced by a linear element with a similar gain 
factor to the preceding q(a), but, in addition, with introduction 
of the negative derivative in the right-hand side of the equation.

The introduction of the negative derivative, in contrast to the 
positive, (see Section 15) introduces a phase delay in the response 
of the element to the input force. This is the “linear equivalent” 
replacing the effect of the non-linearity in the form of a hysteresis 
loop. Here the coefficient q(a) for the derivative, according to (61.37), 
also decreases with increase in amplitude a  of the input quantity 
oscillation x l t  which is understandable since the effect of the hys
teresis loop on the oscillation in the relay circuit should be smaller, 
the greater the amplitude of oscillation in comparison with the 
width of hysteresis loop.

Coefficients of the approxim ate  equations of other s im ple  non-linear  
elements. Let us consider a non-linear element with insensitive 
zone and with saturation (Fig. 268a). From Fig. 2685, here

=  sin-1 —, - Au« - sin-1a ’ a =  sin-1----——
ah

(61.39)

the integral (61.17) on the segment (0 , n) separates into five com
ponents, where the first two vanish. Therefore

7i—
q(a) = — f ft(asmw — MsmudiH-----f c $ m u d u  +7za J na J

n—Ui

+  — f h (a a m u  — &i)si 7za J7i—ua
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from which with the substitution c =  (b2— b j k  and 61 =  asinw1, 
b2 =  asinttj we obtain

2 I t t  1 1 \g(o) = —-l«a—•u1 +  -sin2Ma—-sm 2«1) (a >  b2) , (61.40)

where % and w2 are defined by formulae (61.39). In view of the 
absence of hysteresis loop here qL(a) =  0 .

Thus, the approximate equation of the non-linear element with 
characteristic in the form of Fig. 268a will be (61.19) where q{a)  
has the expression (61.40).

As a particular case, the value of q(a)  for an element with insensitive 
zone without saturation (Fig. 268c) follows from this. For this we 
put in the preceding solution a  < b i t  and, consequently, «a =  tc/2 . 
Then

q(a) =  k - -  (sin-i -  +  \  l / l -  £ )  (a >  b) . (61.41)•re \ a  a  f  a-1

As we see, an element with insensitive zone is similar to a linear 
element with reduction of gain factor. This reduction of gain factor 
is appreciable at low amplitudes and small at large, where 0 ^  «(«) 
<  Jc with b <  a <  oo.

For the second particular case, an element with saturation without 
insensitive zone (Fig 268d), putting 6X =  0, i. e w, =  0, from (61.40) 
and (61.39) we obtain

m =^ (“>I)- ,6W2)
where with a <  c',k we have q(a) =  k  (linear characteristic). At input 
oscillations including the saturation zone, the given element is 
equivalent to a linear element with the gain factor q (a ) decreasing 
with increase in amplitude (in contradiction to the preceding).

For the element with variable gain factor according to Fig. 268e 
and /, from formula (61.17), taking into account (61.32) we obtain

r,

q(a) =  — f ft,asin«sinwdw-|- na J 0
«—ttl

2  rH---- I [&2(asintt — b) +  ftx&]sinttdtt +
7T# JUi

n
2 /* *-|-----I fc.asinwsinwdM ,

to* Jn—uj
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which with the substitution sinut =  h gives

2 (a) =  fc2-  ^  (^--*5 ) |sin~ + -  j / l - ( a  >  b) . (61.43)

Here the polygonal characteristic (Fig. 268e) is replaced by 
a single straight line with slope q(a) between Jcx and k2, where the 
slope varies in the interval Jct <  q(a) <  fca with increase of ampli
tude b <  a  ^  oo. For amplitudes a <  b we have a linear charac- 
1 eristic with slope fc.

For the non-linear element with saturation and with hysteresis 
loop (Fig. 269a) the approximate equation takes the form (61.16) 
where according to Fig. 269& and formulae (61.17) we have

«2
2 (a) =  — I fc(asina— b ) B i n u d u

0

and similarly qx(a) From this

Tt—Ui

—- I c sin u du +
na J

2_
na

n
j  k  ( a  Bin u  +  b)  Bin u d u ;
Ui

k /  1 1 \
2 («) = - ( « a +  2 sin2% + wi+  5 sill2Mi j

0i(«) -  (sin2tta~sin  uC (a >  b2) ,
where

. y b2 c +  bTc
u t  =  sm-1 — =  sm-1 — =— , a ah

, 6, c — bk
U-, =  sm-1 — =  sin-1 — =— a arc

(61.44)

(61.45)

If in this non-linear element the amplitude of oscillation of the 
input quantity xx will be a <  b2, the oscillation will not include



the saturation zone and a purely hysteresis characteristic (Fig. 269c) 
is obtained. In this case
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« 2 7 t 

2 ’ (61.46)

The approximate equation of the element with hysteresis charac
teristic of the type of Fig. 269c will therefore have the form (61.16), 
where from (61.44)

«(«) =  \  (g +  +  \  sid2wi) >
. . Jc 4kb ( b\?i(«) =  - -cos*^ = ------ ( 1 - -  ( a >  b) ,7Z TZCL \  d !

(61.47)

where ux is calculated from formula (61.46).
The same type of characteristic (Fig. 269c) was obtained for 

a sensitive element with dry friction in the pressure regulation 
system considered in Section 54 (see Fig. 238b), where we neglected 
the mass. Consequently, for a non-linear element with dry friction 
the same formulae (61.47) will be valid substituting

(61.48)

while equation (54.15) for the oscillatory process in approximate 
form (61.16) will be

7) = «(«)■ fcfa)
to P (61.49)

This type of characteristic (Fig. 269c) occurred also for the non
linear element with backlash in a servomechanism (Fig. 2375), where 
we had k  =  1. Consequently, equation (54.12) of the given non
linear element is approximately (for an oscillatory process) written 
in the form

P = 3(a) + gi (a)
CO Pi, (61.50)

where q{a) and &(«) are defined from formulae (61.47), in which 
it is necessary to put k  =  1 .

62. Approximate determination of oscillations and their stability using 
the Mikhailov criterion and algebraic criteria

Basing ourselves on the above harmonic linearisation of non
linearity, let us derive the approximate equation of the entire closed 
non-linear automatic system (Fig. 229a). Let the differential equation 
of the linear part of the system be known,

Qi(p)®i R i ( p ) x s , (62.1)
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where the linear part may have a structure of any complexity (and 
an equation of any order).

The approximate equation of the non-linear element in the oscil
lation, obtained by harmonic linearisation (Section 61) is written 
in the form

9»(P)®i =  -8 »(P)*i> (62.2)
where for the various non-linearities considered in Section 61 the 
operational polynomials Qn(p ) and R n(p) will have differing ex
pressions. For example, for the non-linear equation (61.9), according 
to (61.11) we have

Q»(P) =  1 , R n ( p ) = q ( a ,  co) +  ^ - ^ p ,6)

for the non-linear characteristic (61.15) without hysteresis loop,

Qn{p) =  1 , R»(p) =  q{a) ,

and for the non-linear equation (61.24), according to (61.27) we 
obtain

Qn{p) =  p  +  qs(at , a )  , B»(p) =  gfa,) +  p  ,0) 6)
where at and aa are related by (61.28) or the corresponding graph 
of Fig. 51a.

As we see, the amplitude a and the frequency to of the required 
oscillatory process enter into the coefficients of equation (62.2).

On the basis of equations (62.1) and (62.2) it is possible to write 
the conventional characteristic equation of the closed nonlinear 
system in the form

Qi(z)Qn(z) +  R i(g )R n(z) =  0 (62.3)

with the same properties of the coefficients.
When there arise in the closed system free, undamped oscillations 

of constant amplitude a =  ai and constant frequency gi =  coj (self
oscillation), the coefficients of equation (62.2) and thus the coef
ficients of the characteristic equation (62.3) become constant. At 
the same time it is known from linear theory that the appearance 
of these oscillations in a system with constant coefficients corre
sponds to the presence of a pair of purely imaginary roots in the 
characteristic equation of the system.

It is thus possible to determine the appearance in a closed non
linear system of undamped free oscillations of the form a^ajsintoif 
(aj =  const, to* =  const), substituting in the characteristic equation
(62.3) of the system z  — ia j .  If this substitution z  =  itoj corresponds 
to some real positive values a  =  at and co =  coj with given para
meters of the system, these oscillations are possible. But the substi-
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tution z  =  icoj in the characteristic equation with constant coef
ficients is equivalent to finding the boundary of stability of the 
linear system. Consequently, the appearance of undamped free 
oscillations in a non-linear system may be found by applying to 
the characteristic equation (62.3) any of the methods for determining 
the boundary of stability of a linear system described in Chapters YII 
and VIII.

In the present section we shall use for this purpose the Mikhailov 
stability criterion, developed for linear systems.

Let us term the Mikhailov curve for the closed non-linear system 
the graph of the function

L (i& ) =  Qi(i&)Qn{i&) +  R i( i& )R n(i&), (62.4)

which corresponds (with z  =  iG) to the left-hand side of the con
ventional characteristic equation (62.3) of the non-linear system 
with arbitrary given values of amplitude a  and frequency w in the 
coefficients of expressions Qn(i&) and R n(i&). To distinguish the 
frequency of oscillation in the system to from the parameter to, va
rying along the Mikhailov curve, we mark the latter by the tilde ~ .  
The Mikhailov curve will have the usual form for linear systems.

We note that if the equation of the non-linear element has the 
form xa =  F ( x 1), in the presence of the hysteresis loop the expression 
for the Mikhailov curve (62.4), according to (61.16) will be

Zi(ito) — Q i ( i o i ) R i ( i o i ) q (a) +  iwj ,

and in the absence of the hysteresis loop

L(ito) =  Q (£to) +  J! (ito)g(a) .

The latter case is characterised by the fact that the frequency to of 
the required oscillations does not enter into the coefficients for the 
Mikhailov curve expression, but only the amplitude a.

For the characteristic equation to have purely imaginary roots 
z  =  ic&i, the Mikhailov curve, as is well known, should pass through 
the origin of coordinates (as, for example, in Fig. 270). Here the 
value of & at the origin of coordinates gives the frequency of required 
oscillations G =  tot. Therefore the quantity o> entering into the 
coefficients of the characteristic equation should be equated to this 
value Gj. The magnitude a in these coefficients gives the required 
amplitude of oscillations Oj.

B asic  method of determ ining the period ic  solutions. Let us sepa
rate the real and the imaginary parts in the Mikhailov curve ex
pression (62.4),

L(v'G) == X(G) +  iF(G) . (62.5)
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From the condition of passage of the Mikhailov curve through 
the  origin of coordinates we require that with to =  to =  wj and 
a  =  at , X(to) =  0 and T(to) =  0 simultaneously. This gives us two 
equations:

X ( o n , «j) =  0 ,  ̂
Y(toj, ai) =  0 ; ) (62.6)

from which the unknown frequency to; and amplitude at of the 
required oscillations in the given non-linear system are defined. 
As we see, this method represents a combination of the Krylov- 
Bogoliubov method of harmonic balance with the method of plotting 
the stability region from the linear Mikhailov criterion.

We recall that self-oscillations correspond to a stable periodic 
solution. Therefore, after toj and a { are determined from equations
(62.6), it is necessary to investigate the stability of the corresponding 
periodic solution. If it is found unstable, this will not be oscillatory 
but the limit for initial conditions which may separate a damped 
transient (small-signal) from a divergent transient (large-signal) or 
may correspond to still more complicated patterns.

If equation (62.6) does not have real positive solutions for at 
and tii}, the periodic solutions in general (including oscillatory) are 
not possible in the given non-linear system.

The study of stability of the periodic solution is given below 
separately.

Using equations (62.6) it is not only possible to determine the 
frequency on and amplitude at of self-oscillations with given system 
parameters, but to plot the graphs of and at as functions of any 
parameter of the system, for example the gain factor Jc. For this 
it is necessary in equations (62.6) to assume the parameter Jc to be 
variable and to write this equation in the form

A (ui, at , Jc) =  0 , | 
y (a t ,  «i, 7c) =  0 , j

(62.7)
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From this it is possible to find the dependence

at =  ax(k) , a t  =  «oz(&) }

for example in the form of the graph of Fig. 271. On the basis of 
these graphs it will be possible to select the parameter k such that 
the amplitude of oscillation be sufficiently small, that its frequency 
be not dangerous for the given system or, finally, that oscillations 
be completely absent {k <  kb).

F i g . 271

In addition, using the same equations (62.6) it is possible to plot 
the loci of equal values of amplitude and frequency in the plane 
of any two parameters of the system, for example kt and k2. For 
this we write equations (62.6) in the form

X((d;, at , k± , k2) =  0 , \
Y { d i ,  a t , kx , k2) =  0 . j

y  (b) T!y \ y \  y o L
(c)
i

Peglon o f> 
s t a b i l i t y
system

_

F ig . 272

Then, giving the parameter k2 various numerical values, we plot 
as before for each of them the values

a l  —  ® l  { k i )  , C0( —  O i l ( k 1 ) ,

for example in the form of Fig. 272a and b. On the basis of these 
two graphs it is easy to plot the curves of equal values of at (full
line) and co; (broken-line), represented in Fig. 272c.

The curves of Fig. 272c may be plotted directly, taking various 
numerical values of amplitude at and obtaining for each of them
38
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from equations (62.8) the values

and ftjj =  2̂(^1) ,

After this, varying to,, it is possible to plot by points the correspond
ing curves a, =  const in the coordinates (ft,, ft2), as shown by the 
full lines in Fig. 272c. On these curves frequency markers to, are 
obtained, which may also be joined (broken-line curves).

The second procedure is the more convenient when there is only 
a single periodic solution, while the first when there may bo two 
or more.

The graphs of Fig. 272 permit choosing the values of two para
meters (ft, and ft2) of the non-linear system. If such graphs are plotted

for various possible system structures, it will also be possible to 
select the most suitable structure for the proposed closed automatic 
system taking into account non-linearity.

Graphical illustration. Since at the point where the Mikhailov 
curve passes through the origin of coordinates (Fig. 270) the current 
value of to should coincide with the value to ,,  entering into the coef
ficients for the Mikhailov curve expression (62.4), for convenience 
of solution we first identify the values of to and to in the expression
(62.4). Then the required frequency to , and amplitude a, of self
oscillation are found from the condition

Qi(ico)Qn{i(xi) +  B i( io i)R n{io)) =  0 , (62.9)

where to and a enter into the coefficients. Assigning various numerical 
values to a, we plot for each of them in the complex plane the curve

/ ( t o )  =  Qi(io>)Qn(io>) +  Bi(io>)Rn(io>) . ( 6 2 . 1 0 )

To satisfy condition (62.9) it is necessary to take that value of a for 
which the curve passes through the origin of coordinates.

If, for example, for three different values of a  the curves /(to) 
lie as shown in Fig. 273a, the required values a =  a, and to =  to,
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may be found by the following interpolation (as in Section 38 in 
determining the degree of stability):

A O
0,1 =  » (62.11) 

CO
“ l =  “1+  (62.12)

We note that the curves /(w) will not in general be Mikhailov 
curves since we have not only varied the running value of £5 of the 
Mikhailov curve in plotting them but also to, entering into the coef
ficients. However these curves /(to) are Mikhailov curves in those 
cases where the quantity to does not enter into the coefficients of 
expression (62.4). This occurs, for example, everywhere in non
linear elements with hysteresisless characteristics x.t =  F ( x t ) of 
arbitrary form (but the method of determining at and co( itself 
remains, of course, valid even when these are not Mikhailov curves, 
i.e. for arbitrary non-linearities).

It is possible to represent this method in a changed form, namely, 
to assign constants to the values of « rather than a, and to plot 
the curves

9 (a) =  Qi{iuy)Qn( ia )  +  Bi(ib>)B„(ioi) (62.13)

for constant values of to and varying a  (full-line curves in Fig. 2726). 
The interpolation remains the same, (62.11), (62.12).

This method is presented here only as a graphical illustration. 
Below we shall everywhere apply the above fundamental method 
based on the analytic expression for the Mikhailov curve.

A p p lic a tio n  of algebraic criteria. To determine the presence of 
a pair of purely imaginary roots in the characteristic equation (62.3) 
it is also possible to apply the algebraic criteria of Yyshnegradskii 
and Hurwitz. Thus, if equation (62.3) is of third degree in z, it may 
be written in the form

UoS3 +  a^ 2 +  â s +  03 =  0 , (62.14)

where its coefficients will contain the required values of frequency 
to* and amplitude Oj of self-oscillation.

The condition for the presence of a pair of purely imaginary roots 
from the Yyshnegradskii criterion according to (29.4) will be

â Og — OgOg , (62.15)

but here we obtain only a single equation with two unknowns a t 
and to*. To find the second, we represent equation (62.14) in the 
presence of imaginary roots z  =  ±iuj  in the form

(22 +  Ci)f) (UgS +  6) =  0 .
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Expanding and equating the coefficients of this equation to the 
corresponding coefficients of (62.14) we find

a0«? =  a3 . (62.16)
From the two equations (62.15) and (62.16) the unknown ampli

tude oj and frequency uj entering into the above coefficients are 
found. Just as in the first method of using the Mikhailov criterion, 
here on the basis of equations (62.15) and (62.16) it is possible to 
plot graphs of ai and <oj in dependence on a single parameter of 
the system or in a plane of two parameters for the purpose of their 
selection.

If equation (62.3) is of fourth degree in z:

a0z? +  a ^  +  a2z2 +  a3z  +  o4 =  0 , (62.17)

the condition for the presence of a pair of purely imaginary roots 
from (29.19) will be:

— a3a^  a^a^ =  0 . (62.18)

In addition, writing equation (62.17) in the form

(z2 +  Co?) {a0z2 +  bxz  +  h2) =  0 ,

expanding and equating the coefficients obtained to the correspond
ing coefficients of (62.17), we find

a tcoj =  a3 . (62.19)

Using the two equations (62.18) and (62.19) the entire problem 
for the fourth-order non-linear system is solved.

We note that for systems with non-linearity of the type x3 =  F( x i )  
without hysteresis loop the frequency to does not enter into the 
coefficients of the characteristic equation. Therefore from equations
(62.15) or (62.18) the amplitude ai is determined directly and then 
from (62.16) or (62.19) the frequency <o*. For systems with more 
complex non-linearities two equations are obtained with two un
knowns.

T ak in g  into account t im e delay in  a non-linear system. A constant 
delay t  may exist in a non-linear system (here understood in the 
same sense as in Section 45). An example of the derivation of the 
equations for such a system was considered in Section 53. At the 
end of Section 60 we investigated such a second-order system. We 
shall now consider a non-linear system of arbitrary order with delay 
and arbitrary character of non-linearity.

If there exists a delay t in the linear part of the system, then 
from Section 45 the equation of the linear part (62.1) takes the form

Q i ( P ) ® i  =  - R i ( p ) e - ^ x 2
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(the factor e~n> may, in general, enter into this otherwise). The 
expression for the Mikhailov curve (32.4) will be:

L(i&) =  Qi(iGt)Qn(i&) +  22I(iw)(cosT6i — isinr6i)i?n(ioi) . (62.20)

After this the basic method of finding self-oscillations described 
above is applied, i.e. the real and imaginary parts are separated 
in the form (62.5) and equations (62.6) are written, defining the 
frequency to2 and the amplitude ai of the required self-oscillation.

If the delay t  exists in the non linear element itself, we proceed 
as follows. We first carry out harmonic linearisation of the non
linear element without regard to the delay, according to the rules 
of Section 61. We then shift the output quantity by the delay time t ,  

i.e. the approximate equation of the non-linear element, instead 
of (62.2), is now written in the form

Qn{p)xa =  Bn(p)e-IPxl . (62.21)

As a result, considering the equation of the linear part (62.1), we 
come to the same expression for the Mikhailov curve (62.20) and 
to the previous method for solving the problem (see example 6 
in Section 63).

Stability of periodic solutions. I t  has been stated above that 
not every periodic solution of the equations of motion of a non
linear system will correspond to self-oscillations, but only the stable 
solutions. In  concrete problems it is frequently immediately evident 
from physical considerations if self-oscillations occur or not. I t  is 
therefore sometimes not necessary to investigate the stability of 
the periodic solution mathematically. However, in many cases it 
is still necessary to study this queation.

The problem of studying the stability of a periodic solution 
reduces, in general, to analysis of the linear equation with periodi
cally varying coefficients. A. M. Liapunov (Reference 3) developed 
the corresponding methods. But in many cases their use still presents 
great difficulty. Therefore here we abandon the rigorous investiga
tion of the stability of the periodic solutions and present the simplest 
rough methods.

We shall describe two approximate methods of studying the 
stability of a periodic solution: (1) averaging coefficients and (2) use 
of the Mikhailov curve. Strictly, they do not give sufficient con
ditions for stability. But practically in the majority of cases the 
use of one of these is found sufficient to judge the stability of the 
periodic solution found.

Averaging periodic coefficients in the study of stability. Let us 
write the differential equation of the closed system in small devi
ations Ax from the investigated periodic solution x  =  a;sincojtf. For



584 The Dynamics of Automatic Control Systems

the linear part of the system on the basis of equation (62.1) we 
obtain

Ql(p)Ax1 =  —Ri(p) Ax2. (62.22)

The equation of the non-linear element, for example (61.9) for small 
deviations takes the form

(62.23)

(and analogously for other types of non-linear equations), where 
the index I signifies tha t in the partial derivatives it is necessary to 
substitute x  =  ajsincoji and x = a/w/cosw^. As a result these partial 
derivatives are periodically varying coefficients. In  problems of the 
theory of regulation they may vary either continuously or discon- 
tinuously (see examples in Section 63). We average the periodic 
coefficients obtained, after which in place of (62.23) we shall have 
a linear equation with constant coefficients

A®a =  [x(aj, toJ) +  x1(fflj, co^pjA®!, (62.24)
where

2rc 2«

*(<*!, *.<*,<*> =  i /  (!),<*». (62-25)
o 0

and u - (i>it.
The characteristic equation of the system, defining the stability 

of the periodic solution, from (62.22) and (62.24) will be

Qi(p) + Bi(p)[y.(ai, +  <oj)p] =  0 . (62.26)

If this satisfies the stability criterion (Mikhailov, Vyshnegradskii, 
Hurwitz or other), the investigated periodic solution is stable and, 
consequently, self-oscillation occurs in the system. In  the contrary 
case the periodic solution is unstable, which as we know corresponds 
either to small-signal stability and large-signal instability of the 
system or a more complicated pattern of processes.

In  cases where the non-linear element has an equation of the 
form (61.15) (with or without hysteresis loop), the averaged cha
racteristic equation for studying the stability of the periodic solution 
will be

where
Qi{p) + Ri{p)y.{ai) = 0 , (62.27)
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For the second class of non-linear element with equation (61.24) 
we obtain the characteristic equation for studying the stability of 
the periodic solution in the form

Q i ( p ) M a 2, ( * i )p  +  x i ( a s , <*!)] + I i i ( p ) x ( a 1Q  = 0  ,
where

2n 2rt

(62.29)

(62.30)

and the amplitudes a, and a2 are related by (61.28).
Use of the Mikhailov curve, defining the periodic solution. To each 

concrete value of a there will correspond a definite Mikhailov

curve. With a =  at it passes through the origin of coordinates 
(Fig. 274a).

To investigate the stability of the periodic solution with ampli
tude a =  at we assign a small increment of amplitude Aa. Then 
with a =  at +  Aa the Mikhailov curve takes either the position 1 or 
the position 2 (Fig. 274a). Then, as is well known from linear theory 
(Section 28), the curve 1 enclosing the origin of coordinates corre
sponds to damped oscillations of the transient while the curve 2 
to divergent oscillations.

Therefore, if with Aa >  0 the Mikhailov curve takes the position 1, 
while with Aa <  0 the position 2, the transient in the system will 
be such tha t oscillations with amplitude greater then aj attenuate 
while oscillations with amplitude smaller than at diverge. Conse-
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quently, the transient process converges from both sides to the 
investigated periodic process with amplitude at. This signifies that 
the latter is stable (self-oscillations). If with Aa >  0 we obtain 
the curve 2, while with Aa <  0 the curve 1, the transient process 
diverges on both sides, i.e. the investigated periodic solution is 
unstable.

For this investigation there is no necessity of plotting the Mikhai
lov curves. The entire investigation may be carried out analytically. 
In  fact, to determine if the Mikhailov curve with Aa >  0 takes the 
position 1 (Fig. 274a) it is sufficient to determine where the point 
of Mikhailov curve (w =  o>j), which at a = at coincided with the 
origin of coordinates, will shift with increase of a. If it shifts in the 
directions OAlf 0 A 2 or OAa (Fig. 274b), the periodic process with 
amplitude a =  a* is stable, while if in the directions 0 A X or OA6, 
unstable.

This direction of shift of the point to =  oij from the origin of 
coordinates with increase in a is obviously defined by the following 
projections on the coordinate axes (X, Y):

where X  and Y  denote the real and imaginary parts of the Mikhailov 
curve expression (62.5) while the index I denotes the substitution 
a =  au to =  to?. As is evident from Fig. 2746, for stability of this 
periodic solution the vector defined by the projections (62.31) should 
lie on a certain side of the tangent M N  to the Mikhailov curve, 
the direction of which in turn is defined by the projections

From the positions of the vector with projections (62.31) relative 
to the vector with projections (63.32) it is immediately evident 
whether the given periodic solution with amplitude a , is stable or 
unstable.

In  Fig. 274c and d are shown the same vectors as in Fig. 2746 
but for other forms of the Mikhailov curve. I t  is evident that in 
all cases for the investigated periodic solution to be stable it is 
necessary tha t the vector with projections (62.31) lie to the right 
of the tangent M N  if we look along the Mikhailov curve towards 
increasing £>, where the direction of the tangent M N  is defined 
by the vector with projections (62.32). This geometric stability 
condition for the periodic solution may be written in the following 
analytic form:

and (62.32)

>  0 . (62.33)
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Satisfaction of this stability condition for the periodic solution 
may be verified analytically in each Specific problem without any 
curve plotting for equations of not higher than fourth degree with 
positive coefficients, while for equations of higher than fourth degree 
additional conditions are introduced.

jEstimating the stability of the system in the absence of periodic 
solutions. The approximate equations of a non-linear system derived 
in Section 61 and a t the start of the present section are convenient 
only for oscillatory processes defined by periodic solutions and for 
oscillatory transients in the immediate vicinity of these periodic

solutions. Therefore, strictly speaking, using these approximate 
equations we may analyse only periodic solutions and their stability 
or instability for small deviations from this oscillatory regime, which 
has been carried out above.

In  practice from an analysis of the approximate equations ob
tained for the non-linear system it is frequently possible to draw 
substantially wider conclusions. In  particular, in certain cases it is 
possible to estimate the system stability in those regions of its para
meters in which a periodic solution is completely absent.

For example, finding the amplitude of periodic solutions as shown 
in Fig. 271a, we then determine tha t the given periodic solution 
is stable, i.e. corresponds to self-oscillation. Let us denote the 
stability of the periodic solution on the graph by vertical arrows, 
converging to the given periodic solution (Fig. 275a). This notation 
illustrates that the periodic processes converge from both sides 
(i.e. with initial amplitudes greater than at and smaller than a{) 
to the self-oscillatory process with amplitude at. Let Jc in the given 
case denote the gain factor of the regulator. The graph of Fig. 275a 
Bhows that oscillations arise in the system with k >  kb. I t  is natural 
to draw the conclusion that in the region 0 <  k <  kb (where a periodic
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solution does not exist) the given regulation system will be stable, 
as shown in Fig. 275a by the vertical arrow.

A similar conclusion for the region 0 <  Tc <  kb may be made in 
the case of the unstable periodic solution in Fig. 2756 and in the 
presence of two periodic solutions in Fig. 275c, one of which is stable, 
the other unstable. If self-oscillation is observed in the region 
0 <  ft <  as shown in Fig. 275d, it is natural to assume that the 
region ft >  ft6 will be a region of instability of the given linear system.

Finally, if no periodic solutions are obtained for the given non
linear system for any values of its parameters in the simplest case 
when the system contains a non-linear circuit without hysteresis 
with characteristic xt = F (x1), from the geometric illustration of 
finding self-oscillation (see above) we find that the Mikhailov curve 
will either enclose the origin of coordinates for each value of a or 
will not enclose it for any value of a. From this it is frequently 
possible to conclude tha t in the first case the given non-linear system 
is stable while in the second unstable.

All these estimates must, of course be critically thought out each 
time, or, if possible, the Liapunov theorems should be used. A re
liable test will also be plotting of the transient response curve (see 
Chapter XVIII).

63. Examples

Let us consider several examples of applying the method described 
in the preceding section.

Example 1. Let us find the influence of a limited linear motor 
characteristic on the processes in a servomechanism. Let the servo

mechanism be constructed according to the diagram of Fig. 128 
but without the differentiating device. The motor characteristic has 
a saturated type non-linearity (Fig. 276a). The remaining elements 
of the system are linear. Then the equation of the controlled object 
with motor for free motion of the system f(t) =  0 in place of (26.6) 
takes the form

(Tjp +  1 )pp =  c'F (I4) ,
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where F ( /4) is defined by the graph of Fig. 276a. Applying to the

tion (61.42) with the substitution c =  bkc, we obtain the approximate 
equation of the controlled object with motor in the form

as shown graphically in Fig. 276d. Here a denotes the amplitude 
of oscillations of the quantity / 4.

The general equation of the remaining part of the servomechanism 
(without the differentiating device), neglecting the inductance of 
the motor armature, from (54.10) will be

In (54.10) we take a. = 0, since we are investigating here free motion 
of the system. On the basis of (63.1) and (63.3) we obtain the charac
teristic equation

After reducing the left-hand side to the form aaz3 +  axz2 +  a2z +  a3 
and substituting z = ia  we obtain the expression for the Mikhailov 
curve L(iS>) = A (to) -MY(&), where

We shall now explain the influence of the parameter Te (the overall 
gain factor) on oscillations in the system.

Equating, according to (62.6), expressions (63.5) to zero (putting 
G =  coi, a = a(), we find from the second equation

right-hand side of this equation the formula for harmonic linearisa-

{Txp + l)pp  = q(a)It , (63.1)
where

q(a) =Tc1 = c'kc for a <  b ,

for a >  b ,
(63.2)

(T3p + 1)Z4 =  -[7c + (T3p + l)lcsp]^ , (63.3)
where

(T1z + l) (T 3z + l)z  + q{a)[lc + (T3z + l)leez] =  0 . (63.4)

A(w) =  kq(a) — [Tx-1- T3+  T3-\-TaJctq(ay\wa , 
Y (£) =  [1 +  fc6 q (a)]G -  TXT3 .

(63.5)

(63.6)

=  Tx + T3+  T31ce a>i .
9(«i)

and from the first

(63.7)
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Formula (63.6) gives the graph shown in Fig. 276c, where

1 _ i  / l  +  ̂ 1̂ 8 rao o\
“ " 1 •  (63-8)

The graphs in Fig. 2766 and c define the relation between the 
amplitude ax and the frequency toj of the periodic solution in the 
given system.

Let us find the dependence of at on the magnitude of k. For this, 
taking various wj, we take from the graph of Fig. 276 corresponding 
values of at and from formula (63.7) we calculate k. The result is

the graph Oj(ft) of the type of Fig. 277a or 2776. To determine in 
which cases they occur, we find kmin. Differentiating (63.7) with 
respect to <oj, taking into account (63.6) and equating the result 
to zero, we obtain the corresponding value of o>m in the form

“- - f ^ , ( i + i / i + S ) ’ (63-9>

where km,„ is found by substituting in (63.6) and (63.7).
I t  is obvious that if <oOT >  then Lin does not exist and the 

first case in Fig. 277 occurs while with u>m < aB, the second. Com
paring (63.9) and (63.8), we conclude that for a system in which 
the parameters satisfy the condition

the graph in Fig. 277a applies while for a system with parameters

fcifc. > ]A + f; (63-n)
Let us investigate the stability of the periodic solution according 

to criterion (62.33). For this we first find from (63.5) the expressions
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(tf), = 1 +  M («*)- 3 T 1T3g>z2

=  - 2 T 1T2w? <  0 ,

( ^ ) ,  =  “ 2r  Ti + TM (a,)]^i
=  —22,1toj(l >  0 ,

'0X'
da

(21] -f T3)uii ldq\ 
q(at) \daji

(63.12)

since from the graph of Fig. 2766 the derivative dqjda is negative.
I t  is easily verified tha t with to >  wm) where tom is defined by 

formula (63.9), criterion (62.33) is satisfied while with to <  tom it is 
not satisfied. From this we conclude th a t all periodic solutions in 
Fig. 277a are stable (i.e. correspond to self-oscillations). The vertical 
arrows in Fig. 277a show that the transient solutions with larger 
and smaller amplitudes converge to the given periodic solution. 
In  Fig. 2776 only the upper branch of the curve (above the point wm) 
corresponds to stable periodic solutions, i.e. self-oscillations, while 
the lower branch (tom-«B) is unstable.

As already remarked, at here denotes the amplitude of oscillations 
of the quantity I 4. To find the amplitude a$ of oscillations in the 
regulated quantity (3, it is necessary to employ equation (63.1), 
from which

q(ai) „ _ rd \T 3u>i 1
-----------:—-  Q>1 — ,-------   —  & l f

V  Tjcoj 4-1 %g<0{ V Tico* + 1
(63.13)

as the modulus of the corresponding transfer function with p =  iwj. 
Here the quantities at and co* are defined by the graph of Fig. 277a 
or 6.

Considering tha t q(a) =  with a =  6 (Fig. 2766) we find from 
formula (63.7) with the substitution wj =  from (63.8) the value kB 
marked in Fig. 277

JcB T ,+
*1

TI a
— \-

1 +  fcjfce

Exactly the same value k is the boundary of stability for a linear 
system when in place of (63.1) the equation of the controlled object 
with motor has the linear form (Tjp +  lJpp =  k j.x. From this it 
may be concluded that in the case (63.10), to which the graph of
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Fig. 277a applies, the given non-linear system remains stable in the 
same region as the linear system, but has in addition a steady-state 
oscillatory regime there where the linear system is unstable. Conse
quently, limitation of the linear characteristic in the form of 
saturation in the motor (Fig. 276a) limits the oscillation of the 
system occuring with k >  kB in the linear system. This is also 
observed in practice.

In the case (63.11), for which the graph defining the oscillations 
has the form of Fig. 277b ,  self-oscillation may appear with k < k B 
(but >  km), i.e. before reaching the boundary of stability of the 
linear system. But in this case, as is evident from Fig. 2776, with 
small initial amplitudes of the transient (below the curve « mwB) 
the equilibrium state remains stable. Here in the region of para
meters km <  k <  kB (Fig. 277b )  we have as it were two limiting 
cycles (Fig. 63c) and in the region kB < k  < oo, one.

The case represented in Fig. 277b  is termed “stiff excitation” 
of self-oscillation. This excitation of oscillation before reaching the 
boundary of stability is possible, as is evident from (63.11), only 
with fairly high factor k6, which, in essence, is the coefficient of 
transient feedback. In the absence of such coupling this phenome
non cannot occur.

In Fig. 278a  and b graphs are given for the oscillation frequency toj 
as a function of the parameter k for the cases represented in Fig. 277a 
and b respectively.

Example 2. In the same servomechanism we take into account, 
in addition to the preceding, a zone of insensitivity, concentrating 
both non-linearities conventionally in the motor characteristic 
(Fig. 279a). Analogously to the above we obtain the equation of 
the controlled object with motor in the form

(TiP +  l )p p  =  g (a ) I4 , 

where from formulae (61.41), (61.40), (61.39) we have:

(63.14)

with bl <  a <  6,

q(a) = ki - (uz —  Mj-f sin2w3 — sin2ux) (63.15)n
with a Js b3 , 

bi , b2u 2 =  sin-1a a

these formulae are represented graphically in Fig. 2796. The ampli
tude of oscillation of the quantity I4 is, as before, denoted by a.
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The characteristic equation has the previous form (63.4), just as 
expression (63.5) and the relations (63.6) and (63.7) following from 
them, fiom which

q(ai) =  T ^ ~ 1 , (63.16)/cfi

k = T. + T.TW i ks(4 (63.17)

We shall assign various values to to*. To each value of coj, from 
formula (63.16) and the graph (Fig. 2796) there correspond two 
values of amplitude az, one in the interval bx < at < b2 and the 
other <tj >  62. Then, since in the graph 0 <  q <  qmax, from (63.16)

(<0j)min ^  <>il ^  (wj)max j (63.18)
where

, .2 _  1 +  Tlfftmax
j I rji y  i

O

(63.19)

and qmax is the value of q(a) at a =  62; it is taken from the graph 
(Fig. 2796) or calculated from (63.15) according to the formula

+  , (63.20)

(for the significance of b1 and b2 see Fig. 2796).
Substituting now various values of toj (in the interval (63.18)) 

in the expression for k (63.17), we see that with toj =  (coi)^ we 
obtain k =  oo, while with increase of to the value of k decreases.
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Let us determine if it decreases monotonically or if an intermediate 
minimum in the value of k is possible. Testing expression (63.17) 
for a minimum (by equating the derivative dk[du>i to zero) gives the 
result that a minimum is possible with

where from (63.17) we obtain

fcmin=— ( l +  ] / l  +  —)

(63.21)

(63.22)

Substituting the value (63.21) in formula (63.16) gives

(63.23)

Further it is necessary to distinguish two cases:
(1) the system parameters are such that the value qm calculated 

from formula (63.23) is greater than gmax on the graph (Fig. 2796);
(2) the parameters of the system are such that the given value qm 

is less than qmax-
In  the first case (when qm > gmax) from the graph (Fig. 2796) the 

value qm does not correspond to any real amplitude of oscillation. 
Consequently, the minimum k does not exist and there is a mono
tonic 1c with increase of tot . Assigning arbitrary values to to*, we 
calculate for each of them from formula (63.17) the value of k 
(abscissa of the graph in Fig. 280a) from formula (63.16) the 
quantity q, for which we take from the graph of Fig. 2796 two values 
of amplitude ai{bx < at < 6a and at >  b2). We obtain as a result 
two curves in the graph of Fig. 280a, representing the dependence 
of amplitude and frequency of the periodic solutions on the coef
ficient le. Here from (63.17) with the substitution comax (63.19) we 
have for Fig. 280:

1 k2qn
(Zmax

/yj +  /p (1 A  &6?max) (63.24)

In  the second case (when qm <  gmax) a minimum Jc exists, where 
according to Fig. 2796 two values of amplitude alb and a2b correspond 
to it. The corresponding points alb and a2b are also shown in the 
graph of Fig. 2806. The magnitude of kb is defined from formula
(63.22), i.e. for Fig. 2806 we have

kb =  fcznln =  j T  +  1 / 1  +  - j r j  • (63.25)
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Assigning values to coi and calculating the coefficient k from 
formula (63.17) we obtain the curves AalbC and Ba2bC, where the 
amplitude ab is defined from formula (63.16) and from the graph 
in Fig. 2795. At the point C, where cot =  (coj)max, from (63.19) 
and (63.17) we have:

kn
1 ~h kb(JjrLa 

(Zmax ~jT +  ~jT (1 +  &6?max) (63.26)

Let us investigate the stability of all the periodic solutions found. 
The expressions for the partial derivatives figuring in (62.33) will 
have the form (63.12), but their signs will differ. Thus, on the basis 
of (63.12) and the graph of Fig. 2796 we have:

(If) > ° and (S)> ° With bi < a < b *> (63.27)

S  <  0 with a > b2. (63.28)8a ft

This leads to the following results. The lower curve in Fig. 280a 
corresponds to unstable periodic solutions, the upper, to stable. 
The same relates to the curves albA  and a2bB  in Fig. 2806. But in 
this case there are also two additional curves albC and a&C, where 
the lower of these two additional curves corresponds to stable periodic 
solutions while the upper to unstable. All these relations are indicated 
by vertical arrows in Fig. 280.

In  the result, as is evident from Fig. 280, the given servomechanism 
with non-linear drive has a region of stable equilibrium: k < k b. 
Outside this region with k > kb it has small-signal stability for

& < •
and

39
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initial amplitudes of oscillation located below the lower curve in 
Fig. 280. If the initial amplitudes of oscillation are above this lower 
curve, self-oscillation is established in the system, with amplitude 
and frequency defined by the upper curve in Fig. 280. In  addition, 
for certain relations among the parameters of the system the for
mation of an additional self-oscillatory process is possible with lower 
amplitude and higher frequency, defined by the curve albC (Fig. 2806).

We recall that the amplitude of oscillation in the present example 
is not defined for the regulated quantity (3 but for the quantity I 4.

To find the amplitude of oscillation of the quantity (3, knowing 
the values at and in Fig. 280, it is necessary according to (63.14) 
to employ the formula

m (ai) =  aiq(ai)
\(TiP +  l)p|p_jw vh VT\oil + 1

(63.29)

Similarly it is possible to define the amplitude of the first harmonic 
of oscillation of other variables in other elements of the system.

In  Fig. 280c and d are shown graphs for the value of the oscillation 
frequency for the cases shown in Fig. 280a and 6 respectively.

Example 3. Let us now consider a servomechanism with linear 
motor characteristic but we shall take into account dry friction 
simultaneously with linear (Fig. 281a). The equation of the controlled 
object with motor now has the form (54.8). Here two cases are pos
sible: (1) oscillation without stopping, when the conditions of the 
first of equations (54.8) are realised; (2) oscillations with stopping, 
when the two equations (54.8) apply alternately. Let us consider 
the first case and define the conditions of its realisation.

Thus, we write the first of equations (54.8), dividing it by c2, 
in the form

+  H  Ay sign|3 = *7 =  - ,  h = ~ ,  ^  =  "  > (63-30)Ca C2 c2

with the condition that

W  with (3 = 0 . (63.31)
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Let us put x  =  Then this equation will be:

(Tjp + 1)x + F (x) — k j 4 , x = pj3 , (63.32)
where

F(x) =  A:7-signa;. (63.33)

Since motion is assumed without stopping, the non-linear function
(63.33) is subjected to harmonic linearisation as a relay charac
teristic and on the basis of formula (61.38), putting

we obtain
x  =  a sin a t ,

Tit \ Dc7F(x) — -x Tza (63.34)

where a is the amplitude of velocity oscillations x  =  pfi. The ampli
tude of oscillation of the angle (3 will be:

a / a
«s =  — P = -----cos ata  \  to

(63.34) represents the well-known formula for linearisation of 
dry friction (see Section 13). Let us find the conditions for which 
it is here valid. According to (63.31) and (63.32) we have

W m
Tx± T]ato cos at
h 1=0

_  ̂ JCt]

from which
k7

™ > Wi or apcoa > h
V

(63.35)

which is the condition under which the further solution is valid.
The characteristic equation of the entire closed system from (63.32),

(63.34) and (54.10) takes the form

(T32 + 1) —- z  +  k j f T ^ z  + 1)&#2 +  k j c  +  ( T xz -f-1)(T^s +  l)s  — 0 .

In the expression for the Mikhailov curve L(ia) =  A( a)  +  iY(to) 
we have in the present case:

X(a)  = k1k -  7' Ta +  kJe,Ta + T a + T tj  toa ,

Y ( to )  =  (—  +  k, kt + 1 ) a -  2 W  .
(63.36)

Equating them to zero, we obtain two equations for finding 
periodic solutions. To investigate the influence of the coefficient k
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on the system dynamics, we express the quantities k and in terms 
of <oj fiom these two equations:

1t = !£ w {T i< 4+ i), a ,=
4 k7

*i
We note that ai =  oo with 

(co,)? =

— 1 — kjc6)

2 1 "f" k̂ kq
TxTt ’

7 1 +  hike 11 +  kjkg 1 ^

(63.37)

(63.38)

Varying to* in the interval (toi)b <  a>i <  +  co, we plot the graph 
oj =  f(k) according to formulae (63.37), as shown in Fig. 2816. The 
condition for which this solution is valid was expressed by in
equality (63.35). Substituting in it the values a =  aj and to =  toj 
from (63.37), we bring it to the form

4 |/2 Tjb
i t [ 6 - 2 T ,( l+ W ]  >  1 ’

where
b =  \  T\ + AkJcT^Tl- T t

(63.39)

To study the stability of this periodic solution we find from (63.36):

Criterion (62.33) is not satisfied, which signifies that the given 
periodic solution is unstable. This is shown by the conventional 
vertical arrows in Fig. 2816.

I t  is easy to verify tha t the value kb (63.38) coincides with the 
boundary of stability of a linear system without dry friction. Conse
quently, the addition of dry friction somewhat broadens the region 
of stability of the system but in a very peculiar way, namely: insta
bility of the periodic solution found signifies that with k >  kb and 
satisfaction of condition (63.39) the system may be small-signal 
6table (with initial conditions which give initial amplitudes of tran
sient oscillation in the system lying below the curve in Fig. 2816). 
However the system is large-signal unstable (with initial amplitudes 
of oscillation above this curve). This may be explained physically 
by the fact that a t large amplitudes and, consequently, at high 
velocities the damping effect of dry friction, which has the same 
magnitude at any velocity, becomes negligible, as a result of which 
the system is unstable in the same way as it waB in the absence of 
dry friction.

When (63.39) is not satisfied, investigation of both equations (54.8) 
simultaneously is necessary (this corresponds to non-linearity of the
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Becond class, since it involves both quantities: input I t and output p). 
Here the oscillations of angle p will take place with stopping. This 
is a more complicated problem.

Example 4. Let there act in the same system not dry friction 
but resistance to motion of object proportional to the  square of 
the velocity (simultaneously with linear), as in Fig. 282a. The

equation of the controlled object with motor has in this case the 
form (55.11). Let us rewrite here in a different way by analogy to 
the preceding example:

(T1p +  l)a?+F’(®) =  JcJt , x  =  pp , (63.40)
where

T1 = — , Jc1 = — , F{x) =  fcg^-signa:, fcg =  — . c2 ’ C2 ca

Putting x  =  asinto<, from the formulae of harmonic linearisation
(61.17) we obtain:

2tt
q(a) = —  f  Tega2sin2u (signsinu)sinudu  

TZd J 
0 n 2n

=  — Jcga2 sin3 udu ------kga2 sin3 udu  =  .
7zaJ tzaJ 3 n0 0

Consequently
. 8 7cgaF(x)  -— a?.

Setting up the characteristic equation as before, we come to the 
expression

X(fi) =  fcjfe- +  Tg + M .Z .+  T,J &  ,

F(ffl) =  | l  +  kjc, + .

Equating them to zero, we find
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The limiting values of co2 and k coincide here with the above (63.38) 
tu t  they no longer correspond to =  oo but to ax =  0. As a result 
we obtain the graph for determining the amplitude and frequency 
of the periodic solution, represented in Fig. 2826.

From (63.41) we have

Criterion (62.33) is satisfied. Therefore the periodic solution found 
is stable. Consequently, the quadratic friction leads to oscillations 
in the same region of parameters where the system without this 
additional friction would be unstable. This explains the increased 
damping effect of quadratic friction with increase in amplitude 
(and velocity) of oscillations, which prevents unbounded divergence 
of the system. We note tha t passage of the form of resistance to 
the motion of the object at high velocities from linear to quadratic 
is fully realistic.

The amplitude and frequency of oscillations are here defined by 
the graph (Fig. 282b) or formulae (63.42), where the amplitude of 
oscillation of the angle (3 will be a3 =

Example 5. In  the same servomechanism let it be required to 
take into account the effect of backlash in the mechanical trans
mission between the motor and the controlled object (shown sche
matically in Fig. 237) with linear motor characteristic and linear 
friction. In the oscillatory processes which interest us here the 
dependence between the angles of rotation (3 (after the backlash) 
and p, (before the backlash) will have the non-linear form shown in 
Fig. 2376, where 6 is the half-width of the backlash. Aside from this 
ron-linear dependence a second non-linearity is present (54.11). 
Assuming that the moment of inertia of the controlled object J* 
is large in comparison with the reduced moment of inertia of the 
motor, we shall put in equation (54.11) T[ =  0.

The first non-linearity (Fig. 2376) after harmonic linearisation 
with Pi =  a sin at, from formula (61.50) takes the form

where q(a) and q^a) are defined from formulae (61.47) in which it 
is necessary to take Tc =  1 (since the characteristic of Fig. 2376 
has a slope of 45°), namely:

p =  [g(a ,-« 4 » > ? ]p ,. (63.43)

(63.44)
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where
• i / ,  2b\u. = sin-1 I I ----- 1

\ a l
(63.46)

The second non-linearity (54.11) is written in the form px)
=  lc1I i . I t  is subject to harmonic linearisation according to formulae 
(61.20) and (61.21) also with =  a sin coi. The relation between

the angles pi and p is shown in Fig. 283. From the lower graph in 
Fig. 283 and formula (54.11) it is evident that

F ( p 1 , p 1) =  T 1 p i  +  p 1

with
^ w 3ir „ _0 < « < - ,  7r—w1< w <  — , 2n — u1 < u < 2nz z

and further (assuming that T[ =  0)

■^(Pn $i) =  $1
with

n 37t .2 <  u < 71- Hi, — < u < 2 n  — ui .

The condition of absence of the constant component (61.22) is 
here satisfied, while the second of formulae (61.21) takes the form

g,(a, to) =  — f (aoiconw)coaudu + I J L0
rt/2 3it/2

+  J  Tt{— a to2 sin u) cos u du +  J 2\( — a to2 sin u) cos u du  +
0 Tt—U\

2tt
+  j  Tj( — aufsiuu)  cos udu

2rr—Ml
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q2(a, to) is defined similarly. Integrating and equating the results 
to the expressions (63.44) we obtain

qx{a, to) =  to —^(aJT jto2 ,

where q^a) is the same as in formulae (63.44). As a result in place 
of the non-linear equation (54.11) with T[ =  0 we have

[®2(«)Z’iP +  l- ff i(o )Z > ]p p 1 =  k J t , (63.46)
where

g2(a) = - ( |+ M x- - s in 2 t t1J , (63.47)

and ?!(<*), are the same as in (63.44) and (63.45). In  Fig. 284a
are shown graphs for the magnitudes of the coefficients
2(a). 2i(«), «*(a).

On the basis of (63.43), (63.46) and the linear part (54.10) we 
come to the characteristic equation

(T3z + 1 )[q2(a) TjZ +  1 — g, (a) Tj to]z +

+  fc1[(2,3z +  l)ft6z +  fc] 2 ( a ) - 2i(«),  
to =  0 .

Consequently, in the Mikhailov curve expression we have 

X(to) =  k1kq{a) — [T3—T3T1<̂>q-L{a) +  T2q2(a) + k1k3T3,g(a)]&2,

, 2i(a)Z(to) = 1 — T^q^a) to +  kjctqia) — kjc ■
CO

TiT3q3{a) klk3T32i (a) to
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To investigate the influence of the parameter 1c on the free oscil
lations of the system we equate this expression to zero, substituting 
(5 =  0  and we express the quantity k in each of them individually:

M i(a) 0 , [ff’igaW 
q(a) “  +

T3ke + T»
(a)

TiTjfhla) 2
\q(a)  “  ’

\q (a )  . 1
. ii{a) ^ k & ia ) » - ( f C0‘? —

T\T3q2(a)
h<h{a)

(63.48)

(63.49)

Assigning various values a = at, for each value we plot from 
these equations two curves k(u)  (Fig. 284ft). Their point of inter
section gives the corresponding values co; and 1c. As a result it is 
possible to plot the graphs (Fig. 284c and d) of the amplitude af and 
frequency co* of the periodic solution in dependence on the para
meter k (each pair of curves as in Fig. 2846 gives a single point on each 
of the graphs of Fig. 284c and d).

At a =  oo, as is evident from Fig. 284a, we have q{a) =  q2(a) = 1 
and g,(a) =  0. Therefore we find from the expressions X(coj) =  0 
and Y (w*) =  0:

2 1 +  kjk3 . (1 +  fcjfcg) (Ti +  T3kikt)
ib “  * h ^  ®it xt 3

(63.50)

where along the curve in Fig. 284c the frequency wj varies in the 
interval 0 <  co/ <  (o)j)6.

To investigate the stability of the periodic solution here, in 
contrast to the preceding examples, we employ the method of 
averaging the periodic coefficients discussed in Section 62. The linear 
part of the system from (54.10) corresponds to an equation in devi
ations

(T3p +  l)A /4 =  - [ (T ,p  +  l)fc6p +  fc]A(3. (63.51)

The first non-linearity (Fig. 283) gives an equation in deviations

A|3 =  x (a )A p 1 , (63 .52)

where in accordance with formula (62.28) the coefficient x(a) is 
defined as the average value over a period sp/sp,. The quantity 
3p/3px =  1 with motion of the system, when (3 =  p ^ f t  and sp/sp, =  0 
when the system is stationary, as shown in Fig. 285c (with 
p1 =  asinw<). On this basis we obtain

x(«) =
7t +  2M1 

2 n (63.53)
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The second non-linearity (54.11) with =  0 corresponds to an 
equation in deviations

[y.i{a)p -l-llpA ^ =  , (63.54)

where the coefficient x,(a) as the average value of the derivative 
dFjd'h (where F  denotes the left-hand side of the non-linear equa
tion (54.11)) according to Fig. 285d, will be

* i ( « )  =  1 \  - - - - -  =  T M a )  • ( 6 3 .5 5 )

On the basis of equations (63.51), (63.52), (63.54) we obtain the 
characteristic equation

T, Tax (a )  p 3 +  [ T y v ,  (a )  +  T 3 +  k x Tct T 9 x  (a ) ]  p 2 +
+  [1 +  k xk 6x . ( a ) ] p  +  h 1k y . ( a )  0 .

The condition of stability of the periodic solution from this, 
applying the Yyshnegradskii criterion (29.3), may be written in the 
form

k < x ( a )
k1T1T3 (63.56)

I t  is everywhere satisfied since from (63.53) and (63.45) we have 
0 <  x(a) <  1, as a result of which the right-hand side of inequality
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(63.56) is greater than the quantity Tcb (63.50) while the value Tc in 
Fig. 284c is limited by the condition k < k b.

In addition, it is easily seen that the quantity kb (63.50) coincides 
with the boundary of stability of the linear system (without back
lash). Consequently, from the graph of Fig. 284c the backlash in 
the given servomechanism establishes self-oscillation in that region 
where the system without backlash was stable; the region of insta
bility of the system remains without change.

( a) f  ( b) M  ( c ) U Ui) ft

ITT I J \

i l l . . 1 sv ~ c
_ _

I c  
tJ Ob)bt O b  x 0 0 b

P i g . 2 8 8

Example 6. Let there exist a relay temperature regulation system 
(Fig. 27), described according to Section 53 by the equations (without 
feedback and neglecting the constant T2)

( l \ p  + 1)0 =  - ^ 5 ,  x = k2Q, \
(Tap + l)pZ = kaV , V = F{x) , } ( 7)

where F(x) is the relay characteristic shown in Fig. 286a. At the 
end of this example we shall also take into account time delay in 
the relay, instead of hysteresis delay.

The harmonic linearisation of the relay characteristic Fig. 286a 
according to formulae (61.16) and (61.35) gives

where

q M = - ^ W « ‘- b U - V a ‘- b t ) ,
ti a

«i(a) =
2 c(b2— bj

nai

(63.58)

(63.59)

From equations (63.57) and (63.58) we obtain the following charac
teristic equation for the closed system:

( l \ z  + l ) (Taz + l )z  + klk ^ q ( a ) - ^ - z ^  =

where
lC  —  *
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From this we obtain the expression for the Mikhailov curve
.X(to) — kjcq(a) — (2\ +  Ts)to2,

Y(co) =  J l - M g iW
to

to — T ^ c o 3 (63.60)

Let ns investigate the influence of parameter fc on the stability 
and self-oscillations in the given system. Equating (63.60) to zero, 
with a =  aj, co =  & =  coj, we have:

f f ( f l j )  _  (Yt +  T3) CO;

*hiai) 1 TxT3<j>1 
from which, after substituting (63.59) we find

(vz + bt + bi f -4blbl  
ai = -----------4z2----------  ’

where
v _  ih - b ^ T ,  +  Ta)co; 

l-T.TjCo?

(63.61)

(63.62)

Then from the second equation (63.60) taking into account (63.59) 
we obtain

7t(l—Î Î COjJcOj 2
2ckx{bt - b x) a‘ (63.63)

From (63.62) and (63.63) it is possible to plot graphs for the ampli
tude ai as a function of the parameter k by points corresponding 
to individual values of frequency cot, as was done in the previous 
examples. At the same time, since k is positive, from (63.63) it is 
necessary to assign values of co? in the interval

(63.64)

Let us consider particular cases.
Let the relay have the characteristic of Fig. 2866, where bx = b2 =  6. 

For this case we obtain from (63.59)

q(a) =  f Sl(0) =  0 . (63.65)7T/li*

Therefore the second of equations (63.60) 
value of frequency of the periodic solution

gives the constant

2C0Z 1
TiT*

(63.66)

Substituting this in the first equation (63.60), taking into account 
(63.65) we find

k = tz( T 1 -{- T t ) a i __

4ckxTxT3V a\-b*
(6 <  a i <  oo) . (63.67)
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Here Jc = oo in two cases: ab = b and ab =  oo. Let ns find from 
the condition of vanishing of the derivative of k with respect to at. 
We obtain

fcmin =  With «i = b V2 - (63-68)

The corresponding graph of ai as a function of the parameter Jc 
is shown in Fig. 287a. For this particular relay characteristic

(Fig. 2866) to investigate the stability we employ criterion (62.33) 
for which we first find from (63.60) and (63.65)

(8X \ 4 ckjt /262
\da)i i za\a2—b2 \ a 2 /
( > 0 for a <  6 j/2
I < 0 for a >  6 y 2

( i r )  == 0 , (% ) <  o\ Saji W /i
Consequently, the lower branch of the curve in Fig. 287a corre

sponds to an unstable periodic solution and the upper to a stable 
(oscillatory).
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In  a second particular case let the relay characteristic be ideal 
(Fig. 286c), i.e. 6X =  62 =  6 =  0. Here we obtain the previous con
stant value oil (03.66) and from (63.67) the linear dependence

iclc^iTs
a i~  +  (63-b9)

shown in Fig. 287b. Here only self-oscillation is possible : the region 
of stability of the equilibrium state existing in Fig. 287a hero drops 
out.

As we see, the zone of insensitivity has a stabilising significance 
for a relay automatic regulation system, where the width of the 
stability region (0 <  k <  kmln) from (63.68) is proportional to the 
width of zone of insensitivity 2b. Comparison of the given solution, 
taking into account the inertia of the regulator T3 with a solution 
neglecting T3 shows the importance of taking into account this 
factor. For example, for a characteristic of the form Fig. 286c neg
lecting 1\  we find only stability (at =  0) for arbitrary numerical 
values of the parameters (which does not actually occur), while 
taking into account T3 only self-oscillations (Fig. 2876). For a charac
teristic of the form of Fig. 2866 in place of an unlimited region of 
stability (neglecting T3) a strictly limited region of stability is ob
tained and further a region of self-oscillation with large amplitude 
with simultaneous existence of small-signal stability (Fig. 287a).

Further, in the third particular case when the relay has a purely 
hysteresis characteristic (Fig. 2866), i.e. 6t =  — 6a =  — 6, from (63.59) 
we have

q(a) =  — \/a2 — 62, (/i(a) = — ’ .7ia* rot2

Then from (63.62) we find

2 (1 +  Titof)(l +  T3Oil)
*Z  = ------------------------ T T ,----- ,( 1 - T ^ f

while from (63.63)
_7t6coj(1 +  T\(x>i)(A +  T%oii)

4cft,(l— TjT3oj\)

The curves in Fig. 287c and d plotted from these formulae define 
the amplitude and frequency of the periodic solution as functions 
of the magnitude of the parameter k. We shall here determine the 
stability of the periodic solution by the method of averaging the 
periodic coefficients. To calculate the coefficient x.(a) from (62.28) 
it is necessary to know the derivative of U with respect to x, which, 
however, becomes infinite at x =  6, when x > 0 and at x =  — 6, 
when x < 0. To avoid this, we replace the given characteristic

(63.70)

(63.71)

(63.72)



Approximate Determination of Oscillations and Stability 609

(Pig. 286d) by a new one (Fig. 288a), from which the given charac
teristic is obtained by the limiting process h^O . (For a second 
method using the delta function, see example 1 in Section 61). For 
the characteristic in Fig. 288a with variation of x  according to the 
function x  =  a sin (Fig. 2886) the derivative SU/dx takes on the 
value shown in Fig. 288c, where

,h =  sin-1 - ,  ■«, =  sin-1 b . (63.73)4% &

(a) T
c

L x

Averaging its value (62.28) according to Fig. 288c with limiting 
passage to the given characteristic (A->0) we have:

x(a) =  lim
ft->0

2c
2 ' j ( « ! - # l )

= lim 2c( ^ ~ mi)__
U2~>ui 7 i a ( s i ns i nm^) 9

since h =  asinM3 — asinM,.
Putting m2 =  mx +  Au and taking the derivatives of the numerator 

and denominator with respect to Am, we obtain:

2c 2cx ( a ) = l im -------------------- =  — ______  (63.71)
Ai«->o Tracos (Mj Am) n y a z—b2

Thus, from (63.57) and (63.71) we obtain the following charac
teristic equation:

T1T3z3 + (T1 + T 3)z2-\-z + lc1kx(a) — 0 . (63.75)
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Then the condition for stability of the periodic solution according 
to the Vyshnegradskii criterion (29.3) will be

(Tx + T3) >  TxTzkJtY.{a) .

Substituting here x(a) from (63.74) and the values a? and Tc from 
(63.71) and (63.72), we verify that they are satisfied. Consequently 
there will be stable self-oscillation in the system x = c^smo^i, with 
amplitude and frequency defined by the graphs of Fig. 287c and d 
or formulae (63.71), (63.72).

In the last case we took a purely hysteresis relay characteristic, 
when the delay in relay switching was defined by a definite value 
of input coordinate x = b (Fig. 286d). We shall now consider a case 
with time delay t  in the relay described in Section 53 (see example 
of temperature regulation system).

Let the relay characteristic have the form of Fig. 286c, but with 
a constant time delay t .  Then from (62.21) and (63.70), where b = 0, 
the approximate equation of the non-linear element in place of 
(63.58) w in  be

T7- 4 cV =  —  e-^x  .7ia

As a result we obtain the characteristic equation of the system

4c(T1s +  l)(T 3s-(-l)«-f Jcjc—  e~^ = 0 .tc a

The substitution z — ita taking into account the expression 
r ™  =  cos™ — isinxco gives the Mikhailov curve expression L(ici) 
=  X(&) +  iY(co), where

X  (u) =  — l1c cos™ -  (Tx +  T3) &  ,TZCL

Y (oi) =  - s i n™ +  W -  TiT, to3 .7CO

Equating them to zero according to (62.6), we obtain two equations 
from which we find

(Tx T3) coitan™t =  1 — TXT3cof ,
_  4 c k j c

7 t w j  v / i  +  {t \ + t\) <4+ tItWi

The first defines the frequency and the second the amplitude of 
oscillation in dependence on the regulator gain factor Tc and on the 
other parameters of the system. From comparison of the formulae 
obtained with (60.33) it is possible to see the character of the effect 
of the regulator time constant Ta on the oscillations in the system.
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We note that in all relay systems considered in the present ex
ample, at denoted the amplitude of oscillations of the quantity x. 
The amplitude of oscillations Oe of the regulated quantity 0 (tem
perature) according to the second of equations (63.57) vrill be

Example 7. Let us consider an automatic regulation system with 
regulating organ drive in the form of a two-phase motor. The charac

teristic of this motor for various values of the control voltage V has 
the form shown in Fig. 289a.

Linearising the characteristic, it is usually assumed

M  =  CjF — cawm . (63.76)

But this is valid in the first approximation only for the left-hand 
segment of the characteristic. If a larger portion of the characteristic 
is employed it is necessary to take into account its non-linearity. 
Considering that in Fig. 289a with increase of a>m the coefficient cx 
decreases while the coefficient ca increases, we adopt for a description 
of this characteristic in place of (63.76) the following non-linear 
expression:

Q
r- t V (c2 +  • | |) <DW(1 T  4  • I <um |

40

(63.77)
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(the absolute values <nm are employed in the coefficients since <oOT 
reverses while the coefficients should remain positive numbers). 
Similarly it is possible to take some other more suitable arbitrary 
non-linear function to describe the motor characteristic.

Let us make the substitution
x =  Oim.

Then the differential equation of the motor will be
c,

(63.78)

j d x
J t  — 1 +  c3 |m| V —c^c — Ci\x\x ,

where J  is the moment of inertia of the entire mass rotating with 
the motor, reduced to the motor shaft. Reducing to a common 
denominator, we obtain

clco decJ  + J C 3 \X\ +  Cufc +  (e2c3 +  et) \x\x +  CjC*®* = c ^ V . (63.79)

Here we have three non-linear functions
dec

Fl =  dt ’ Fi = I® I® ’ F* =  ®* •
Their harmonic linearisation according to the rules of Section 61

T, 4a dx
^ s k S '

8a 3aa
F ^ 3 ^ x >

Substituting this in (63.79) we obtain the following approximate 
equation of the two-phase motor (for oscillation):

[T3(l +  bxa)p +  (1 +  b2a +  bza?)]x = Jc3V (63.80)
in place of the ordinary linear equation (T3p + l ) x  = kaV, where

bi
4 Ca 
3tu ’ b2 =  2bi + 8c4 

3tzc2 ’
b3

3c3c4
4ca

(63.81)

Here a denotes the amplitude of oscillation of the angular velocity 
of the motor x  =  <om.

Further, the velocity of the regulating organ p i  taking into account 
the transfer factor of the gear reduction and using the notation 
(63.78) will be

p i = Tczx  . (63.82)
The equations of the regulated object and the sensitive element 

of the regulated will be taken in the forms
( l \p  + l )9 = - k 1l > V = k2<?, (63.83)

respectively, where <p is the deviation of the regulated quantity.
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The characteristic equation of the overall closed system according 
to (63.80), (63.82) and (63.83) will be

[Tj(l + bla)z + (l + bia-\-baa2)](T1z +  1)2 +  ̂  =  0 , (63.84)
where

ft ~  ft^ft^ft .̂

In  the Mikhailov curve expression we have here, consequently,

.X(<o) =  kxk —[T3(l +  bja) +  2\( 1 -f- b3a -f- 6a®2)] wa , 1
Y{&) =  (1 +  6aa +  63aa) G -  +  6xa) G3. j (63'85)

To find the periodic solutions we equate (63.85) to zero. Let us 
now consider the influence of the parameter k (the overall gain 
factor of the regulator). Equating the second of expressions (63.85) 
to zero and assuming to =  G =  co* and a =  a/, we obtain the equation

6 — (61T3T1coi — 6a) a j— (T3TjCo; — 1) =  0 ,
from which

a, 6iT3Ttco; -  h  +  1/ (61T3T1(o; -  6a)a +  463(T3T1 to ? -1)
263 (63.86)

From (63.81) it is evident that 6a >  6t . Therefore (63.86) gives the 
dependence of amplitude on frequency toj of the required periodic 
solution in graphical form as shown in Fig. 2896, where

tOft — 1 (63.87)

Further, equating the first of expressions (63.85) to zero with 
co =  to =  to; and a = at and using the second, we obtain the formula 
for the parameter k, the influence of which is of interest:

k = ^ ( l  + 6,a,)(1 +  Tftof)to? . (63.88)K1

From this formula, using the previous results, we obtain the 
graph of the self-oscillation amplitude oj as a function of the magni
tude of k, shown in Fig. 289c.

Let us investigate the stability of this periodic solution. For this 
we derive the equation of the system in deviations from the periodic 
solution. The equation of the linear part in deviations from (63.82) 
and (63.83) will be:

(2\ p  + l)p&V — — k je je^x  .

For the equation of the non-linear element (63.79), having the 
form

F(x,  x) -  cxr  .
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we find

—  — J  -\-Jc3\x\ ,

=  ' signa:! +  c* +  2 (C2C3 +  G*) I®I +  3ci,c4®*.

From (62.25) we obtain

Therefore the approximate equation in deviations for the non
linear element (63.79), from (62.24) and (63.81) will be:

while the characteristic equation for investigating the stability of 
the periodic solution takes the form

From this the condition of stability (from the Vyshnegradskii 
criterion

while the existence of the periodic solution in accordance with the 
previous characteristic equation (63.84) corresponds to the following 
equality:

[Ta(l +  bxa{) +  Tj(l +  b%ai +  6sa?)](l +  &2<ii+&3fl|) — T g T ^ k i  1 +  bya{) =  0.

From a comparison of the two last expressions wo see that for 
stability of the periodic solution the inequality

T3 (l +  |  Mijp +  ( i  +   ̂M i +  2Mi j A® =  fejAF

j^a 1̂ +  q e +  2 | (TjZ +1)2 +  kjc — 0 .

(Ts + T,
1 + 2  biai +  2 baa%

1 +  n bjfli +  2b3af\

must; be satisfied.
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For large amplitudes at its satisfaction is obvious. From this it 
follows tha t it is satisfied over the entire single-valued curve in 
Fig. 289c. Consequently, the periodic solution found is stable; it 
corresponds to oscillations in the given system with amplitude 
and frequency defined by the graphs in Fig. 2896 and c or the corre
sponding formulae given above. The amplitude of oscillations for 
the regulated quantity 3 from (63.82) will be

Substituting the value of u b (63.87) in the expression (63.88) and 
putting ab =  0, we find the limiting value of the parameter k in the 
form

For values of the gain factor k < kb the given system is stable with 
respect to the equilibrium state while with k >  kb self-oscillation 
arises in it.

Example 8. Above we have considered the influence of drive 
non-linearity and then the influence of quadratic friction individually. 
We now consider the simultaneous effects of drive non-linearity and 
quadratic (plus linear) friction. The friction moment is described 
by the non-linear equation (55.10) or, which is equivalent, the graph 
in Fig. 290a. Let the non-linear drive have a saturation type charac
teristic (Fig. 2906).

Then the equation of the motor and controlled object in place 
of (63.40) takes the form

AUu.t
Fig. 290

(T!p + l)x + F (x ) = e 'F jfli), x  = p$ 

where F( f t) is defined by the graph (Fig. 2906).

(63.89)
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In  the present case we have a non-linearity of the second class. 
According to Section 61 we assume

a? =  asinto$, Z4 =  Aasin(tof +  B ) , (63.90)

where A (to) and £(to) are the modulus and argument of the ampli
tude-phase characteristic of the linear part, where it is necessary 
to multiply the equation (63.89), according to (63.89), by p. As 
a result we obtain

W^ito) =  + Jc
(T3iu> +  l)»co

From this

IcT
1 + t W

Jc
(1 +  T 3to2) to

/ Jc2 2 fcfceT3to2
X  k*+  (1 +  Tsto^G? ’

(63.91)

which is represented graphically in Fig. 290c.
Since in equation (63.89) the variables x =  p(J and Z4 enter sepa

rately, their harmonic linearisation may be carried out individually. 
We apply to the non-linearity in the left-hand side of equation (63.89) 
the formulae from the previous Example 4 (with quadratic friction) 
while to the non-linearity in the right-hand side formulae (63.1) 
and (63.2) in which in place of a we substitute Aa  in accordance 
with (63.90). As a result the non-linear equation (63.89) takes the 
form

(T ,p +  l  +  ^ p P = s ( o , < o ) Z 4 , (63.92)
where

q{a, a) = Jc! = c’JcB with a ^ b ,

S( « , + S 3 T S )  V 1-  t y
with a > b

(63.93)

and A (to) is defined by formula (63.91) or the graph (Fig. 290c).
From equations (63.92) and (54.10) we obtain the characteristic 

equation of the closed system in the form

{T &  + 1 ) (TjZ +  l  +  +  l)fc6z +  k ] q ( a ,  to) =  0 .

The Mikhailov curve expression is thus

L(iu>) — X (to )+  iY(to) ,

ZT(to) =  Jcq{a, to ) - + T3 + TcaT3q(a, co) +  ^ T s to2 ,

Y(co) = 1 + Jeaq{a, to) + 8 Jc3a
3iz to — T j^to*

where
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Equating them to zero, we obtain

From the first equation we find easily all possible values of ampli
tude at and frequency to* as follows.

We assign some value to a>j. From the graph in Fig. 290o we 
find the corresponding A(coz). From formula (63.93) we plot the 
curve q(a, cot), shown in Fig. 290d.

We call right-hand side of the first of equations (63.94) s

and plot the straight line z(a, wt) according to this formula in the 
same Fig. 290d. At the points of intersection we obtain the required 
values of at as well as the values of q{atl toi). After this we calculate 
the value of the parameter h from the second of formulae (63.94).

Carrying out the same operation for various values of and 
obtaining for each the corresponding a and Tc, we can thus obtain 
graphs similar to those which were obtained in the previous examples. 
The amplitude of oscillation of the angle (3 will be t*p =  ot/toj. Then 
according to (63.94) from the condition of positiveness of the quantity 
q(at, <oj) we should have wj >  1 IT1Ta.

Example 9. For simplicity in all examples above we have limited 
ourselves to third-order equations. The method is unchanged for 
arbitrary order of equation of the non-linear system. Let us take, 
for example, the automatic course regulator of the aircraft with 
non-linear rudder drive. The aircraft equation (with respect to 
course) taking into account the angle of slip, according to (25.8) 
will be

(in the transient without external perturbations). The autopilot 
with feedback and with introduction of two derivatives is charac
terised by the equations: (a) the linear equation of the sensitive 
elements and the magnetic amplifier according to (25.11), (25.19) 
and (25.24)

(T3p +  l ) I  =  (A:3fc4- | - ^ 6p +  A:3'̂ #Pi!)<j/-* 7 M  
and (b) the rudder drive non-linear equation

p8 =  F ( I ) ,

where F(J)  may have any of the forms shown in Fig. 210.

(63.94)k =  J > 2(1 +  2V )
q(at, <oj)

[(Tjp +  l)(T 2p +  l)  +  fcaT2]p+ =  -fc^TaP +  lJS
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For example, in the presence of hysteresis and saturation (Fig. 240/) 
the equation of this non-linear element will be

p8 = «(«) + gi(a)
CO

I ,

where q(a) and q^a) are defined by formulae (61.44) with qx(a) <  0. 
With a zone of insensitivity and saturation (Fig. 2406) without 
a hysteresis loop, the equation will be

p8 =  q (a ) I ,
where q(a) is given by (61.40) and, in particular cases, by (61.41) 
or (61.42).

According to the above the characteristic equation of the system 
will be

[(TjZ +1) (3V +1) -1- k 2 T 2 ] z  +  |( T 2z 1 )s +  fc7fce g(«H gi(a) ,
(O +

+  ftd T &  + 1  )(Jc3Je4 +  JcBz  +  k 2'Jc„z2) g(«) + gx(<0 z
CO

=  0 ,

where qx(a) <  0 in the presence of hysteresis and qx{a) =  0 without it.
I t  is possible to consider somewhat simplified types of systems. 

If the autopilot does not have feedback (fce =  0) and the second 
derivative is ot introduced (Jca =  0), then taking into account the 
angle of slip of the aircraft (T8 ^  0) and the inertia of the autopilot 
(Ta ^  0) the characteristic equation of the system takes the form

[(T #  + 1 ) (T *  + 1 ) r  k 2T 2\  ( T az  + 1  ) z -  +  

+  \ ( T 2z  +  .1 ) (*3 * 4  + k aTc5z ) q(a)-r z
CO

0 . (63.95)

Putting here z = iu>, we obtain the corresponding expression for 
the Mikhailov curve

L(ib>) =  X(u>) + iF (w ) , (63.96)

and, as in the previous examples, equating X(u) and Y (to) to zero, 
we can plot the dependence of ai on the parameters fc3 and ka. From 
these graphs we may di’aw conclusions as to the possibility of self
oscillation and the region of stability of the given system with 
respect to these parameters. If the drive characteristic has no 
hysteresis loop, the system will be stable for those values of the 
parameters for which the Mikhailov curve (63.96) satisfies the linear 
stability criterion for arbitrary constant value a in the interval
0 <  a  <  oo.

Considering various alternatives, it is possible to examine the 
effects of introduction of derivatives, feedback, individual time
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constants and transfer factors on the system with non-linear rudder 
drive.

Example 10. In  all above examples we have started from the 
Mikhailov curve expression for the non-linear system. But, as shown 
in Section 62, algebraic criteria may be used for the same purpose. 
Let us illustrate this.

Let us consider, for example, the automatic relay regulation 
system considered above in Example 6. There we obtained the 
characteristic equation for determining self-oscillation in the form

! 2’j z + 1) (rI’-,iZ +  1)2 +  kxk « (« )- «i(o) =  0

or
T1Tsz* + (T1+ T s)z* + 1 — kjc «i(«)

(O Z + kxkq(a) =  0 •

This is a third-degree equation. Therefore we use conditions (62.15) 
and (62.16) which in this case take the form

(Tx + T,) 1 — kjk gi(«t)'

TxTttai =  l - k , k

— J^iTJt-Jiq{ai) , 

gi(«i)

Substituting the second in the first, we may write

(Ti +  TjJwj =  k1kq(ai) .

From the last two equations we easily obtain the previous relations 
(63.61) and (63.63) and from them all the previous results of Ex
ample 6.

The matter is completely analogous for all the other examples 
analysed above, where a third-degree characteristic equation was 
obtained.

As a second example let us take the characteristic equation of 
the aircraft with non-linear autopilot (63.95), assuming for simplicity 
T, =  0 and q^a) =  0 (absence of hysteresis loop). I t is written in 
the form

Tl T2z* + (Tl +  T 2)z3-| [1 +  k/l'z+kiTikskzq(a)]22 +
+  *i(T2fc3fc4 +  Kkb)q(a)z +  k^k^qia) =  0 .

To determine the periodic solutions we employ conditions (62.1s) 
and (62.19) which here take the form

i ^ 2̂ 3ft* -f kzks) {(2\  +  Ta)[l "I- k^T^-^-k-iTJc'ikff^Uj)] —
- T1TJc1(T2kzki + kakb)q (a i)}-k3ki(T1 + rl \ ) lq(a) --- 0 .

(Tj f- T2)coj =  fcj(T^kjci +  k'tk5)q{ai) .
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From the first equation it is possible to express q(.at), and thus 
determine the amplitude as a function of the system parameters. 
After this, from the second equation we define the frequency coj. 
In  more complicated cases the frequency uj enters into the first 
equation as well (for example, taking into account a hysteresis loop). 
Then these two equations are solved simultaneously.

64. Improved first approximation in determining self-oscillation

The method considered above for determining self-oscillation is 
a first approximation to a solution of the problem when only the 
fundamental component of non-linear oscillation is considered. In 
this the fundamental component of the non-linear function was 
calculated only from the fundamental component of the argument. 
We have limited ourselves above to this first approximation in 
studying non-linear automatic regulation systems, firstly, because 
in the majority of problems of regulation theory it gives sufficient 
precision for practical purposes, and, secondly, because the con
struction of higher-order approximations is in general very difficult 
(we have fully succeeded in taking into account higher harmonics 
only for the relay system, Section 69, for which there also exists 
the exact solution described in Section 59).

In a number of cases it is possible to check the qualitative and 
quantitative correctness of the result by a consideration of the 
amplitude-frequency characteristic of the linear part of the system, 
which shows to what extent the higher harmonics, neglected in the 
calculation, are actually attenuated in passage through the linear 
part. In addition, after definite system parameters are selected on 
the basis of the given approximate study, it is possible to plot for 
them the curve of the regulation process (see Chapter XVIII), which 
serves as an estimate of the degree of correctness of the calculation. 
Finally, experimental results may serve as a criterion.

Along with this, it is possible to propose the following improved 
solution of the problem in comparison with the first approximation 
considered above based on recommendations of X. X. Bogoliubov 
for cases where it is necessary to take into account at least some 
of the higher harmonics of the argument of the non-linear function.

Let us consider a non-linear system of the form in Fig. 229, where 
the equation of the linear part is

while the equation of the non-linear element, for example

Qi{p)x i =  - R t(p)x 2 (64.1)

■v.2 —: F  (3?,, v j) . (64.2)
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Previously we have sought a solution in the form xy =  osincoi, 
assuming tha t practically no higher harmonics pass through the 
linear part. We now take these higher harmonics into account and 
write:

a?! =  asinwt +  ajn , xy =  aocoscof-fx^ , (64.3)
where are higher harmonics,
X j j i  =  OaSin(2£of+ <p2) +  aasin(3ut +  cp3) +  ... H-a„sin(«w< +  <pn) (64.4)
(only a limited number n o harmonics can have substantial value). 
The presence of given multiple frequencies in the higher harmonics 
is defined by the expansion of the given function (64.2) in a Fourier 
series with x1 =  asinwf, while the amplitudes and phases of these 
harmonics depend also on the linear part. For example, for single
valued odd (symmetrical) non-linear functions F{x) there will be 
present in the expansion only odd harmonics where frequently it 
is sufficient to take into account only the third harmonic. Then

xyh =  03sin(3wf +  %) , (64.6)
where % and <p3 are as yet unknown.

Let us expand the non-linear function (64.2) in a Taylor series 
taking into account (64.3). Assuming th a t the first harmonic pre
dominates, we limit ourselves to the first terms of the expansion. 
In  the result, putting u =  u>t, we obtain

F{xy, xy) — F(asinw, awcosw) + F'ay{am \u, atocosM)#,/, i
+FW asin«, a<i)Cos«)selA, (64.6)*1

where F'n  and F'^ denote the partial derivatives of the given function 
F (x i, xy) with respect to xy and xy. Previously we took the first 
harmonic of the function F (osin« , awcosw). Now we join to this 
function, according to (64.6), corrections taking into account the 
presence of higher harmonics in the argument xy of the non-linear 
function. Substituting the expression for xyh in (64.6), we shall now 
calculate according to the previous rules for harmonic linearisation 
the fundamental components of all three terms of expression (64.6).

I t  is obvious tha t as a result of this improvement the approximate 
equation for the non-linear element (64.2), in place of (61.11), takes 
the following form:

(</ +  q' +  g l 1 Pj -f x2h . (64.7)

where xyi =  a sin a>t is the fundamental component of the variable xL 
while x2k are the higher harmonics of the variable x2. Here q and qy 
are defined as before by formulae (61.8) while the quantities q' and q[ 
represent corrections to these coefficients taking into account higher 
harmonics and are defined by the formulae
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-iv

q' — I [i^i,(asin«, awcos«)a5i/l +
7Zd J  0
+  F -  (asiiiM, aweosM).rlft]siiiMdM ,

7i
1_ 

7ia j  u, awcosw)a;]A+

+F* (asin%, a«cosw)®ift]cosr«<2w

(64.8)

Among the higher harmonics X& of the non-linear function 
x2 = F (x1, xx) it is necessary also to determine those which are of 
the same harmonic order as were taken into account in the argu
ment x x (64.4). In  determining the higher harmonics introduced to 
improve the first approximation, it is natural to limit ourselves to 
the expression F{xx,x x) = F(asinw, aw cos m). This agrees with the 
fact tha t expression (64.6) was adopted as the improved fundamental 
component. As a result, applying the formulae for the Fourier series 
coefficients, taking into account (64.4), we obtain:

■Col,

where

1 / s2 cos q>» — r» sincp, \
t r2C0«<Pa +  SjSm<p2 +  ------ —  ------- T- f  p i a +

! (r3cos<p3 c -s-3sin % -  'S3-COŜ - - - 3-81- ? 3 p\ xX3 f  r:a^\ 60) J

-  , . . tfnC O Scpn r n  S H I <p?»n----- (r?,cos9„ ;-s„sm9„H---------------\ )l/0) |  x\n > (64.9)

-TT

r 2 I F ( a s i n u ,  a t o c o s m ) s i n 2 m , 
0 
2 71

.v.j r" j _P(asinu, ao)Coau)coa2udu , 
*0 
2 k

/3 =•= j F (asinu, aoiC08u)sin3udu , 
0
2 k

»3 ^  f  F(anin u, au> cos u) cob 3udn . 
o

(64.10)

r „ ) F ( a s i m i ,  aa> c o b  u )  s in  n u d u  , 
o
2 k

sn -- j F { a s m u ,  ao> c o s  u )  c o b  n u d u  ,
0
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and the higher harmonics of the argument xx figuring in (64.4) are 
here denoted by

x12 =  oasin(2(ot +  92) , a?13 =  a%sin(3<ot +  <pa), xin =  anm\{nu>t +  <p«) •

Substituting (64.7) and (64.9) in the equation of the linear 
part (64 .1), we divide it into n equations. To determine the funda
mental component of the oscillation x11: =  a sin cot we obtain the 
characteristic equation

0 i( * ) + ( «  +  a' +  ?— ^ * ) w  =  o ,  ( 6 4 . i l )

and to determine the higher harmonics x12, x13, ..., xin we obtain 
the characteristic equations

Qi(z) +  —  (r2cos <p2 +  «2 sin 92 +  82 cos yao 1 a B-m 98 Et(z) =  0 ,
7 t a 2 \ 2o)

Qi(*) +  — 1>-3 cos 93 +  s3 sin <p3 +  ■̂ V ' 3 - my3 ~) Rl^  =  0 ’

Qi(«) +  —  (>’»cos9„ \
8 1 1  COS tp n  T f i  SUlfpTi

nco ^  Ri(z) =  0 ,

(64.12)

respectively, where the quantities r2, s2, r3, sa, ..., rn, sn are functions 
of the amplitude a and frequency co of the fundamental component. 
Consequently, each of equations (64.12) individually defines the 
amplitude af and phase 9,- corresponding to the ?th harmonic as 
functions of a and co.

Let us now demonstrate the proposed method for determining 
this dependence, for example, for the nth harmonic. Substituting 
in the last equation of (64.12) z =  into, we come to the expression

Q,(i»to)H----- (r„+ isn)(cQ89»-Tzan i sin <pn) Ri(in<o) =  0

from which we obtain 

where
izane% =  d>n(a, co) ,

(rn + isn)Ili(in<o)^n(a, (1)) — Q(imi>)

(64.13)

(64.14)

From the last formula it is possible to plot the series of curves 
O(o>) in the complex plane for various values of a (Fig. 291a). 
Plotting a circle of arbitrary radius nan in the same graph, we obtain 
a t the points of intersection a, b, c of this circle with the curves 
fl>(a, co), according (64.13), values of the phase <p„ for various values 
of a (as the angular coordinates of the points). We plot the result
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in the plane of the coordinates On, <p„ (Fig. 2916) in the form of 
pointB A lt B lt Gx. At these points we write the values of to which 
occur a t the points A , B , C. Plotting in Fig. 291a a series of circles 
of various radii nan, we find new points in the plane {an, cp„), which 
joined by a smooth curve give the required dependence of an and <p„ 
on a and to in the form the graph of Fig. 2916 *.

F ig . 291

All remaining equations (64.12) are individually solved by analo
gous means.

All these relations must be used to find the fundamental com
ponent from equation (64.11), where the coefficients q' and q{ depend 
on all a,- and <p,-. Therefore, applying to equation (64.11) the previous 
method of finding the periodic solution (Section 62), we obtain two 
equations

X (a , g > ,  ai , tp2, Oa, cps ,  ..., an, tp«) =  0 , 1
1 (64.15)F (a , to, Ug, , 03, <p;j, . . . , an, tp«) =  0 . j

Thus, the periodic solution (64.3)-(64.4) will be fully defined 
in a more exact form than the first approximation.

In  particular, if the equation of the non-linear element has the 
form of an odd single-valued function x2 = F (xx) and only the third

* It is not necessary to plot the graphs of Fig. 291o and b, in place of which 
we calculate n„ -= 14^(0, u)|/7r and ep„ =  arg®M(a, to).
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harmonic (64.5) is taken into account, formulae (64.8) take the form

2rt

o
2rc

q[ = aaSm<P? | iP̂ 1(asinw)coei3 'Wcoswd'W , 
Tid J 0

While formula (64.9) will be:

Xih =  —  (r3coB<p3-  r i > B m< P 3 , xlh =  OsSin(3tof+  93) ,TCttj \ *30) /

where, from (64.10)

>3 =  f F(asintt)sin3wdw .
0

Formula (64.14) takes the form

0)3(a, w) =  - r-j(a)Bi(i3 co) 
Qi(i3u) J

(64.16)

(64.17)

(64.18)

(64.19)

as a result of which the plotting of curves 0 (a , to) in Fig. 291a or 
the equivalent calculations are substantially simplified.

Equation (64.15), defining the fundamental component of the 
required periodic solution, is also simplified, taking the form

X (a , w, Oa, cp3) =  0 , Y(a, co, Os, cp3) =  0 . (64.20)

Here we have carried out calculations for the non-linear element 
with equation xa =  F{x, xx), and x2 = F (xx). The same method of 
improving the solution remains valid for the other forms of non
linear elements considered in the previous paragraphs. In  particular^ 
for a non-linear element described by the equation

F{xa, i 8) =  Cj®! , (64.21)

all previous formulae (64.3)-(64.10) remain in force, if we substitute 
in them xx by x2 and x2 by cxxx. In  formulae (64.11)-(64.14) it is 
necessary to interchange Qx and R x. The final equation in improved 
form will have the same general structure as (64.15).

Example 1. Let us improve the first approximation in determining 
self-oscillation for the non-linear servomechanism considered in 
Example 1 of Section 63. We shall take into account only the third 
harmonic, i.e. we shall seek the periodic solution in the form

1*. = In + I ih , I 4i =  asina><, 7^ =  a3sin(3co(+  93) • (64.22)
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The derivative F ' ( 1 4) from the graph of Fig. 276a will be:

F'(Z4) = kc with — b <  I 4 <  +  b ,
F '(I4) =  0 with I 4< - b  and Z4 >  + b .

Therefore, putting
i bit, =  sin-1 -  , a

from formulae (64.16), introducing in them c'F in place of F  and 
taking into account the previously introduced c’kc =  k4, we obtain:

q' =

9 i  =

2̂̂ 0 COS (pg 
7ia

U\ 7t+Wl
1 sin3«sin«dtt +  I sin3t*sinwda,)

n—u 1 '

sin 9 3  

7t a

Ml It+Ui

1 ( C083uC0Budu + J" c o s 3 m c o s «< Z «  ,

from which we find q' = q[ =  0 with a <  b and

, 4ft1i 3_ / ,  b2 03
q =  —4 - 1/  1 ---- ; — coscpg,it a3 a* a

&a\8'2a3 ■
Tr8™ *

4k!& j 
7ra

for a >  b . (64.23)

From formulae (64.18), also with substitution of F  by c'F and 
c'kc = k4 we obtain r3 =  0 with a <  b and

4\ b  / b2\2>2
r‘ - ^ r V - a ° ) for a >  b . (64.24)

As a result, according to (64.7) and (64.17) the equation of the 
non-linear element (controlled object with drive) will, in place of 
the preceding (63.1), be:

(Tlp + l)p$ q(a) + q'(a, a3, cp3) +  ^ -fl-, ^ ,^ pCD
1

7Zd̂
/ v r3(a) sin cparz{a) cos tpa------------ — p

O  CD

Aj +

Aft ! (64.25)

where g(a) has the previous value (63.2).
The periodic solution (64.22) will be sought separately for each of 

the two components in the right-hand side of this equation. Joining 
the equation for the remaining part of the system (63.3), we obtain 
the characteristic equation for the first harmonic equation

{ T 1g  +  l ) ( T ^ i  +  - l ) z + ^ q  +  q '  +  ^ p j  [k  +  { T a p  +  l ) k 9 p ] =  0 1 (64.26)
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while the third harmonic is defined graphically (Pig. 291a) employing, 
from (64.19) and (64.26), the expression

r3(a) [fc +  (T83ito +  l)fl;a3tto] 
( T iS i i t i  -f-1) (T83£co -f-1)3ico (64.27)

as a result of which we obtain a graph of the form in Pig. 2916 for 
Of and <p3 in dependence on a and to.

Prom equation (64.26) after substituting z =  tto and separating 
the real and imaginary parts we obtain two equations (64.20) in 
the form

X  =  (q +  q ' ) lc -q '1lc(lu>)--(q +  q ' ) T 3klio>l - ( T 1 +  T 3)o>2 =  0 ,
Y =  q[k -f- co -f- (g +  2) — 2 i — T1T3(a3 = 0 .

Prom this we easily find the functions

2 +  2' =  A(«), =  /«(«). (64.28)

In  addition, let us plot further the curves 2 +  2' against to and q[ 
against to for various values of a (Fig. 291c and d). These curves 
are plotted as follows. We take an arbitrary value for the amplitude 
of the fundamental component a. This corresponds to a definite 
curve in Fig. 2916 from which we take values of the quantities Oj 
and 93 in dependence on to, after which from formulae (64.23) and 
(63.2) we calculate q',q[, and q and plot a series of curves (Pig. 291c 
and d). Finally, on the same graphs we plot the curves / x(to) and / a(to) 
from formulae (64.28). The solution of the entire problem will be 
that value of to for which in Fig. 291c and d the curves / t(to) and / 2(to) 
intersect the curves corresponding to one single value of a (for ex
ample, points D  and E ).

This defines the corrected values of amplitude a and frequency to 
of the fundamental component in the periodic solution. Knowing 
them, from the graph of Fig. 2916 we can then take the values of a8 
and <p8. As a result the required periodic solution will be completely 
defined:

/ 4 =  asintoi +  aasin(3co< +  98) .

To find the form of the periodic solution for the regulated quantity (J 
in the given system

p =  a& sin (at + 9 3 ) +  asi sin (3toi +  9 ^ )  ,

it is necessary to employ equation (64.25), from which we find 
ap, 93, 030, 93(3 with the use of equalities

aefiW =  a g + g' + igl 
( T ] ? '  6 )  - f -  1  )  ?' 6 )  ’

a3Q6{vW. r»{a)
•rc^IYico +  l)3ico '

41
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where we substitute the values of <o,at q + q' and q[ taken a t the 
points D  and E  (Fig. 291), defining the periodic solution for the 
variable I t .

Example 2. Let us consider the relay system examined in ex
ample 6 of Section 03. Let the characteristic of the relay circuit 
have the form of Fig. 2866 (with a zone of insensitivity). We shall 
seek the periodic solution in the form

x  =  asinc0i +  a3sin(3tirf +  <p3) . (64.29)

Calculation of the coefficients q' and q[ (64.16) here has the following 
feature. The characteristic F{x) (Fig. 2866) has discontinuities at 
x = b and x  =  — 6 of the magnitude c, and a t all remaining x  it is 
constant. The derivative of the discontinuity, according to Section 6, 
is an impulse (delta-function). Therefore the quantity F'x{x) entering 
into (64.16) will be zero for all x  except x  =  6 and x  =  — 6 where 
it will be an impulse of area e. Taking into account tha t x  =  asinw 
enters into Fx in formula (64.16) and employing relation (61.33) 
we rewrite this formula in the form

, Ida cos ©3 r . . „ du ,
a = —------— Fi(a8mM)sin3ttSin'ii-J- a #7ua j  (Lx0

a

=  f  F'x{x)m \3utgudx .iza* J o
But in the interval 0 <  x  ^  a the quantity F'x{x) is not equal to zero 
only a t a single point x  =  6 where a t this point we have u =  tq 
=  sin—I(bja). Therefore the above integral will be the area of the 
impulse o, multiplied by the quantities sinSsqtanw,. As a result, 
taking into consideration tha t

6sinw, =  -  ,a
we obtain

=  4c6»q3COBq>3 
9 7vo3j/o3̂ 6* \ a2/ '

From formula (64.18) we find
n

ya =  4 J  csin3Md« =  y  | l - 4 ^ J l / l - - .

(64.30)

(64.31)
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Consequently, the equation of the non-linear element, from (64.17) 
here takes the form

v > -  ( « + + S p) * • + 4  (’■*cos,,»“  ^ P !’) % ’
where xi =  asincofl, xh — a3sin(3co/ +  <p3) .

Joining to this the equations for the linear part (63.57) we obtain 
the characteristic equation for the fundamental component in the 
from

(T1* +  l)(T ,« +  l)*  +  fcfc1|

where q has the previous value (63.65). To determine the third 
harmonic we find from (64.19)

q + q '+ % \  = 0 , (64.32)

<h3(a, to) _______ faMMh_______
(3T1ito+ l)(3T 3ito+l)3ito ' (64.33)

This permits us to find graphically (Fig. 291a) a8 and <p3 as functions 
of a and to (Fig. 2916).

Then, substituting in (64.32) z =  tto, we write equations (64.20) 
in the form

X  =  klCiiq +  q’) — (Tt +  T3) to2 =  0 .
Y  =  k \q [  +  to — T tT a to 3 =  0  .

From this we find

q + q '= fii« )  = (Tl+^ ,

TiTgtoS-toq =  /,(to) =

After this the problem is solved by the same method as in Ex
ample 1.

65. Approximate frequency method for determining self-oscillation

On the basis of the work of N. M. Krylov and N. K. Bogoliubov 
(Reference 5, 6) L. S. Gol’dfarb developed the application of frequency 
stability criteria to determine self-oscillations in non-linear systems 
for non-linearities of the typo xi = F (xl) and ®a =  F (xl> i,). We 
Bhall here be concerned only with non-linearities xi = F (x1) since 
in the other cases more complicated graphical constructions are 
encountered.

Frequency characteristic. As usual, let the non-linear element be 
segregated in the automatic regulation system (Fig. 229c). We open 
the system in the manner shown in Fig. 292a where the equation
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of the non-linear element has the form

= F fa ) , (65.1)

while the equation of the linear part of the system will be

Qi(p)xt =  -Ki(3>)a?2 . (65.2)

Closing the system corresponds to the substitution

• (65.3)

We apply sinusoidal oscillations to the input of the non-linear 
element (Fig. 292a)

a?1 =  asinco<. (65.4)

At the output of the non-linear element we obtain forced oscillations 
according to (65.1)

xz =  F  (asm at) , (65.5)

which may be found, for example, as shown in Fig. 2926.
We expand (C5.5) in a Fourier series and retain only the funda

mental component, dropping all higher harmonics. I t  is obvious 
tha t this approximate representation of the forced oscillation is 
equivalent to harmonic linearisation of the non-linearity considered 
in Section 61. On this basis, to determine the fundamental harmonic 
of forced oscillations of the quantity x2 we may employ the same 
method as applied in Section 8 for linear systems, as follows.

From (61.16) the approximate transfer function of the non-linear 
element with equation xz = F(Xi) will be

Wn =  2 (a) +  ̂ ^ p
Cl)

and
Wn =  q(a)
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in the presence of a hysteresis loop and in its absence respectively. 
Here expressions q(a) and qt(a) are defined by formulae (61.17) 
and satisfaction of condition (61.18) is required.

The approximate complex gain factor or approximate amplitude- 
phase characteristic of the non-linear element with equation x9 =  J ,(®1) 
in the presence of the hysteresis loop will thus be

Wn{a) = q{a) + iq1(a) (65.6)

and without the hysteresis loop

W»{a) = q(a) . (65.7)

This approximate amplitude-phase characteristic defines the ampli
tude and phase of the fundamental component at the output of 
the non-linear element (if a sinusoidal signal is applied to the input), 
namely, expression (65.6) may be represented in the form

Wn(a) = A n{a)eiMa>,
where

4n(«) =  V[3(a)]a +  [«i(a)? , P»(«) =  t a n - * . (65.8)

Consequently, the fundamental amplitude at the output will be 
<i% =  aA„(a) while the phase shift p»(a), where a is the amplitude 
at the input to the non-linear element. As a result we have the 
following forced oscillations at the output of the non-linear element 
(fundamental component):

xz& aAn{a)sin[to< +  p„(a)] •

For example, the output quantity x2 of the relay circuit with 
characteristic of Fig. 267a varies during the forced oscillations 
as shown by the continuous polygonal line in Fig. 292c. The broken 
line shows the fundamental sinusoid of component, where from 
(<>5.8) and(61.35) we have

=  _  iui + u* TC\ _  b ( l - m )
\ 2 2 / \/a2- b 2 + \/a2- m 2b2 '

The actual stepwise curve is replaced in this caBe by a sinusoid 
(fundamental component), the peak of which coincides with the 
axis of symmetry of the actual rectangul r  waveform (Fig. 292c).

For non-linear elements with equations the form x2 = F{xx) 
without hysteresis loop, as we know from Section 61, q^a) =  0. 
Consequently, for such elements A n =  q(a) and (3n =  0, i.e. the 
forced oscillations do not have a phase shift at the output.
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One of the principal differences in the character of forced oscil
lations in non-linear systems from those in linear is their essential 
dependence not only on the frequency but on the amplitude of 
the input oscillation. This principal property is registered by the 
approximate expression for the amplitude-phase characteristic writ
ten here for the non-linear element. In  formulae (65.6)-(65.8) we

F ig . 293

obtained a dependence only on amplitude a, since consideration 
was limited only to non-linearities of the type x2 =  F{xx). For more 
complicated non-linear elements the frequency « also enters into 
the amplitude-phaso characteristic. In addition, as we shall see 
below, a dependence on frequency will always enter through the 
linear part of the system.

In  Section 61 we presented expressions q(a) and qt(a) for the 
most typical relay and other simple non-linear elements. On this 
basis we plot approximate amplitude and phase characteristics, 
calculating according to formulae (65.8). The results for the simplest 
cases are presented in Figs. 293 and 291 (the graphs are taken from 
the work by L. S. Gol’dfarb, 1947). They also present the inverse
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amplitude-phase characteristics

Mn(a) =  „  .—- =  JEn(fl) -\-iYn{a) . (65.9)

The graphs indicate all necessary notation and the types of non
linear element characteristics. I t  is possible similarly to plot graphs 
for other specific non-linear elements.

The amplitude-phase characteristic of the linear part of the system 
will have, according to (65.2), the form

TO*>) = (65.10)

Tho overall approximate amplitude-phase characteristic of the 
closed network with non-linear element will be

W^a, oi) =  Fn(a) Wi(ito) =  [g(a) +  i2i(a)]"W<tt) . (65.11)
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Consequently, the amplitude and phase of the fundamental com
ponent of the output quantity x3, defined by the formulae

« a  =  | W(a, co)|a and p 9  =  argW (a, to) , (65.12)

depend here not on the frequency to as in linear systems, but also 
on the input amplitude a.

Finding self-oscillations in closed systems. Undamped sinusoidal 
oscillations with constant amplitude in the closed system, according 
to the frequency stability criterion (Section 30) are defined by 
passage of the amplitude-phase characteristic of the closed system 
through the point (—l , t 0), i.e. by the equality W  =  — 1. In the

present case this will be the condition for existence of a periodic 
solution in the closed non-linear system which is assumed approxi
mately sinusoidal. Thus, we have the condition

W{a, co) =  — 1 .
Taking into account (65.11) and (65.9) we may write this in the form

Wi(iw) =  — Mn(a)
or

TTi(»to) -  _ g(a) +  *£(«) ’

where g,(a) =  0 in the absence of the hysteresis loop (the right-hand 
side of (65.14) will be in this case real).

The left-hand side of equation (65.14) or (65.13) represents the 
amplitude-phase characteristic of the linear part of the system 
while the right-hand side, the amplitude-phase characteristic of the 
non-linear element (fundamental component), taken with opposite 
sign. This equation may be solved graphically as the point of inter
section of the two characteristics (Fig. 295a and b). At the point 
of intersection we take from the curve Wj(ico) the value of the 
frequency toj while from the curve M„(a) we take the amplitude a( 
of the required periodic solution. Fig. 295a corresponds to a system 
with non-linear element having a hysteresis loop, when, from (65.6)

(65.13)

(65.14)
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and (65.9), the characteristic Mn(a) is complex. In  the absence of 
the hysteresis loop when M n{a) is real, we obtain the graph of 
Pig. 2956.

In place of (65.13) it is possible to employ also the expression

~  W,(i<o) =  Wn(a) > (65.15)

i.e. to seek a solution as the point of intersection of the amplitude- 
phase characteristic of the non-linear element with the inverse 
amplitude-phase characteristic of the linear part of the system 
taken with reversed sign (Pig. 295c and d).

Pin. 296

The stability of the periodic solution is roughly estimated as 
follows (this method is not rigorous, but in many cases its appli
cation is sufficient). We give a small increment of amplitude a =  aj+ 
+  Aa. Then with positive A a we obtain on the curve — Mn{a), for 
example, the point ax (Fig. 296a), while with negative A a, the 
point a2. For the periodic solution to be stable it is obviously necessary 
that with positive Aa the oscillations are damped while with nega
tive A a they diverge. Prom the frequency criterion (Section 30) 
for a stable or neutral closed system it is necessary that the resultant 
amplitude-phase characteristic ~W{a, co) in the first case should not 
enclose the point (— 1, iO) and in the second should enclose it. But 
the overall characteristic W (a, to) is not plotted in this method. 
Therefore the above conclusion must be extended to the properties, 
of the curves Wi(tco) and — Mn(a).
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From this we find tha t for the periodic solution to be stable (if 
the linear part of the system in the open state is stable or neutral) 
it is necessary tha t the amplitude-phase characteristic of the linear 
part Wj(fco) not enclose the point a1 corresponding to positive A a 
and enclose the point a2 corresponding to negative Aa. From this 
criterion the graphs of Fig. 29Ga and Fig. 2966 (at the point B) 
give a stable periodic solution which corresponds to self-oscillations 
in the closed system at frequency toj and amplitude at.

In  the graph of Fig. 296c the values co2l and aix correspond to 
unstable while the values o;a, ati to stable periodic solutions. In  the 
simplest case this may signify small-signal stability of the system 
(up to amplitude a^) and self oscillations at frequency «;2 and ampli
tude ai2 if the initial amplitude of the transient exceeds the value aix.

In such investigations it is assumed, either tha t all system para
meters be given numerically, or that the amplitude-phase charac
teristics of the elements appear in the form of definite graphs. If 
it is required to determine the influence of one or two arbitrary 
parameters of the system it is necessary to consider all possible 
combinations of the curves Wj(uo) and —M„{a) for various values 
of these parameters using the same methods.

Let us consider some examples.
Automatic temperature regulation system. The equations of the 

automatic temperature regulation system with a relay element 
were derived in Section 53. The expression for the amplitude-phase 
characteristic of the linear part of the system according to (53.18), 
neglecting the constant Ts, will be

Wj(ito) 7ca
(T2i(i> -(-1)ico Txio) 1

Tcx Jc2
■ T c t b \ (65.16)

In  this case it is obvious that the common denominator of the transfer 
function of the linear part of the system

Qi(p) = (TlP + l) (T 3p + l)p  (65.17)

has no roots with positive real part while the zero root indicates 
that the linear part of the system is neutral.

The expression in square brackets in (65.16) with Tcfb =  0 (system 
without feedback) corresponds to an aperiodic element (regulated 
object and sensitive element). I t  is represented in Fig. 297a. In 
the presence of stiff feedback in the system (h1b ^  0) this graph 
shifts to the right by the quantity Tcfb (Fig. 297b).

The coefficient outside the square brackets in (65.16) corresponds 
to an aperiodic integrating clement (drive with regulating organ). 
I t  is represented in Fig. 297c.
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Multiplying these characteristics (by the rules of Section 20) we 
obtain the amplitude-phase characteristics W/(io>) of the linear 
part of the system (in the open state) in tho absence of feedback 
(Fig. 297d) and in the presence of stiff feedback (Fig. 297e). We 
plot on the same graph the curve inverse in magnitude and opposite 
in sign to the amplitude-phase characteristic — Mn(a) of the non
linear element (in this case a relay). Here this curve is represented

O b j e c t  and 
O b j e c t  and  e r r o r  d e t e c t o r  w i t h

in accordance with Fig. 2936 for the case where the relay is charac
terised by the graph of Fig. 2346, with the quantities Asx and As, 
given as constants.

As is evident from Fig. 297d, self-oscillation is possible in the 
closed regulation system without feedback since the curves W^ito) 
and —Mn(a) intersect while introduction of the feedback may 
eliminate these oscillations (Fig. 297e). I t  is also obvious tha t with 
choice of parameters for the linear part of the system (i.e. defor
mation of the curve W t in Fig. 29 Id) it would be possible to eliminate 
oscillation of the closed non-linear system even without feedback. 
On the contrary, an unsuccessful choice of parameters may lead 
to oscillations of the system even in the presence of stiff feedback 
if in Fig. 297e the curves intersect. The smaller the hysteresis loop, 
i.e. the smaller the quantities As, and As2 (Fig. 2346) the greater 
will be m (Fig. 293) and the easier, as is evident in Fig. 2936 and 
Fig. 297d, e will it be to make the closed system stable.

When the relay has a purely hysteresis characteristic (Fig. 234g, 
where the quantity sT is given as constant), the curve — M n{a) 
degenerates according to Fig. 2936 (to =  — 1) into a straight line 
(broken line in Fig. 297e), where in this case it is not possible to 
achieve elimination of oscillation, but its amplitude may be decreased.

If in the graph of Fig. 2346 for our relay with zone of insensitivity 
there is no hysteresis loop (Asx =  As, =  0), then from Fig. 294a
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and formula (65.9) the inverse amplitude-phase characteristic of 
the non-linear element — Mn(a) will be real, as shown in Fig 297/ 
and g. Here the closed system without feedback may be oscillatory 
if Wj(iw) has the form shown by the broken line (Fig 297/). Intro
duction of stiff feedback, as is evident from Fig 297g, completely 
eliminates oscillation

From this preliminary examination we may conclude, firstly, 
that additional stiff feedback has important stabilising properties 
in the system and, secondly, that the zone of insensitivity of the 
relay has stabilising properties. From the point of view of system 
stabilising it is advantageous to increase both of these. However, 
these possibilities are limited due to increase of the static error 
of the system with increase of the stiff feedback factor and with 
increase of zone of insensitivity of the relay. The latter is connected 
with the fact that the system may be found in an equilibrium state 
at any point of the zone of insensitivity; a uniquely defined equi
librium state is not obtained but an entire region of possible equi
librium states with various values of the regulated quantity.

After these preliminary conclusions we proceed to determine the 
amplitude and frequency of oscillation in those cases where the 
latter occurs.

For an ideal relay characteristic in accordance with (65.7) and 
(61.38) we have

(the entire negative real axis is filled, Fig 298a). Therefore Wj(io)) 
in the absence of stiff feedback (continuous curve) intersects it 
and the presence of stiff feedback does not intersect it (broken 
line curve). In  the first case we obtain the point of intersection D, 
defining the periodic solution (a;, a>;). I t  will be stable (i.e. corre
spond to self-oscillation), since the curve Wj(iw) encloses the seg
ment of the straight line — Mn(a) with smaller amplitudes (the 
linear part is neutral according to (63.17), as a result of which this 
criterion may be applied). In  the second case curve Wj(ico) intersects 
the straight line — M„(a) only at the point where a =  0 , co =  oo, 
i.e. oscillations are absent (a small amplitude would be obtained 
here if we did not neglect the constant T2).

The amplitude of oscillation ai is defined in the first case by the 
distance 1 (Fig. 298a) along the line — M n(a) to the point of inter
section, where, taking into account (65.18), we obtain

( 0 ^ « 4 (  oo) (65.18)

4c (65.19)
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where I is taken from the- graph or calculated according to
I  -  '  —  U l( ( ) i l )  ,

and the oscillation frequency oj is found from the condition
=  0 ,

if Ui(toj) and Tr1( eor) denote the real and imaginary parts of the ex
pression Wj(ico) which, from (65.16) with ft/j =  0, has the form

Wj(icii) = fcj lc2 I',
(T, ito + 1 ) (Tjito + 1 ) ito (65.20)

From this it is evident, for example, tha t with increase of transfer 
factor of the regulator k2lc3 the amplitude of oscillation increases.

For the relay characteristic in the form of Fig. 2346 (with given 
A a n d  As2) the behaviour of the system without stiff feedback is 
found from Fig. 2986. Here self-oscillation may be absent (curve 1 
of Fig. 2986), a single periodic solution is possible (curves 2 and 3, 
intersecting at the point B) or two periodic solutions (curves 2 and 4, 
intersecting a t the points A  and C). Here the curve 3 corresponds 
to smaller while the curve 4 to larger values of m  in the relay charac
teristic (Fig. 293). The points B  and A  correspond to stable oscil
lations. The point C corresponds to an unstable periodic process 
which may signify small-signal stability of the system (with a <  ac) 
and a tendency to oscillation with amplitude a = aA for large signals. 
The amplitude and frequency of oscillation are defined from the 
same curves at the points of intersection.

In  the present case the effect of the regulator transfer factor k2k3 
(without stiff feedback) consists in that increasing k2k3, we pass,
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according to (65.20), from the curve 1 to the curve 2 (Fig. 2986), 
i. e. oscillations appear in the system only when the transfer factor k2ka 
exceeds a certain limiting value defined by the instant of tangency 
of curve 1 to curve 3 or 4.

Oscillations in the presence of stiff feedback are defined analo
gously, as shown in Fig. 298c.

Finally, with a purely hysteresis relay characteristic we obtain 
only an oscillatory process (Fig. 298d), with amplitude and frequency 
in the absence of stiff feedback defined by the point E  and in its 
presence by the point H.

In all the above cases, as in general in the frequency method under 
consideration, a* denotes the amplitude of oscillation of the input 
quantity to the non-linear circuit, i.e. in the present case the 
quantity s (Fig. 233). To define the amplitude a9 of oscillation of 
the regulated quantity 0 (temperature), it is necessary to find the 
transfer function relating the quantities s and 0. Eliminating from 
equations (53.12), (53.16), (53.14) and (53 13) with Ta =  0 the quanti
ties x fb and x, we obtain

_______ _________ s
1CiJc2 +  TCfb(TlP +  1) ’

and consequently,

«e =
I M i

I *i fc« +  M  Ti + 1 )  | |/( Tct fea +  h1bf  +  Jc% T\

For a system without feedback (kfb =  0) we have

,2 e . (65.21)

ai
ae =  v (65.22)

I t  is similarly possible to determine the amplitude of the funda
mental component of oscillation for other variables in the system.

Taking account of time delay in the relay. Analysing the above 
example of an automatic temperature regulation system we assumed 
that in the relay characteristic Fig. 234 the quantities Asj, As2, sT 
were given as constants, i.e. the relay characteristic had an ordinary 
hysteresis form with opening and closing of the relay given by the 
input coordinate. In  deriving the temperature regulation system 
equations in Section 53 it was found tha t the relay in this system 
is a non-linear element with delay, i.e. the corresponding time 
delays , t 2 »T were given while the quantities Ast , As2, sr are 
unknown and defined by the course of the process itself.

In  investigating such a non-linear system with delay we assume 
for simplicity that =  t 2  =  t ,  i.e. that the delays in operating 
and releasing of the relay are the same. Such a non-linear element
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with delay may bo separated into two parts: (1) an ordinary non
linear element characterised by the graph of Fig. 2996, or c, and (2) 
a delay element described by the equation (Section 45)

xt =  *ge“Tp.

I t  will then be possible to write the expression for the amplitude- 
phase characteristic of the linear part of the system together with 
the delay element in the form

TFft(iw) =  Wl{iu)e-i™ = er™ . (65.23)y (»co)

The rule for plotting such a characteristic is described in Section 45. 
Let the relay be characterised by the curve in Fig. 2346 while

after separation of the delay element by Fig. 2996. In  this case 
for a system with stiff feedback we obtain the curves TFi(iu) and 
TFfa(ito) shown in Fig. 299d and the straight line Mn(a) on the basis 
of formula (65.9) and Fig. 294a. If the curves W'&ftco) and —M n{a) 
intersect, oscillations will occur. But, as is evident from Fig. 299d, 
with sufficiently small delays t  these curves need not intersect, 
i.e. oscillations will be absent.

Here, as in linear systems, a critical time delay may be defined 
up to which oscillations are absent, which may be found without 
plotting the curve Wjj(i<o), only from the curves W'i(ico) and —M„(a). 
In  fact, in the critical case some point of the curve Wi3(ia>) is incident 
on the extreme point B  (Fig. 299d). This, as is evident from the 
drawing, corresponds to a point K  on the curve Wi(iu>) at which

= t  ’
P / ( w * ) ~ - T * U j f c  =  — T . (Pi <  0) .

(65.24)
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From the first condition we find the magnitude of co* and from 
the second the critical time delay

Tit =  —  |>  +  3j(co*)] (Pi <  0) . (65.25)

This solution may be found directly from the graph Wi(iw) or 
analytically, employing expression (65.16).

If the relay has no zone of insensitivity, i.e. 5 =  0, then the 
point B  is incident on the origin of coordinates in Fig. 299d and 
oscillations will occur for any value of time delay in relay operation 
(t* =  0). I t  is therefore expedient tha t the time delay in the relay 
considered here be relatively small while the zone of insensitivity 
have a large value (but not exceed permissible values from static 
calculation of the precision of regulation).

The amplitude and frequency of oscillation in the presence of 
delay are defined as follows. The point of intersection D  (Fig. 299d) 
gives two periodic solutions since the line — Mn(a) has two values 
of a here. This follows from the graph of Fig. 294a, where on the 
basis of (61.36) we have

, ,  , , 1 7taa-iffl(a) — — . - - ~ ,
W»(a) 4c j/62—a2

(65.26)

which is represented by the graph of Fig. 299c. Two points Dx and Dt 
on the graph of Fig. 299e correspond to the distance 1 of the point 
of intersection D in Fig. 299d, giving two values of amplitude atl 
and at2. The frequency oit of the two periodic solutions is the same 
and is defined by the point D on the curve W ^ia ).

Here the periodic solution with smaller amplitude atl will be 
unstable and with larger amplitude a*2 stable, since in the first 
case the point with positive increment A a on the line — M„{a) is 
enclosed by the curve Wis{ia>) while in the second case is not enclosed. 
Consequently the system may be small-signal stable (to amplitude an) 
and large-signal oscillatory, with the amplitude to which the system 
tends with initial transient amplitudes exceeding the value aix.

We note that the point of intersection D of the curve Wij(ico) 
with the line — Mn{a) may be found without plotting the curve 
Wi3(io>) directly from the amplitude-phase characteristic Wi(iw) of 
the linear part of the system without the delay element. For this 
it is necessary to find a point toi on the curve Wi(ico) (Fig. 299d) 
which with rotation of the vector A t by the angle on would be incident 
on the line — Mn{a), which gives us the point D (magnitude of delay t 
given, at unknown). The condition for finding on in the preseni 
case will be:

™/ +  |Pj| =  7t;
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after this we find the value I =  A t and then the amplitude of oscilla
tion al2 from the graph of Fig. 299e.

After this we calculate the amplitude aQ of the oscillation in the 
regulated quantity 0 from (65.21) or (65.22).

Aircraft course automatic regulation system with limited-linear 
rudder characteristic. The equations of such a system were pre
sented in Section 55. The characteristic of the non-linear element 
(Fig. 239) relates to the form x2 = F (x1), as a result of which it is 
possible here to apply the above-described frequency method. The 
amplitude-phase characteristics of the linear part of the system 
consists of the aircraft characteristic which, from (55.2), has the form

TFc(ico) = Jci(T2i(x> 1)
[(Tiito + 1) (T2iw + 1) +  

and the autopilot characteristics from (55.4)

W0(ico) =

the result is
(Tjico + 1 )  (T t i(x) -)- l)iti) -)- 1cfb *

Wi(ia>) = Wc(ia>)-Wa(io) .

(65.27)

(65.28)

(65.29)

The common denominator of the transfer function of the linear 
part will thus be

Q { p )  =  v l ( T i P  +  l ) ( T 2 p  + 1 )  +  k 2 T 2] l ( T 3 p  ^ l ) ( l \ p  + l)p  + Tc,b\ .

Since for a quadratic trinomial (in the first square brackets) the 
absence of roots with positive real parts ensures positiveness of all 
coefficients, for such roots to be absent from the entire polynomial 
Q ( p )  it is necessary and sufficient tha t they not be present in the 
polynomial

Q a ( P )  =  [(2 ,3P +  l ) ( T 4p +  l ) p - f  k f b ]  ,

i.e. that the auxiliary Mikhailov curve Q a { i a>)  have the form shown 
in Fig. 300a or that the Vyshnegradskii criterion (29.2) and (29.3) 
for Q a ( p )  to be satisfied. The Mikhailov curve Q a ( i <»)  in Fig. 3006 
corresponds to a single root while in Fig. 300c to a pair of roots of 
the polynomial Q a ( p )  with positive real part.

Thus, if the condition of Fig. 300a is satisfied (or the Vysfrne- 
gradskii criterion) and in the expression

Q c ( P )  =  P [ ( ^ P  +  l ) ( T 2 p - h l ) - h h 2 T 2]

all coefficients are positive, we may apply the previously described 
formulation of the stability of the periodic solution.

If the autopilot has no feedback (h/b =  0), then

Q ( p )  =  p2[(TJp +  l)(T 2p +  l)  +  ft2T2](T3p +  l)(T 4p +  l) ,
42
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and to have possibility of applying the above formulation it is suf
ficient only to have all coefficients of Q(p) positive.

Let us consider here an autopilot without feedback und without 
introduction of the second derivative (&/& =  £" =  0). The amplitude- 
phase characteristics (65.27), (65.28), (65.29) for this case are shown 
in Fig. 301a, b, c, respectively.

The approximate amplitude-phase characteristic of the non-linear 
element W(a) =  q(a) from Fig. 239 is defined by formula (61.42) 
in which it is necessary to put o =  Sm and k =  1. Graphically it is 
represented in Fig. 294d. Therefore the amplitude-phase charac

teristic inverse in magnitude and opposite in sign — Mn(a) is located 
on the negative part of the real axis (Fig. 301) to the left of the 
point (—l,t0 ) .  With this relative disposition of characteristics, as 
in Fig. 301c, oscillations will be absent from the closed system 
‘ ‘aircraft-course-autopilot ’ ’.

I t  is interesting to note th a t in the case of a linear system, when 
in the equations of Section 55 we have =  8, then TT(ico) =  Wj(tco). 
Therefore the condition obtained for absence of oscillation (not 
enclosing the point (—1, iO) of the characteristic Wj(ito) in Fig. 301c) 
coincides with the condition for stability of the linear system (without,
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limiting the rudder travel). But the behaviour of linear systems 
and systems with limited-linear rudder characteristics will be 
substantially different when the characteristic Wi(io>) encloses the 
point (— 1, iO). In  particular, the linear system will be unstable 
while the non-linear (with bounded rudder travel) takes on, as 
evident from Fig. 301d, stable oscillations defined by the point 
of intersection D. The oscillation frequency is taken from the point D 
on the curve Wi(ico), while to find the amplitude of oscillation at 
the distance I is taken from the drawing Fig. 301d and from it we 
find o/, using the graph of Fig. 301e. This graph is plotted according 
to (65.7) and (61.42) with Tc = 1 and o =  Sm, from the formula

Mn(a) 1
Wn{a) =  ^ : (sin-1 — 2 \ a +

Here it is necessary to consider th a t at denotes the amplitude 
of oscillation of the input quantity to the non-linear element, i.e. the 
artificially introduced quantity V  To determine the amplitude of 
fundamental component a$ of aircraft oscillation over the course, 
it is necessary to employ according to equation (55.5) the amplitude 
characteristic of the autopilot, namely

-- =  |W.(*<o,)| ,
from  which

n a1
* |W.(tCO,)| ’

(65.30)

where VFa^w) is defined by formula (65.28) or the graph of Fig. 3016. 
I t  iB similarly possible to determine the amplitude of the fundamental 
components of oscillations in other variables of the given regulation 
system.

Thus, the bounded linear characteristic shown in Fig. 301d (analo
gous to a characteristic with saturation) leads to the presence of 
a stable oscillation beyond the limits of the boundary of stability 
in place of divergent oscillations, where the amplitude of stable 
oscillations increases with distance from the stability region. Practical 
limits are connected here with the admissible magnitude of oscil
lation «(. In  addition, it is important to recall th a t this entire 
theory is valid only for such deviations for which the given auto
matic system equations are valid—in the present case, to the extent 
that the linearised aircraft equations remain valid.

66. Bulgakov’s approximate methods

B. V. Bulgakov in articles published in 1942 and 1946 developed 
in parallel two alternatives to the approximate method of the small
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parameter for studying non-linear automatic regulation systems of 
arbitrary order. They derive, on the one hand, from the well-known 
methods of Liapunov and Poincard, and on the other hand, they 
are a development of the Krylov-Bogoliubov ideas, with which 
we have become partially acquainted in Section 60 et seq. We present 
here only the applied aspect of these methods in a form enabling 
them to be employed for investigating specific non-linear automatic 
regulation systems.

Later, for a certain class of equations, A. I. Lur’e developed an 
analogous method which is presented below as a third method.

These methods are as approximate as those in the previous 
sections.

First Bulgakov method. Let the automatic regulation system be 
described by several differential equations in which there are non
linear terms. Each non-linear term, as in Section 60, is represented

F ig . 302

in the form of a sum of a principal linear component and a “small” 
non-linear increment. For example, if there is a non-linear term F(x),  
the graph of which is shown in Fig. 302, we write it in the form

F{x) =  hx + ef(x) , (66.1)

where h is the slope of the substituted straight line MN,  plotted 
as yet arbitrarily, while e/(r) is a “small” non-linear increment, 
the graph of which is represented by the ordinates hatched in 
Fig. 302.

All the differential equations of the transient in the non-linear 
automatic system will bo written so that the left-hand sides are 
linear (including the linear components hx (66.1) of the non-linear 
terms), while the right-hand sides have only “small” non-linear 
increments e/(#). Let the equations of the transient process in the 
regulation system (in symbolic operational form) take the form
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®u(p)®i+®»(p)®*+-
®2i(p)x1 + <bzi{p)x2 + .

• m(p)^m 
■ O2m{p)^m

—  . .

=  tf2{x1, ..
* j *̂ m) j 
•) &m) j (66.2)

U j» )® i+ V (? )« a T .. • ! d>-mm(P)*m =  sf *■j ) j .

where by we denote operational polynomials. This is a very
general form for the equations. Ordinarily, in concrete automatic 
regulation systems only two or three variables will bo present in 
each equation, i.e. many of the operators 0 3t- will vanish while the 
remaining will have low degrees. Many of the right-hand sides (66.2) 
will also vanish and only in certain right-hand sides will non-linear 
increments e/j in one or two variables be present (and possibly their 
derivatives). For example, the system element equations will have 
such a form; then the number of variables m  will correspond to 
the number of elements in the system {n will denote below, as 
always, the order of the overall equation of the system).

The linear system obtained from (66.2) by dropping all right- 
hand sides is termed the simplified system.

The characteristic equation of the simplified system will be de
noted by

D(s) =  0 , (66.3)

where all its coefficients will be assumed positive.
To determine the periodic solutions of the non-linear system (66.2) 

we assume that in the characteristic equation (66.3) of the simplified 
system there is a pair of purely imaginary roots z =  ±ico„. In  this 
case the left-hand side of equation (66.3) may be written in the form

D(z) = (z2 + <*l)D1(z), (66.4)

where the polynomial D^z) has a degree lower than the degree of 
D(z) by two. The quantity a>„ and all coefficients of the polynomial 
D,(«) are found by equating expressions (66.4) and (66.3).

For example, in the case of a fourth-order system, when the 
characteristic equation of the simplified system (66.3) has the form

a 0 z 4 +  a ,  z 3 +  a 2 z 2 +  a ^ z  +  a 4 =  0  , ( G 6 . 5 )

equation (66.4) is written in the form

(s2+  (xio)(b0zi -{-b1z-\-b2) =  0 , 

where to2, b0, blt b2 are unknown. Eliminating parentheses 

b̂ z b1z -J- (b2 4- b0(liq)z +  bxc o o # b2too =  0
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and equating the coefficients of this equation with the coefficients 
of (66.5), we find, firstly, from the average coefficients

6a +  £>o <*)<> =  (66.6)

and, secondly, from all remaining coefficients

Oq — d0 , b± — fli j 6)o — — ? b2 — 2 — j (66.7)
b i <JL>0 ̂3

where the third relation is particularly important, defining the 
quantity to0. Substituting from here the values too, b0, b.2 in formula 
(66.G), we obtain

«3(«i«a—«o«3) — =  0 . (66.8)

From (29.19) this is the condition that the simplified (linear) system 
be found on the boundary of stability (with purely imaginary roots 
in the characteristic equation), if all coefficients a„, an  a2, as, a4 are 
positive.

Thus, in comparing coefficients of expressions (66.4) and the 
given equation (66.3) all coefficients of the polynomial Dx(z) and 
the quantity co0 are defined and the conditions for finding the simpli
fied system on the boundary of stability are identically satisfied, 
taking the form in the present case, according to (29.24),

— 0 , (66.9)

where A„-x is the penultimate Hurwitz determinant for the charac
teristic equation of the simplified system (66.3). Here all previous 
Hurwitz determinants and the coefficient a, should be positive.

The periodic solution of the simplified system ((66.2) with e =  0) 
will now have the form

x* =  J.0(i,sinoi0i +Jlf,co8a)o<) • (66.10)

where A 0 is a coefficient to be determined below while Lj and Mj 
are defined as the real and imaginary parts of the following ex
pression:

Lj -j- iM j = Fi/(iu> q) 
Flg{iu>0)

( 66 . 11 )

where Fit(iu,a) is the algebraic complement (minor) of the element 
d>u(p) in the operational determinant

$u(P) (p) ... m{p)
®niP) GWP) -  GW?)

^mi(p) $ m2(p) ... Omm (p)

with p = tto0 , (66.12)
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derived on the basis of the given equations of the regulation system
(66.2). We note tha t the left-hand side of the characteristic equa
tion (66.3) is the same determinant, in which the letter p is substi
tuted by the letter z.

For the quantity F to(ito0) in formula (66.11) we select a t will one 
of the non-zero algebraic complements Fij(ioi).

The periodic solution for the non-linear system (66.2) with e ^  0 
is constructed as follows. In place of t we introduce the new in
dependent variable

t =  (1 +  «)<, (66.13)

where a ^  0 with e ^  0 and « =  0 with e =  0 (it becomes defined 
below). Here the previous differential operator p =  djdt substituted 
by the new p’ = d/dr. I t  is obvious that

p =  ( l +  a )p '. (66.14)

In  the required periodic solution we limit ourselves to the first 
approximation in the form

Xj e* x*i + 1— | ^  0  =  1 ,2 , . . . ,  m) , (66.15)

where x* is defined by formula (66.10), i.e. this is the solution with 
e =  0. To find the additional term of the solution (66.15) we differ
entiate the given equations of the regulation system (66.2) with 
respect to e, taking into account (66.14). We then apply the Fourier 
series expansion and write the condition for a periodic solution. 
As a result of this and further auxiliary transformations we come 
to the following relationship:

. \dD(z)
A ° l ~ d r gx Z»lCO0

m  ‘I n

-  ̂  Fig(io>0) J zfi{xf,xi
1= 1  0

)e~iudu , (66.16)

where D(z) is the left-hand side of the characteristic equation (66.3), 
u =  a>o<, Fig{i(n0) are the algebraic complements analogous to those 
entering into (66.11). The integrands in (66.16) contain the non
linear (right-hand) sides of the regulation system equations (66.2) 
where we have substituted in them the expressions 
defined by formula (66.10). These integrals have the same signifi
cance of average over the period as in the Krylov-Bogoliubov method 
(Section 60).

Separating the real and imaginary parts in (66.16) we obtain two 
equations to determine two unknowns A  and a.

The required periodic solution is written in the form

"j A 0(Lj&mo)it +MjCO&oiit) , (66.17)
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where L f and Mf are as before, coi =  (1+  <x)co0. The solution ob
tained (66.17), as is well known, may be written also in the form

where A), a>i, 8 are the amplitude, frequency and initial phase of 
the periodic solution for the variable sc1f characterising the states 
of various elements of the regulation system according to the given 
differential equations (66.2). Here

whore L f and If, are defined from (66.11) and A 0 and a from (66.16). 
The quantity A 0 is a coefficient defining the amplitude of the periodic 
solution, a is the so-called incremental frequency.

Finding in this way the periodic solution, we must investigate 
its stability. If this solution is stable it will correspond to a real 
steady-state oscillatory process in the regulation system. If the 
solution is unstable, in the simplest case it may correspond to an 
unstable limiting cycle, indicating the boundary for the initial 
conditions to which the system is small-signal stable. But in this 
case there may occur in general other patterns of processes.

The stability of oscillations is determined by constructing and 
analysing the equations in small deviations from the given oscillatory 
process. The conditions for formation of oscillations in the system 
are defined on the basis of (66.9) and the following relations. The 
solution of both these questions is discussed below in specific ex
amples.

The second Bulgakov method. The second Bulgakov method 
permits writing the approximate equations for the transient response 
of a system of arbitrary order in a form analogous to equations (60.12) 
and is based on the transformation of the automatic regulation 
system equations to equations in normal coordinates.

The differential equations of a non-linear automatic system are 
given in the form (66.2). Let the characteristic equation (66.3) of 
the simplified system have nt real roots zk and a further n% pairs 
of complex roots zk — 3* ±  io)k, with no multiple roots. As the normal 
coordinates we take the amplitudes ak (ft =  1 ,2 , . . . ,  ft, +  na) of the 
individual components «*sinftfc of the general solution and the angular 
variables or phases uk (ft =  ft,+  1 ,. . . ,  ft, +  fta). There will obviously 
be ft =  n, +  2% normal coordinates in all (equal to the order of the 
system). Here ak and uk are the required functions of time (exactly 
the same as a and u in Section 60).

After transformation of the given equations (66.2) to normal 
coordinates and after “averaging” them (the significance of this

Xj = A ,sin(toif+ S) (j =  1, 2 , . . . ,  m) (66.18)

A ^ A j ' t f + M 2̂  8 --= tan-1 — (66.19)
=  (1 -f a)co0 ,
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is the same as in Section 60) we obtain the following approximate 
differential equations for determining the amplitudes ak and phases uk.

in
dak
dt

2 ft
a-i

••• J  zfaduni+l ... dUm+n 2 (& — 1> 2 , %) ,

d t tk  Q _ |I =  PfcOfc +dt ( 2 t c )
nj'Re

2 ft

V RafcJ'.

27 ,
• •• |  E/«e td'Un1+1 ... duni+niI

(& =  «! +  l .  «i +  ̂ a) ,

duk
dt

= Wfc Im

... I  ef„e iutduni+l... d«»1+„s|

(2iz)n*ak lD'(pk + io>k)̂J 
2«

m 2ft

*J0

(66 .20 )

(fc =  nk + 1, ..., nj +  n2) ,
where D' is the derivative of the left-hand side of D (z) of the charac
teristic equation (66.3) with respect to z. The functions e/g in the 
integrands are the non-linear (right-hand) parts of the given regula
tion system equations (66.2), where in place of xly x2y..., xm in these 
functions we should substitute their expressions in terms of the 
normal coordinates:

ni « l - r  H i

®i =  ^  K ykak-i- V  N\kaksm(uk + 8lk) ,
ft—1 ft—n i+l
ni ni+na

ft—»i+i

” 1 • ” 8

= £  K 2kak + ^  N 2kakBm(uk + S2k) ,
k-l

X„

where

= K mkak+ NmkakBrn(uk -ir8mk) ,
ft— 1 &«»»!+1

( 66 .21 )

Duizk) 
i \ { z k) ’

N  =  ^(Pfc +  ^fc) 
+  <«*)’

( 66 . 22 )

-- Dgg(Zk) for fc =  1 ,2 ,  . . . ,  ,
BBk = Fs„( |3fc 4-  no*) for fc =  »! -f-1 , ..., %

(66.23)
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•and F  denotes the corresponding algebraic complements, just as in 
formula (66.11).

Thus the solution for the transient in the system is written in 
the form (66.21), where the amplitudes ak{t) and phases uk(t) are 
defined from the differential equations (66.20) The transient response 
in the non-linear automatic regulation system can thus be found 
to a rough approximation (better methods are given in Part Y). 
We note that if there were no non-linear terms in the system equa
tions (66.2) from (66.20) we would have ak =  CkeM and uk =  +
and the solution (66.21) would take on the usual form for linear 
systems.

To find the periodic solutions it is necessary to put in equations 
( 66 . 20 )

a k — const , u k =  (1 +  a.k)<i)k t , (66.24)

and then equation (66.20) serves to define the amplitudes ak and 
the corrections a* to the frequencies of the periodic solution.

Investigating the stability of this periodic solution we see whether 
it corresponds to steady-state*oscillations in the system or if it will 
be unstable (see Example 1 below).

Third method (Lur'e method). In hiB monograph (Reference 20) 
A. I. Lur’e proposes an approximate method for finding self-oscil
lation in a non-linear automatic regulation system for the two most 
frequent forms of differential equations already discussed above in 
Section 58, based on the same theoretical foundations. Let us consider 
these two cases separately without going into details, which can be 
found in the cited monograph.

1. Let the equations of the non-linear regulation system have 
the form

i — -f a  1 2 ^ 2  H ... +  flm<Hn "H bl F ( a )  , 
■i'2 =  a 2l x L +  a 22■*'2 +  ••• +  a^n%n +  b2F (a) ,

Xn — (InjX, +  On2X2 •+" ••• “t* On%Xn +  bnF ( a )  , 
a =  CiX, ^c2x2 +  ... +  enxn ,

(66.25)

where, in particular cases, many coefficients may be zero.
We introduce, as in the Bulgakov method, the simplified system 

(replacing the given non-linear characteristic by a linear one, Fig. 302)

•i‘i — flu 3>i +  fliijfl'2 "H ••• “f* 0 \nXn +  h a  , 
■i't =  o 2l x l  +  0*22X2 +  ... +  o in Xn +  b3h a  ,

Xn — Anifl’i T fl»2®2 ‘ ••• ~r Onn Cn 4 bu b T , 
a  = Ĉ T, +  C2.T2-i- ... + C nXn .

(66.26)
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The characteristic equation of the simplified system is written 
in the form

D (z)-hE {z)  =  0 , (66.27)

where h E ( z )  is a polynomial including all the terms of the equation 
which contain the factor h. The magnitude of ft, as before, is taken 
such tha t the characteristic equation of the linearised system (66.27) 
has a pair of purely imaginary roots ±ico (the condition for the 
presence of a periodic solution) and negative real parts for all re
maining roots. Consequently, from (66.27) we have

D { i t o  o)

E(ioi 0) (66.28)

But, since h is real, the imaginary part of this expression should 
be zero, from which we find the value w0, specifically: if we separate 
the real and imaginary parts in the numerator and denominator of
(66.28) in the form

D(io>0) =  A ( “ o) +  *A(“ «) • 
E(io>0) = Ex(o)0) ~h iEa(oi0) ,

then
D(iu>0)  D1E 1 + DaE 2 . .D^Ex — D1E i
E(iu>o) Ex~\-E2 Ex-\-E2

From this the equation for determining co0 takes the form

Dt((o0)Ex(oi0) — D,(cD0)J2a(a>0) =  0 , (66.29)

after which the quantity h is found from the formula 

i _D i^o)E i(c0) Da(u>0)E2(a>0)
[ ^ K ) ? +  [■».(*>.)]*

(66.30)

After this we calculate the amplitude aj of the periodic solution 
for the quantity a and the coiTection to the frequency Auj according 
to the equation

D(i<x>0) --ti(ai)E(i<3i0) — — i\D'(i<x>0) — ft®'(ia>0)] Aw;, (66.31)
where

2tt
ft(oj) = —  I F(ai^mu)e-iudv. (66.32)nai J0

or, which is equivalent,

&(a) =  q(a)+iqx(a) . (66.33)
where q(a) and g^a) are the same as in the Krylov-Bogoliubov 
method and are defined by formulae (61.17) from the given non-
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linear function. The expression D'(io>0) — hE'(io>0) in equation (66.31) 
denotes the derivative of the left-hand side of the characteristic 
equation (66.27) with respect to g with subsequent substitution 
of ico0 in place of z.

The expressions q[a) and Qi(a) were calculated in Section 61 for 
various forms of non-linear characteristics.

Separating the real and imaginary parts in equation (66.31), we 
obtain two equations with two unknowns: ai (amplitude) and Aon 
(correction for frequency). Consequently, the frequency of the periodic 
solution will be:

on — w0 +  Atoj, (66.34)

where to0 was found previously from (66.29). In  the firBt approxi
mation the periodic solution itself is written in the form

a =  CfAcosoji +  Bsintoii),
xj = — C^fCostoji +  J3^sincoit) (j =  1 , 2 , ..., n ) ,

where

(66.35)

C = ai (66.36)

and A , B , A j, Bj are defined by the following equalities:
2E (ico0)A -  iB = 

A j — iB] -

D'(ioi0) — hE'(iu>0) ’ 
2N](ia>0) 

D ’(io>0) — hE (ico0) 0  =  1 ,2 , . . . ,» ) ,
(66.37)

where N] are defined as in Section 58.
The condition for existence of the periodic solution is the presence 

of at least one real solution of equation (66.31) for the amplitude at. 
The condition of stability of the periodic solution has the form

Re E{iiop) 
i ) ’(io>0) — liE'(ioi0)

d&(«)
da < 0 ; (66.38)

it has been derived previously by application of the Liapunov 
theorems. If the periodic solution is stable, it corresponds to a steady- 
state oscillatory process in the system.

In conclusion we note particularly the case where the non-linear 
function /(a) does not have a hysteresis loop. The equation for 
determining the amplitude (66.31) takes a simpler form

D(ioi0) — q(ai)E{io>0) = 0 (66.39)
and the frequency correction Ato; =  0. The condition of stability 
of the periodic solution will now be:

dq(a) ___ E(io)„)
da D (•£(.)„) — hE(ii o0)

(66.40)
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In place of a system of two equations for ax and Ao>j we obtain 
here a single equation (66.39) with a single unknown ax.

2. Let us now consider a second form of the differential equations 
of a non-linear system:

— a-[j Xi +  ̂ 12'̂ 2 4" * * • i Xn—i t  bi E, .
x2 =  a2j xx +  a22x2 H • • • 4- ®»-i +  b2£ ,

I
Xn—i —; an~-[,%X2 p- ... , *̂ n—1 1̂  ,

t= F { a ) ,
a - c2.r2+  +C)i-liCn-!—?’<• .

(66.41)

The simplified system is obtained by the substitution of £ =  F(a) 
by 5 =  ha. The characteristic equation of the simplified system is 
written in the form

(z + rh)D(z) — hE{z) = 0 . (66.42)

The quantities <o0 and h are defined by separating the real and 
imaginary parts in the equation

{iu>0 + rh)D{ia>0) — hE(ia>0) = 0 . (66.43)

After this the equation for determining the amplitude ax and the 
correction to the frequency A an is set up in the form

[ito0 +  r^(0|)]D(ia)0)—&(ax)F(io>0)
=  — i[D(icoo) +  (ico0 +  r7i.)Z>'(ici)0) — ft-E'(ito0)] Acoj, (66.44)

where &(ax) is defined by the given non-linear function F(a) through 
formula (66.32) or (66.33). Separating the real and imaginary parts, 
we find the amplitude ax of the periodic solution for the quantity a 
and the correction to the frequency Aa>( (the frequency of the 
periodic solution will be u>x = +  Aw*).

The periodic solution in the first approximation is written in 
the form

a =  — C(A sin — Bcosuit) ,(h
\  - — C(AcosoiXt -fBsinwji) ,

Xj =  C(A;coscoif -f-Bj-sinont) ,
(j =  1, 2, ..., n - 1) ,

where

o0\ 'A 2 + B* ’
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and the quantities A , B , A j, B, are defined from the equalities

4 . iB  =  ____  _ _ _ _ — 2-D(i’<o0) _ _ _ _ _ _ _ _
D(ici0) + (iv>n + rh)D'[i<i>0) — hE'(i{ii0) ’
___________ - 2 - y y(ico0)

’ J D(io>0) + (ioi0 + rh)D’{ioa) -h E '( iu 0) ’

where the expressions A",- are found from the determinant

<*u ~ <*̂2 ... a^n-i
I 1| <*21 <*2ii ® ■ O'i.n—i j

;< * » - ! ,!  <*«-l,2  ••• <*B—1,W—1 * !

by substitution of the yth column by the column bu b2i ..., bn-i 
(here all coefficients are taken from the differential equations of 
the system (66.41)).

The condition for stability of the periodic solution has the form

D ( i u > 0 ) <28-(a)
D (io>0) +  (iw0 +  rh) D'(*a)0) — hE'(io>0) da <  0 .

Similarly to the preceding all formulae are simplified when the 
non-linear characteristic F(a) has no hysteresis loop, where the 
expression 5(a) (66.33) is substituted by q(a).

An estimate of the precision of each such approximate methods 
of solution in general form is difficult. I t  has been carried out for 
simple particular cases, for which there exists an exact solution of 
the problem, by comparing the results of solution.

We present two examples of the application of the Bulgakov 
approximate methods described above, in general form, to concrete 
non-linear automatic regulation problems.

Example 1. B. V. Bulgakov has illustrated his second method 
in the following example (Reference 15) (presented here in somewhat 
simplified form). Let the differential equations of the regulated 
object and regulator be given in the form

+ T0<p +  P<p ~  —  ̂> 

T # + T , t = F ( a ) ,  I

a =  fcjcp +  *a9 i  *39 — *4  ̂, I

(66.45)

(66.46)

respectively, where F(a) is the non-linear characteristic of the 
regulating organ drive, given graphically in the form of Fig. 303a. 
We employ here a notation in which <p is the deviation of the 
regulated quantity, £ is the deviation of the regulating organ, (3, Ta, T* 
are constant parameters of the object, kt , Tc2, ka, T8, T\ are
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constant regulator parameters. Let us consider tlie case where the 
constant T\ characterising the inertia of the regulating organ drive 
may by neglected, i.e. we shall assume T\ =  0.

As we see, the regulated object is here described by a second 
order equation and has self-regulation if (3 >  0; it is unstable if

Fig 303

f3 <  0; it is neutral if (3 =  0. The regulator has stiff feedback 
while the first and second derivatives (<j> and 9 ) are introduced into 
the regulation function.

I t  is required to find the region of stability of the system and to  
determine possible oscillations in the system.

Eliminating \  from expression (66.46) using equation (66.46), 
we obtain (with T \ =  0):

T,T%9 +  T .T a f +  + * V )  =  0 > (66<47>
a = (&!+ ^4(3)9 +  (&» +  kt T a)^ +  (&a+ fc4Tb)9 .

Let us introduce the new variables

xt =  +  , x2 = a , (66.48)

as well as the relative time and the differential operator

/ kt + k4 p d
V Tc2 + Tc4t V  P dl

(66.49)

I11 addition, we also introduce the quantity h corresponding to the 
approximate substitution of the non-linear drive characteristic by 
a linear one (Fig. 3036). Then equations (66.47) in symbolic opera
tional form will be:

(p3 + clp2 + c2p)xl + yhx2 =  y[hx2 — F (x2)] , \ 
--{p2 + c3p + l ) x l + x2 =  0 , I

(66.50)
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where

03

To -| / fca +  «̂Tfc 
Tg | /  ^  +  /c4p ;

]/ (&,.+ fe4 j3) (k3 +  TiiT\)

P(fc3 +  JCjTt)
f t f a  + W ) ’ ______

_  k3 +  JCjTb / fc3 +  ft4T*
Y “  TgT* | /  fcj +  M

(66.51)

Expressions (06.50) correspond to the general form of writing the 
automatic system equations (06.2).

The operational determinant (60.12) will be in this case

=  P3 + (0i +  yh)p2 + (c3 + c3yh)p +  yh • (66.52)

Therefore the characteristic equation (66.3) of the simplified 
system is written in the form

z3 + (c1 + yh)z2 + (c3 + c3yh)z + yh =  0 . (66.53)

To find possible oscillations in the system according to (66.4) it 
must be represented in the form

p3 + Cjp* + c2p , yft 
~(P2 + C3p + 1) , 1

(«a+co2)(z +  &) =  0 . (66.54)

Expanding and equating with the coefficients of (66.53), we obtain, 
firstly,

= c2 + c3yh , b = cl + yh (66.55)

and, secondly, the condition for formation of oscillations

(Cj +  yh) (c2 +  c3yh) = yh ,

which of course coincides with the condition for finding the linearised 
system at the boundary of stability, in the given case (29.4), following 
from the Vyshnegradskii stability criterion. Let us write this condi
tion in the form

c-dy2h2 +  y(0i0s+ Cg— 1)A +  c1c2 — 0 ,

The roots of this equation will be

h1>2 —— (0103 +  02—1) +  ViCjc3 + c2—1 )2-  4c1c2c3 
2 0 3y

(66.56)

In  this connection we obtain two values for coj| and b (66.55):

(w < j) l ,2  —  2  [c 2 ~  Gl C3 +  1  " F  l / ( C1.03 +  0 2 —  I ) 2 —  4 C ]C 8 C j]  ,

^1,2 =  - ^ r  I d * —  C2 +  1  +  1^(0103 “I* C2 1 )*  ^ 0 ] C20a] •

(66.57)



Approximate Determination of Oscillations and Stability 659

If the quantity (66.56) is positive, then w0 is real. Let us assume 
that this occurs. Then the characteristic equation (66.53), according 
to (66.54), will have the root6

*i =  — b , = ±io>0, (66.58)
where in place of b and «„ it is necessary to substitute either blt co ,̂ 
or 6a, (Dog form (66.57).

Consequently, for the general formulae of the second Bulgakov 
method in this case we have nx =  1, nt =  1, m =  2, n =  3, (32 =  0, 
co2 =  £■>„. Let us find the values F n and Fl2, necessary for formulae 
(66.22) and (66.23) as the algebraic complements of the elements 
in the first row of the operational determinant (66.52):

*'u =  1 , Fn = P, + c»p + l .
Therefore from formulae (66.22), assuming I — .1, q 2, we obtain

FnizJ = ___ 1
FK(zj 5*-c#6 +  1 ’

JVue«» =  = --------— -
Fu(iu  0) l - u «  +  c3i w0

*'n(s i) ,
F,t(zi)

A'.,, C'*2' : - 1 .

The solutions of (66.21) for the transient in the system will there
fore be:

,cx =  £ 11o1 +  JV11a2sin(M +  811) 
=  a1 +  a2s’T1 v •

(66.59)

To determine the functions ax(t), a2(t), u(t) entering here, it is 
necessary to employ formulae (66.20). Since in equations (66.50) 
we have e/2 =  0, formulae (66.20) for the given case are written 
in the form

2rt

v  -  +dN s /  ■(i

da2
dl — Re

7T

F -12 e/,(a , +  « 2sin u) e~ivdu (66.60)

du
dl

-|------Im■Ka„
n  r

?- t  e /,(a , +  a2smn)e{udu 
D  (*<o0) J

From (66.23) we find the quantities
-BXi =  Fi2,(zx) = b2 c2b + 1  .
Bx2 =  Fi2(io)o) ~  i  wo*i~C3'icou . 

From (66.50) we have

43

s / i ( » a )  -  Y \ b , X 2- ~ F { r 3) \  :
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while from (06.54) we obtain:

D'(z) =  2z(e + b)+gi + ao,
D'(z-i) = b1 +  <do > D'(i(x>0) =  2cl>0(— <o0 +  ib) .

Substituting this in (60.60), we obtain the following approximate 
equations for determining the amplitudes o ,, at and the phases « 
(which figure in the solution (66.59)):

dal b2 — c3b + 1
(it b

haL— — I F(a1-ir a26mu)du
J

da% coo — 1 H- c3 b 
l i ~ Y 2 (b2 +  too)

2n
ha2---- | F{<h -f a.jsin #),sm u du

7 t J0
(66.61)

6(coo — 1) —c3toodu—  =  w0 +  y
dt 2a2o>0(&“ 4

2  f '-TT

.)— | ^ ( ^ 4  «2siiiw),sinMd#
“ +  to0) [ J

The time variables a1 and a2 define the transient. To find the 
periodic solution (a, =  const, a2 — const), it is necessary to put

and (66.62)

In addition, recalling that previously there was no rigid basis for 
choosing the quantity h in Fig. 3036, we shall now define it such 
that the integral in the first of formulae (66.60) vanishes, since it 
represents the mean error over a period, substituting the non-linear 
characteristic F (x2) by the linear h — x3. This signifies vanishing 
of the expression in square brackets in the first of equations (66.61). 
But taking into account the first condition (66.62) we obtain

a, =  0 .

The second condition (66.62) according to the second equation 
of (66.61) gives

hai = — I F(ajsinu)eiuudu , (66.63)
7C J  0

where by we express the value of the amplitude for the required 
periodic process. To determine at we may have recourse to the 
graphic solution of equation (66.63). Let us put

2tt
J(a t) = ~  F(azsin«)siu'iidw (66.64)
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and from calculations using this formula we plot the curve J (aj). I t  takes 
the form of the graph of Fig. 304a, differing little in shape from the 
given non-linear characteristic F (x2) Fig. 3036). In  the same graph 
we plot the inclined straight lines KJii and h2hi, where 6, and ht are 
taken from (66.56). The four points of intersection define according 
to (66.63) four possible values of ai in the required periodic solution.

Periodic solutions are not possible if (66.56) are not positive 
or if 6,i2 >  h* (Fig. 304a), i.e. when the straight lines do not intersect 
the curve J (aj). In place of four, two periodic solutions are possible 
if only one of the straight lines 6i,2a/ intersects the curve J{a{j. 

Let us take the parameter plane (66.51):

, , .  lf (66-65)
- T lfa  + Jtrf)’ ■ T lfa  + W )

and, using (66.56), we divide it into regions (Fig. 3046) within which 
there will be either a stable equilibrium state, self-oscillation, or an 
unstable system (see below).

Vanishing of the radicand (66.56) corresponds to the parabola

( -  a)'1 -  -  ^  +  y -  =  0 •

the axis of which is the bisectrix of the coordinates. I t  is tangent 
to the coordinate axes at the points (0 ,1) and (1 ,0) (Fig. 3046). 
In  addition, it is necessary to find the extreme cases of intersection 
when one of the straight lines hUiat takes up a tangential position h*ai 
(Fig. 304a). Substituting this value of h* in the quadratic equation 
from which we have found (66.56), we obtain a straight line 
tangent to the parabola at the point E  with coordinates
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rather, this will be a family of straight lines if we assign various 
values of cx and y. One of them is represented in Fig. 3046.

From expressions (66.61) and from comparing them with the 
quantity h* the following result is obtained for various sections 
of the plane numbered in Fig. 3046:

1) hx < o , 2̂ ^ J
2) hi.z complex ,
3) hx > V , h2> h* ,
4) hx < o , h2 <1 0 ,
5) hx > h*, 62 <  0 ,

damped oscillation >

6) 0 <  hx < h* , 0 < h 2<
7) 0 <  hx < h* , h* <  h2 ,
8) 0 <  hx < h* , h2 <  0 .
9) hx< 0 , 0 <  h2 < h* .

self oscillations

10) A,, <  0 ,
11) K < 0 ,

h* < h2 , 
h2 <  0

I divergent oscillations .

We note tha t these conclusions cannot be considered rigorously 
proved. They are as approximate as all the previous sections of 
this chapter.

Let us consider these results. Only damped or only divergent 
oscillations may occur in the system when neither straight line 
h1§2 =  at intersects the curve J(a t) (Fig. 304a), i.e. either h{ <  0? 
or h{ > h*, or they are complex. Oscillations are possible if at least 
one of the straight lines hU2 =  Oj intersects the curve J(ai). But 
here either two or four periodic solutions are obtained (according 
to the number of points of intersection in Fig. 304<x). I t  is necessary 
to investigate which of these is stable. We take the first two equa
tions (66.61):

~  G{al1 a2) > — C2(ax, a2) , (66.67)

where a2) and G2(aX) a2) are abbreviated notation for the
right-hand sides of the first two equations (66.61).

In  the periodic solution we had ax = 0, a2 = at. Let us investigate 
the periodic process in small deviations from the given periodic 
solution. For this we linearise equation (66.67) according to the 
rules of Section 18, which gives

where the zero upper index denotes the substitution ax =  0, a2 = a, 
in the partial derivatives.
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Carrying out the calculations, we find tha t the condition of stability 
of the periodic solution reduces to:

(compare with condition (60.27) for a second-order system).
In  the section of the plane 9 (Fig. 3046) according to the above 

table there are two periodic solutions with amplitudes at2 and aj2. 
Of these ai2 is stable, aj2 unstable. Consequently, there will bo stable 
oscillations in the system with small amplitude al2 (Fig. 304a), but 
it is only small-signal stable since with initial conditions outside the 
limiting cycle defined by the amplitude aj2, the system has divergent 
oscillations.

In  the sections of the plane 7 and 8 there are also two' periodic 
solutions but with amplitudes aix and a'lx. Of these a\x is stable. 
Therefore the system will have a stable oscillation of large 
amplitude a^. In  addition, it will be small-signal stable with 
respect to the steady-state with constant value of the regul
ated quantity (at =  0), when the initial conditions are within the 
small limiting cycle . However the latter is rarely possible in 
practice.

Finally, in the section of the plane 6 there are all four periodic 
solutions with amplitudes a^, at2, a|a, aix. Of these aj2 and a\x are 
stable. With initial conditions lying inside the unstable limiting 
cycle a'i2 oscillations of small amplitude «ia are established while 
outside it oscillations of large amplitude a'ix.

Thus as a result we obtain in the parameter plane three principle 
regions (Fig. 3046): I , the system is stable with respect to the steady- 
state with constant value of the regulated quantity; I I ,  the system 
has a steady-state oscillatory regime (discussed in detail above); 
I I I ,  the system is unstable. I t  is important to take into account 
that the straight line M N  changes its position in dependence on the 
values of y and ci (66.51), always tangent to the parabola at the 
point (66.66).

In this example we again emphasise the singular properties of 
non-linear automatic systems. While in linear systems there are 
always only two possibilities, either stability or instability, here 
we find intermediate regions of self-oscillation, as broad as the 
first two.

In Section 72, we will plot the curve of the transient for this 
example.

Example 2. As an illustration of the first Bulgakov method we 
present the solution of A. M. Letov for a system in which the regu-

( 66.68)
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lated object and regulator are described by equations

T%ip 4 -  Ta<p  -4- (J<p =  —  \  , 

i= F ( a ) ,
a  =  \  cp +  k z9  H- Zf3 J cp d t  — &4 5 ,

(66.69)

(66.70)

respectively, where the notation is the same as in Example 1 with 
T \ =  0. This system is characterised by the presence in the regulation 
function of the first derivative and integral instead of the first and 
second derivatives as before. The integral was introduced to elimi
nate the static error of the system arising from the presence of stiff 
feedback (see Section 14).

Let us introduce the new variables

__ / k j f l c i  4  k 4 (3) I k 4

and the relative time and differential operator

^ j / 5 + 5 1 , ,  v = * .
V Tllc4 dt

(66.71)

(66.72)

Eliminating, as before, the variable 5 from equations (66.70), 
using (66.69), introducing the new variables (66.71) and the constants

c __ y  1 /  Tbkj 
c° ~  ■Z“ \  fc1 +  fc4p ’

c  =  i  /  T b k 4

2 fcj4fc4P '  fci4fc4P ’

fc i4 M  ’

_ f t * 4 M a _  
6a “  1 /(^ 4  T c^T lk ,

we obtain two equations:

(66.73)

i(Cs-Co)p8 + ( l - c 1)p* + c2p]xl -  (p + h)x2 == s/,(3*) , I 
- ( p 34 c spl!4 ))4 O ® i4 a :2 =  0 , |

where

— F i(®a) — hx2 , Fi(x2) k4 |  /  kt Tb t,i / )
4  k4p r ki~\-kt $ W  + krfj

consequently, the graph Fj(®2) (Eig. 3056) has the same form as the 
graph F{a) (Fig. 305a) except for a change of scale along both 
coordinate axes in accordance with the last formula.

The operational determinant (66.12) in the present case has the 
form

{c»-c0)p3 + ( l - c l)p3 + cip , - ( p  + h)\
-{p* + c*p* + p + ct) , 1 |

=  Pi + {c0 + h)p3 + {cl + cAh)p2 + hp+ czh . (66.75)
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The characteristic equation (66.3) of the simplified system will 
then be

D(z) = :^ + {c0 + h)!fl + (c1 + cah)zi + ha + oih =  0 . (66.76)

To obtain the periodic solutions we represent it from (66.4) in 
the form

D(z) =  (z2+ (n20)(z2 + b1z + b3) =  0 . (66.77)

Equating coefficients of both equations (it is here possible to employ 
the final formulae (66.7) and (66.8), derived previously for the 
fourth-degree equation) we obtain

Wo =  —  , bx = C0-Ih , b3 = c,(c0 +  h) , (66.78)c0n

(c3 -  e2) h2 + (cx t  c0c3 -  2c0ct - 1 ) h +  c0(Cj -  c„ca) =  0 , (66.79)

where the last corresponds to the condition of the boundary of 
stability (29.19) of the simplified system.

For further calculations in accordance with (66.12) and (66.75) 
it is necessary to find (assuming I =  1, q =  2)

F u (io i0) — 1  , F i3(i(n3) =  (6*2 C3 6)o) 1 )  •

Then formula (66.11) gives

Lx +  iM x = —- — — ; r - - ■ , L% +  iM , =  1 •
(Cg <?3 0>o) (Oo 1)

Therefore the periodic solution (66.10) of the simplified system 
will be

=  d 0(7/jSinco0< + ilfjcoswot) , x3 =  4̂0sino)0i . (66.80)

We now find the frequency correction a. We calculate from (66.77)

~ =  2®  ( s 2 - \ - b x z - { -  5 a ) +  ( z 2 -1 - <i)*) ( 2 z  +  b x +  b g) .
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Then from formula (66.16), taking into account the second solution 
(66.80), denoting the amplitude A 0 of the periodic solution for the 
coordinate xt as before, by «i, we obtain (taking q =  1):

27t

aft— 2(Oo(— w’o +  ^iwo-f 62)oc] =  — I efi{ai&mu)e~iudu .
71 J  0

Separating the real and imaginary parts, using (66.75) and con
sidering that since the characteristic is single valued (Fig. 305) we 
have

we obtain

| £/1(ffl(Sinu)c.osudu ■--- 0 .
n

n>o)
1
7U

2rtj [F^aiBinu) — haisinujtiinudu . 
0

— 2aia>o&bi — 0 .

The last equation gives the frequency correction a. =  0. Then 
from the first we have:

where
hai = J (a t) ,

Fl(aisinu)8inudu

(66.81)

(66.82)

Comparing this with (66.63) and (66.64), we obtain here in prin
ciple exactly the same graphic solution as in Fig. 304a and the same 
pattern of dividing the parameter plane into regions (Fig. 3046) 
if as the coordinates (x, y) of the plane we take

x  =  Cj CqCj , y =  Cq(c3 ca) . (66.83)

This agreement is obtained since here, as in Example 1, we have 
a quadratic equation for determining h (66.79). The significance of 
each region is the same as in Example 1. We mention only the method 
of investigating the stability of the periodic solution in the present 
example.

Let us write the differential equations of the transient (66.74) 
in deviations from the investigated periodic solution x*, x*, putting 

=  x* +  Axlt x% — xt +  Aa;a. We obtain

[{ca- c 0)p3 + ( l - c l)pi + cip]Axl - ( p  + h)Axz = Q , \
— (p3 + o9p2 + p + c3)Axl + A®a-= 0 , |

where h is the new value for h, obtained in accordance with Section 18 
as the coefficient of the linear term of the Taylor series expansion
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of the function F ^x ^  about the steady-state process x* =  ajsin w0<. 
But since this last is oscillatory, h is also a periodic function of t. 
In accordance with the general approximate character of the method 
the constant value averaged over the period

lire

h= — J /'1{(aJsin u)du -- -
o

is taken, where J ( a f) is expression (66.82).
Then stability of the periodic solution is defined by the Huiwitz 

criterion applied to the linear equation in deviations (66.84). The 
characteristic equation will here have the form (66.76) substituting h 
by h. We require the coefficients to be positive:

e0 +  A >  0 , ct +  c3h >  0 , h >  0 , t.>zh >  0

and inequality (29.18), to be satisfied, specifically:

(c3—c2) Az-f (c1+ c0c3—2c0c2—l) c0c2) >  0 ,

where h has the value (66.85). All this leads to the results described 
at the end of Exanvple 1.

dJ(ai) i J(ai) 
dai at (66.85)



CHAl’TEU X VI [

SELF-OSCILLATIONS IN THE PRESENCE OF AN 
EXTERNAL FORCE AND FORCED OSCILLATIONS OF 

NON-LINEAR SYSTEMS

67. Approximate determination of seif-oscillations with slowly varying 
external force and in the presence of constant components

In  the preceding chapter we have studied the oscillations of non
linear systems about an equilibrium state under the assumption of 
absence of a constant component. The condition of absence of 
a constant component (61.6) may be violated either when the charac
teristic of the non-linear circuit is unsymmetrical or when there 
is a slowly varying external force of arbitrary form. In  the former 
the constant component may be present even in the absence of 
the external force, but we shall consider this question as a special 
case of determining oscillations in the presence of a slowly varying 
external force.

Let us assume that at an arbitrary point in the system an external 
force is introduced (perturbation or command) f(t) (Fig. 306), where 
the equation of the linear part of the system has the form

Qi(P)Xi = -R i(p )®2 + S{p)f{t) . (67.1)

Let us assume that the external force on the system f{t) varies fairly 
slowly in comparison with the period of self-oscillation of the given 
system. This occurs very frequently in oscillatory servomechanisms 
(and program-control systems), when f{t) denotes the command 
function at the input to the system, as well as in integrators and 
other computing systems operating in the oscillatory regime, where 
f(t) denotes the integrand or other input function. The same may 
occur in ordinary control systems where /(/) denotes an external 
perturbation (change of load, etc.).

In  the general case we shall consider tha t f(t) itself and all its 
derivatives entering into the given equation (67.1) vary so slowly 
that in determining self-oscillations they may be considered constant 
during a period of oscillation. If /(<) itself has an oscillatory charac
ter, its frequency of variation is assumed many times smaller than

668
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the frequency of self-oscillation in the given system. In  particular 
cases the external force /(<) may be a constant quantity

f(t) con si (67.2)

or may vary with constant velocity

f(t) -  Cjt +  c, . .(67.3)

The non-linear element of the system may belong to the first 
or second class, i.e. it may be described by any of equations (52.1),
(52.2), (52.3), (52.4). The same method extends to non-linear systems

|  f(t>

L i n e a  r  
p a r t

N o n  *
1 i n e a r
c i r c u i t

F i g . 3 0 6

of the third class (with several non-linear elements separated by 
linear parts). The equations of the non-linear elements may contain 
various dissymmetries, leading to the presence of a constant com
ponent.

In  the present section we shall employ harmonic linearisation 
for the solution of these problems and the fundamental method of 
determining self-oscillations described in Section 62.

Harmonic linearisation of non-linearity. For the harmonic line
arisation of, for example, the non-linear function

y = F(x,  x) (67.4)

it is now necessary to put:

x = aP-\-xp . where xp =  asinw , to =  -3r. (67.5)dt

We have here three known functions: “the constant” component afi, 
the amplitude a and the frequency to of the periodic solution aP 
(self-oscillations). All three quantities vary slowly with variation 
of /(<).

Substituting (67.5), expanding the non-linear function (67.4) in 
a Fourier series and limiting ourselves to the fundamental com
ponent, we obtain in place of (61.7) the approximate expression

y =  g°(a, to, ®°) + q(a, to, aP)aP-\- ^  jp  ,
Cl)

(67.6)
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where
2r:

<f(a to j!°) | F(cp°-| rtsin -M , a^cm u)dn  .
2 iz J o

2 n
q ( a , c o , , r ° )  -  -  F ( ® ° 4 - « s n H f  , c i c o c o s - w )  m \ u d u  ,Tza Jn

2n
7 i(« , to, :r°) • — • I F(x°-\- a  sin a , aco conic) cos ndi* .TT̂l0

(67.7)

Harmonic linearisation for non-linearities of other types is carried 
out analogously. The general procedure is the same as in Section 61 
but everywhere we introduce the constant components afi and cj'0.

The approximate equations of the non-linear elements of the 
first class (61.11), (61.12) and (61.15) take the forms

*£ +  *£ "•••• q°(a, o>, xl) -j-

(i\{.G> * Cl). (2/*i ) o
- • p 4- q(a, co, .-»“)

qu(a, x'l) -i-

/ it, i a*) X\)q{a, co. a?,)-r -  >(i) •«i , ( 6 7 . N )

a)2 +q°(a, «o, .Us) ^ t'd*? 4 Jo) , (67.9)

$  . (67.10)o & (« ,#?)q(a, x t) + (0

respectively, where q°, q, qlf are calculated from formulae (67.7) in 
which for the third case a cocos« is omitted.

For a. non-linear element of the second class (61.24) we obtain 
the approximate equation

q3(a2, co, x2) , o,
----  ” P ^2(̂ 2 ? ? ^2)(0 x2 +  q2(a2, co, x2)

Xi +  q°(al . x\) , (67.11)(0

for the same harmonic linearisation formulae (67.7), but with the 
addition of a relation among the amplitude (61.28). The approximate 
equations taking into account the constant components are analogous 
for other types of elements.

Approximate equations of the non-linear system. Thus, the ap
proximate equation of the non-linear element may be represented 
in the form

<Mp)rt r Q° = K ( P ) ^  • B° , (67.12)

where, for example, in the case (67.10) we have Q° —- x%, i?° — q°(a, x(). 
for the case (67.9) we have Q° =  q°(a, co, a;®), R° = CjX°, while in the 
case (67.11) we obtain Q° =  ql{a2, co, x2), 7?° x%).
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The equation of the linear part of the system (67.1) with substi
tution of xx =  x\ +  and x2 = x%~tx£ is written in the form

Qi{p)xo +Qi(P)®i =  Ri(p)x%-Ri{p)x°2 + S(p)f(t) . (67.13)

From the system of equations (67.12), (67.13) we separate the 
equations for the “constant” components:

Q ° ^ R ° , Qi(p)x°1- rRl(p)xl ^  S(p)f(t) , (67.14)

and the equations for the periodic components:

Qnip)3̂  =  Rn(p)%l ; | p-.
Qi(p)xf =  —Ri(p)Xli . (

For the latter two equations we may write the characteristic 
equation

Qi{s)Qn{2)+ R i(z)R n(2) 0 (67.16)

and the expression for the Mikhailov curve

L(i&) =  Qi(i&)Qn(i&) -t- Ri(i&) . (67.17)

where the four unknown quantities (a, « . x°, x\) enter into the coef
ficients.

Determination of self-oscillation in the presence of constant com
ponents and with slowly varying external force. We apply here the 
basic method (Section 62). For the equations of the periodic com
ponents (67.15) we compose the characteristic equation (67.16) and 
the expression for the Mikhailov curve (67.17), in which we separate 
the real and imaginary parts: F(ito) =  X(o>) +  iY(a)). From this 
we obtain the following two equations:

X(on, at, xi, *2) — 0 , | ^
Y ( « l, a l,x1,xl) = 0 ,  | (b7‘18)

to which we join the equations for the constant components (67.14) 
namely:

Q° =  J2°, Qi(p)a% + B t(p)a& = S { p ) m  (67.19)

As a result of this the four unknowns are determined: w,, ax, x°x, x\. 
Most frequently either x% will not enter into expressions X 2 and Y, 
as, for example, in cases (67.8) and (67.10), or x°, as in the case (67.9)- 
Then equality Q° =  R° separates off while the remaining three will 
define three unknowns.

These equations are used similarly to those in Sections 62 and 63 
to determine the dependence of the quantities « ,, alf xx, x\ on the
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system parameters. In  addition these equations show the dependence 
of these quantities on the slowly varying external force. This circum
stance is very important, as in practice in many oscillatory systems 
and computer systems a very substantial influence of the slowly 
varying external force on the frequency and amplitude of oscillations 
in the system is observed.

If the external force has a constant magnitude (67.2), all calcu
lations are substantially simplified.

Example. Let the servomechanism considered in Example 1, 
Section 63 have an input force a (t), which we shall consider slowly 
varying with constant velocity a =  const, a =  at. We shall consider 
the values of a to be constant within a period of oscillation.

The equation of the linear part of the system according to (54.10), 
in place of the previous (63.3) will be:

(T3p + l ) I 4 =  -[fc +  (TaP +  l)* .p]P  +  M « - (67.20)

The equations of the non-linear element (drive and controlled 
object) will be as before:

(TlP + l)pfi = o'F{It) ,  (67.21)

where F ( I4) is defined by the graph in Fig. 276a. We put

p - p °  +  PP , pP =  [3° +  ppp , I 4 = I °4 + I 4 , I * = a s in « ,  t o = ^ ,

where (3° is a slowly varying value of the angle p, which is considered 
constant within a period of oscillation (the self-oscillation pp is 
superimposed on it).

Harmonic linearisation of the equation for the non-linear element
(67.21) according to formulae (67.6) and (67.7) gives:

(T1p +  l)pPP +  p° =  gB(«, fJ) +  ff(a,Z5)/f , (67.22)

where with a >  b + I °4 we have:

0/ to. hxa I {iz \ q (a, 14) =  ~  I -  - nA  sm«r  cosw, +

+ + m2|  sinw2 +  cosw2

q(a, 14) =  — ̂ 2 +  « i+  is in 2 # 2+  -sin2Mxj ,

. . b - 1  °4 . x b + l \% = sin~l ------ , u =  sin-1--------;

(67.23)
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witli b l°4 < a < b + 1°4 we obtain:

— — % jsinwl —costq0, t«vq (a, I 4) - —
7t

q(a, I°4) +  % + |s in 2 «, ),

_L 1. 7 °
i " a *  4 j

=  sin-1-------

(67.24)

while with 0 <  a < b —1\ the given element becomes linear, with 

q (®» I 4) =  &i-̂ 4 > I 4) =  &ii (67.25)

it is assumed in all cases th a t |Z°| <  b (the quantity b is defined in 
Fig. 276a).

Differentiating equation (67.20) with respect to time, with constant 
velocity pfl =  p° we obtain:

$° =  Tc0± . (67.26)

Therefore the equations for the constant components (67.14) are 
written here in the form

ft0« =  q°(a, I°4) , =  — (&p° + ft6fc0a) +  fc0fca . (67.27)

The equations for the periodic component (67.15) will be here:

(Txp +  l)pPP =  g(a,l2)I?,  |
(TsP + 1)Ip4 =  -[Jc + ^ p  + VJctp]^  . 1

Writing for them the characteristic equation and the expression 
for the Mikhailov curve, we obtain, as in Example 1 of Section 63, 
the expressions

2(«i, I 4) =

k =

l \ T a u * i - l
k6

T x + T 3

.qiah 14)

(67.29)

Combining them with the first equations (67.27), we find three 
quantities: tox, ax, I 4 in dependence on the parameter Tt and on the 
given velocity a. After this from the second equation of (67.27) 
we determine the quantity p°, and consequently, the error (3° — fc0a° 
which iB a slowly varying part of the total stationary dynamic error; 
the second part of the total error is the self-oscillation: (3P =  apsinoqt, 
where ap is defined as in Example 1 of Section 63 by the formula

—
TioyJ -}- 1

a,.
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In  a similar manner we may consider the influence of slowly 
varying external forces in other systems, in particular in relay 
systems. The greatest practical interest occurs where the self- 
oscillatory regime is the basic operating anode of the system.

Oscillations in non-linear systems containing unsymmetrical non- 
linearities, without external forces, are considered in the same 
manner.

6 8 . Approximate determination of forced oscillations in vibrational 
linearisation of non-linear systems

The approximate methods employed in the preceding chapter for 
determining self-oscillation may be applied as well for the approxi
mate study of forced oscillations in non-linear systems with sinusoidal 
external force. Different sides of this question have been studied 
in the works of N. M. Krylov and N. N. Bogoliubov, A. A. Andro
nov, K. Y. Butenin, G. 8. Pospelov, M. A. Aizerman, Y. Y. Petrov 
and G. M. Ulanov and others.

Forced oscillations of non-linear systems display a number of 
completely new interesting properties, depending substantially on 
the character of the non-linearity and on the relationships among 
the system parameters and the frequency and amplitude of the 
external force.

In  the present section we describe a method of studying only the 
question, important for the theory of regulation, of determining 
forced oscillations of a non-linear system at the frequency of an 
external periodic force. This may have differing practical meanings, 
but the most important of this type is the following.

Let there be a non-linear system which operates in the self- 
oscillatory regime. In practice it is known that self-oscillations may 
be suppressed if at some point of the system from outside oscillations 
are introduced with constant amplitude and frequency exceeding 
the natural frequency of the system. As a result under certain 
conditions there occurs “interruption” of the self-oscillation and 
the system begins to carry out forced oscillations at the frequency 
of the external force (capture phenomenon). The relationships of 
the parameters may be so chosen that the forced oscillations of the 
system will have such a small amplitude tha t they may be practically 
neglected. Thus, a non-linear self-oscillatory system takes on as it 
were the properties of a continuous linear system and in many 
calculations may be practically considered as a whole as a linear 
system. This phenomenon is termed vibrational linearisation, or 
sometimes induced stabilisation, of the non-linear systems and is 
an important technical means of improving regulation processes.
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I t lias been discussed partially in Section 13, where we found the 
transfer factor (gain factor) which the non-linear element obtains 
after such vibrational linearisation.

The problem now consists, therefore, in knowing how to determine 
the conditions for which the non-linear self oscillatory system will 
carry out forced oscillations at the frequency of the external periodic 
force and to determine the amplitude of these forced oscillations.

of system

(b) A on 1 i a e a r
c i r c u i t

-9,
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Second-order relay system with delay. First we present the ap
proximate solution of this problem for a second-order relay system, 
obtained by G. S. Pospelov.

Let there be a closed system consisting, as before, of a certain 
linear part and a non-linear element (in the given case, relay), where 
an additional external periodic force xes is applied to the input of 
the latter (Fig. 307a). Let us take

Xqx Cgxsinc0ex • (68.1)
Let the equation of the linear part be:

( l \ p  + l )pxx ■= — kx.2 , (68.2)
while the relay has the characteristic

x2 =  F^{x) , x =  Xi +icex , (68.3)

and F^(x) has the simple form of Fig. 286c with the addition of 
a constant time delay t. An example of this type of system is the 
automatic temperature control considered at the end of Section 60 
(in simplified form).

Substituting (68.3) in (68.2) and putting x1 = x —xe%, we obtain

(Ttp + l )px  + 1cF^x) =  ( l \ p  + l )pxex , 

while substitution of expression (68.1) here leads to the equation 

l \ x  +  x +  TcF t(x ) =  — Asin(to0xt— a) , (68.4)
4 4
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A  =  cexcoex J^l +  T\u>\x , a =  tan 1 — — . (68.5)

According to the above, we shall seek a periodic solution of the 
non-linear equation (68.4) with given frequency wex and the con
ditions of existence for such a solution, i.e. the conditions for capture. 
We will write the required solution approximately in the form

x  =  asin(a>exf—9) >
where the unknowns are the amplitude of forced oscillations a(t) 
and the phase shift <p(i).

By analogy with Section 60 we shall here consider a and 9 to be 
slowly varying functions during the establishment of the oscillations 
and constant in the steady-state forced oscillations. After substitution 
of the expression for x  equation (68.4) will be:

2 ^(i)0xTiCOS(oiex^ 9) 2uci>0X3?i ^  sin(coextf 9)

— ao)lI T 1 sin (toex$—9 ) +  a<Dexcos (uexf —9) +  TcF£a sin (a>exi —9)]
=  — Asin(ciexf—a ) .

Let us employ previous approximate formula (60.31) and further 
substitute here
Asin(coexf—a) =  Acos(9 — a)sin(o>exf—9 )+  Asin(9 — a)cos(coexi —9) .

Then, collecting all terms with sines and cosines and equating 
coefficients for them individually to zero, we obtain the following 
two equations for determining the amplitude a and the phase shift 9  

during the transient forced oscillations:
d a  _  1  T
dt 2ojexI ’1 
d<p _  1

d t 2(i)exa T 1

, 4  cJc . * • r \1
—  acoex -1------------sin (oexT —  A  sin (9 —  a )  I ,

TZ  J
T 2 m 4 Ck atoexTx----— cos co6Xt  — A  cos ( 9 -« ) ] •

(68.6 )

In  the steady-state forced oscillations we have a =  const =  aex 
and 9 const — 9oX? i.e.

x  =  aa sin(<oex£—9®x) > (68.7)
where the amplitude aex and the phase shift 9ex of forced oscillations 
are found by equating to zero the right-hand sides of equations (68,6) 
from which

O ex =  [n Z C08 “̂ exT_ ^  sin2 (wex'f— a) j ° e

4c7csin9ex =  sin(wexT— a ) ,
( 68 . 8 )

, where the quantities A  and a are calculated from formulae (68.5).
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From these expressions it follows th a t these forced oscillations 
may exist only when

4 c l c
izA sin(coexT— a)| ^  1

(otherwise the amplitude aex is imaginary while sin<pex is greater 
than unity). Substituting here the values of A  and a from (68.5), 
we obtain the condition for the amplitude cex of the external periodic 
force:

>- 4 ck

TltOex 1̂ 1 +
sin(toexT —tan x — — ) 

\ J-1^01/
(68.9)

In  addition, it is necessary to investigate the stability of the 
periodic solution found, the more so because formula (68.8) gives 
two values for the amplitude. For this we employ the equations of 
transient oscillations (68.6). Giving the amplitude and phase small 
deviations a =  a6x +Ao, <p =  <p6x +  A<p and linearising equations (68.6) 
according to the rules of Section 18, we obtain

where F, and F 2 denote the right-hand Bides of equations (68.6), 
while the index ex denotes substitution of the values a =  am and 
<p =  q>ex in the partial derivatives.

The characteristic equation will here be

Since this is of second degree, from Section 27 for the variables 
A a and A<p to be attenuated (and therefore, for stability of the 
periodic solution) it is necessary and sufficient tha t the coefficients 
of the equation be positive, i.e.

Substituting here the values of the partial derivatives from the 
right-hand sides of equations (68.6), we obtain the following in
equalities:

2 fee . 
flgx ^  Bill COex'T )7CCOex

^ 4&ccos(<oexT— a) 
flex ^  1 ~ ~ •

7TtOex VI  +  Tltolz
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The second is always satisfied while the first, after substitution 
of (68.8) and (68.5), gives:

<Vv > 2fccsinii}exT 4fcccos(coexT —a)
Trcooxi7! h T\ coqx-

+ 4sin(«cxT — «)
tcwcx I 1  +  T ,  to C.V

( 68 . 10 )

As a result we obtain the following: if the frequency coox of the 
external periodic force is such that the inequality

2CQS(toexT — «) 
l^l +  T] tOex

sin cocx-: , ( 68 . 11 )

is satisfied, the amplitude cex of this force should satisfy condition 
(68.9). If inequality (68.11) is not satisfied, the amplitude cox should 
satisfy condition (68.10). As we see, in both cases the amplitude of

external periodic force applied to the system should be greater than 
a certain so-called threshold value in order that the self-oscillations 
be interrupted and the system carry out only forced oscillations at 
the frequency of the external force a>ex-

This threshold amplitude cex is determined by replacing the 
inequality sign by the equality sign in formulae (68.9) and (68.10). 
Fig. 308 shows the dependence of threshold value of amplitude cex 
of the external periodic force on its frequency a>ex for various values 
of delay time in the relay t. The curves are tangent to the axis of 
abscissae at points corresponding to the natural frequencies of oscil
lation of the system with the given delays.

Thus, to interrupt self-oscillation and force the system to oscillate 
at the frequency of the external periodic force, it is necessary to 
take the amplitude of the latter cex above the corresponding curve 
of Fig. 308. If a smaller amplitude is taken, self-oscillation is not 
interrupted and the system carries out a complex resultant j>rocess.
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The frequency Mex of the external periodic force should be so 
chosen that vibrational linearisation will be achieved (“suppression” 
of self-oscillation), i.e. that the amplitude acx of forced oscillations 
in the system be fairly small. This amplitude is defined by formula
(68.8). If for rough orientation we drop the radical in this formula, 
substitute A  from (68.5) and take the cosine equal to unity, we 
obtain

4cfc
------ ------ -  - , •
7tC0ox 1 1 “k -f\oex

This expression shows that the amplitude of forced oscillations 
decreases with increase of frequency. In  addition, the expression 
coincides with (60.33), i.e. the amplitude of forced oscillations is 
equal to the amplitude of self-oscillation at the same frequency. 
Consequently, to obtain a smaller amplitude it is necessary to take 
the frequency wex of the external periodic force in every case greater 
than the frequency of self-oscillation in the given system. In  the 
graph of Fig. 308 this will be to the right of the point of tangency 
of the corresponding curve with the axis of abscissae.

For a substantial reduction of amplitude it is necessary to go far 
to the right (to take oivx >̂ c^). However it is not possible to increase 
the external frequency without limit, since at too high a frequency 
the system will not react at all. For this reason the frequency coex 
should be limited to the value oiex  <  t c / t ,  at which the delay time t  

in the relay does not exceed a half-period of forced oscillations. 
Thus, for vibrational linearisation of the given relay system the 
frequency wcx should be taken in the interval

71
O i l  <  «cx <  -  ,

and the amplitude cex above the corresponding curve in Fig. 308.
The exact determination of threshhold values for the amplitude 

of the external periodic force, carried out by G. S. Pospelov, showed 
good agreement between the given approximate result with the 
exact one for this problem.

N on -lin ear system  of arb itrary order. Now, in the same general 
system (Fig. 307), let the linear part have an arbitrary structure 
and be described by an equation of arbitrary order:

Q i ( p ) x l  =  - R i ( p ) x 2 . (68.12)

The non-linear element is also arbitrary, where after harmonic 
linearisation (Section 61) we obtain for it the approximate equation

Q»(v)x2 =-= E„{y)x , x =  xt +  a?ex , (68.13)
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where the external periodic force
X0x == Cexsinciex̂  , (68.14)

is given, while the forced oscillations are sought approximately in 
the form

x =  asin(<oex4 — 9) (68.15)

with unknown a and 9 . In  the transient process they vary with 
time while in the steady-state forced oscillations they take on certain 
constant values a = a0I and 9 =  <p6x* If it is necessary to take into 
account the delay t  in the non-linear element in place of (68.13) 
it is necessary to write

Qn(p)x2 =  B n (p )e -^ x  . (68.16)

Above we have started from the external periodic force x ex applied 
directly to the input of the non-linear element (Fig. 307a). If it is 
applied to some other point of the system (Fig. 3076), we shall denote 
this in the following manner:

®*x =  c?xsin(ojex< +  9*) • (68.17)
In this case we have the following equation for the linear part: 

Qi{p)x =  - Bi(p)x2 + Si(p)xtx • (68.18)

The output quantity x  of the linear part may be represented here 
in the form

X =  X̂  Xex ,
where xx and xex are individually defined by the equations

Qiip)xx =  - B i ip )x 2,

Q lip) ~  $l(P)®ex ,

and the quantity xex is represented in the form (68.14). We then 
obtain

0ox — Qi(i^x) ex’ 9* - a r g Siji(i)ex)
Ql[io>ex)

(68.19)

From this it is evident tha t in an arbitrary concrete problem the 
structure of Fig. 3076 may be reduced to the structure of Fig. 307a, 
employing formula (68.19). We shall therefore further consider only 
the structure of Fig. 307a.

Let us write expression (68.14) in the form

•Tex — Cg^sin (cOgx̂  9 +  9) — C©xCOS9  s in  (oiex^ 9 ) c©x®iu9COS ((H0xt 9 )* 

Considering (68.15), this may be represented in the form

#ex êiCOS <p cexsin<p
flW0X p a rt

( 68 . 20 )
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Substituting (68.13) and (68.20) in equation (68.12), we obtain

[Qi(p)«»(p)(l
cexcos<p c e i  sin 9

ao)e
p'j + R l{p)Rn(p) x  =  0 ( 68 . 21)

This expression may be considered as a homogeneous linear differ
ential equation, where the given frequency of oscillation toex enters 
into the coefficients along with the unknown quantities the ampli
tude a and the phase shift cp of the forced oscillations to be found. 
The problem of determining the forced oscillations of a non-linear 
system thus reduces to finding the sinusoidal periodic solution of 
the special homogeneous equation (68.21). Its characteristic equation 
will be

cexcoS9 cexsin9
Qi(*)Q*(«) aii)e zj +Ri(z)Rn(z) =  0 . (68.22)

This differs from the characteristic equation (62.3), defining self
oscillation, only in th a t the first component contains a new factor, 
including the required phase shift of forced oscillations.

As a result, for the approximate determination of forced oscil
lations in the non-linear system we may now apply the same funda
mental method which was employed in Section 62 to find self
oscillation. The difference here will be, firstly, a certain change in 
the characteristic equation (68.22) in place of (62.3) and, secondly, 
in that we are not seeking a and co as before, but a and 9 for given
O) — (1)02 ■

If there is a constant time delay t ,  then from (62.21) it is necessary 
in place of Rn(z) to write R n{z) in the characteristic equation (68.22).

By our basic method discussed in Section 62, we seek an expres
sion for the Mikhailov curve for equation (68.22), i.e. we substitute 
z =  ico and separate the real and imaginary parts X (co) and Y (<o). 
They should vanish with &  =  <oex ,  a =  aex, 9 =  9 e x  where a>ex is 
the given frequency, while aex and 9ex are the required amplitude 
and phase of forced oscillations, i.e.

X  ((oex, aex, 9ex) — 6,1  
Y(coex, aeX! 9ex) = 0  )

(68.23)

constitute two equations with two unknowns aex and 9^  for given toex • 
These equations may be employed to determine the dependence 
of these quantities on the system parameters and to determine the 
threshold values of amplitude cex of the external periodic force 
(as the condition for existence of real values oex and 9ex in equa
tions (68.23)).

The stability of the periodic solution (for forced oscillations) may 
be roughly estimated by the same method of determining the coef-
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ficients as in Section 62. The stability conditions must be employed 
since in a real regulation system only stable oscillations may be 
established.

In  addition to the above method of determining the quantities 
Obi and <pex> based on setting up and solving equations (68.23), we 
may employ also the following graphic method. Substituting s =  io>ey: 
in the characteristic equation (68.22), we obtain the expression

a _|_ ■Rl(io^es) U n im e x  , &) 1 
Qi(io>ex  ) Q n ( t ‘>ex) ®) J

cex(coscp -Main 9), (68.24)

where for given the left-hand side is a function of only of a while 
the right-hand side of 9, i.e. we have the equation

where
0 (a) =  6‘ex(cos(p-Msincp) ,

0 (a) =  a J£i(jcoex) Jjn(o)ex> a) 
Ql(i<£ex)Qn(to>exi a)

(68.25)

(68.26)

For each given value of toex the function 0 (a) may be plotted 
point by point in the complex plane, taking a as the running para

meter along the curve (Fig. 309). The right-hand side of equation 
(68.25) gives a circle of radius cex in the complex plane with the 
values of 9 varying along the circumference. Consequently, the 
points of intersection of the curve 0 (a) with the circle of radius cex 
will be solutions of equation (68.25) and give us the required values 
of amplitude aex and phase <pex of the forced oscillations at the given 
frequency <oex. In  Fig. 309 two solutions are obtained. The stability 
of each of them may be approximately determined in the above 
manner.

Plotting in Fig. 309 a series of curves 0(a) for various values 
of coex, we find the values of an  and 9,.x at various forced oscillation 
frequencies.
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The m i n i m u m  radius of circle which touches the curve 0(a) is 
the threshold value of cex of the external periodic force, below 
which forced oscillations at frequency <oex are not possible in a pure 
form; it is also not possible for them to suppress the self-oscillation 
of the system (a complex resultant process is obtained in the system).

If there is a delay t  in the non-linear element, then in expres
sion (68.26) it is necessary to introduce the factor e '%  =  costw6X 
— i sinxwex, specifically:

<b(a) =  a Pi(i(t>cx) Itn{ ̂ ex j ^) /
m<*ez)Qn(< *e^j " i sillTOex) , (68.27)

and the method of solving the problem remains as before.
Let us consider an example of an automatic temperature regu

lation relay system (taking into account inertia of the regulating 
organ drive), described by equations (63.57). The relay charac
teristic V = F(x) is taken in two alternatives: 1) the hysteresis 
characteristic (Fig. 286d) and 2) hysteresisless (Fig. 286c), but with 
delay t .

From (63.57) the equation of the linear part of the system will be

{TlP + l)(T ap + l)p x  =  - M V  , (68.28)
where k =  fc2fc3.

The approximate equation of the relay in the first case (Fig. 286d), 
according to (63.58) and (63.70) has the form

x ,

4 cb 
iza1

(68.29)

while in the second case (Fig. 286c with delay)
. .  4cV = —  e^p .7za (68.30)

The characteristic equation (68.22) for determining the forced 
oscillations under the action of an external periodic force 
®ex =  cexsin toex< applied to the input of the relay will be

(T1* +  1)(T>» +  1)« |  ̂ ôx ôscp cex sincp ^
fJtCOex

+  J c j J c E n i a ,  .;■) — 0 , (0 8 .3 1 )
where for the first case

Rn{a, z) = , . <Zi(a)q(a) —
(0

Rr,{a, z) 4c
iza

and for the second
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We shall first illustrate the first method of solving the problem. 
Substituting in the above characteristic equation z =  id  and sepa
rating the real and imaginary parts, we obtain:

Z(co) =  -  (T, +  Tt) £>’ ( l -  +

+  ( -  T,T3&  +  di) co +  X n(i6) ,
U>(x>QX

r(s) = ( - w  + a) | i _  ĉ c- s-(pj +

+ (TX + Tt) co2 co +  Y„(co) ,WCOox
where for the first case

Z„(co) =  kjeq (a ) , r ,(f i)  =  -  kji w ,(0
and the second

X n(co) =  k,k —  C o s tc o  ,  Y„(co) =  — kjc —  sinTco .' ' 1 na ' ' ' 1 7ta

Equating X  and Y  to zero according to (68.23) we obtain the follow
ing equations for determining the amplitude ae* and the phase <p6x 
of forced oscillations:

<l)ex(Ti -{-Ta) (<tex CexCOS<pex) "I" wex(l TiTa(x>ex)Cexsin<Pex"i" /l =  0 , 
COei( l  T 1TaOiex) (aex ®elCOScpex) ^ ^ (T ^ A TaJCexSin^ex-!- fa =  0 , 

where for the first case

/i — kaexq(aex) ,
and the second

fi kjc 4 c
—  COSTCOei , 71

fa — hjcaexqi(aex) ,

4cfa — — kje — sinrcoTZ e x  •

The second case is simpler to study in that the quantities and /, 
are given constants (not dependent on the required aex and (pex).

Let us now illustrate the second (graphic) method of solving the 
problem. On the basis of the given system equations (68.28)-(68.30) 
we may immediately write the function <5 (a) from formula (68.26) 
or (68.27). For the first case (Fig. 286d) we have:

0 (a) = a 1 +
klk{q (a )-iq l(a)]

(T^coex + 1 )  (T8icoex + 1 )  ico, 

and for the second case (286c with delay)

icoex]

<I>(a) =  a +
kjc — (cOSTCOex — tsinTCOex)7C

(T ii to e x  *4" 1 ) l ) t 0 ) e3
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Assigning various values to the variable o, we plot the curve 0(a) 
by points in the complex plane and find the points of intersection 
with the circle of radius cez, as was shown in Fig. 309.

Approximate frequency method of determining forced oscillations. 
Let us describe this method, following L. S. Gol’dfarb. Let the 
non-linear element in the system of Fig. 307 be defined by the equation

x2 = F{Xj) . (68.32)

Let us find for it the approximate amplitude-phase characteristic 
TTn(a) according to formulae (65.6) and (65.7). We consider two 
cases.

First case. The transfer function xjx*x of the closed system 
(Fig. 307) is such tha t

=  1_______ =  Mi(iu>) . g
a£x 1 + Wi(ta>)TF„(a) Jfi(ico) +  W„(a) ’

where M^ita) — l/W^ico) is the inverse amplitude-phase charac
teristic of the linear part. Let us represent the characteristics M^ioi) 
and — Wn(a) in the complex plane (Fig. 310). The amplitude aex of 
forced oscillations of the quantity xx defines the point D while the 
frequency coex the point E. From formula (68.33) and the drawing 
(Fig. 310) we find

®ex =  lHfl(U0es)[_______OE
Cex |Hfl(*<*>ex) "H W„(a)| DE*

from which the amplitude cex of the external periodic force x*x takes 
the values

DE
c e x  —  Q j j j  *cx • (68.34)

Shifting the point D along the curve Wn(a), we may thus find the 
dependence of aex on cex a t the given frequency wex, while shifting 
the point E, the dependence of these quantities on the frequency toex.
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Second case. The transfer function xjx*x of the closed system 
(Fig. 307) is such that

x1 _  Wi(io>) _  _____ 1______
a£x i  +  Wt(icii) Wn(a) Mi(io>) + Wn{a) (68.35)

Then on the basis of this formula and the drawing (Fig. 310) we 
obtain:

from which
ecx \Mi(io>) +  W«(a)| ' D E ’ 

ccx =  DE  • aex . (68.30)

In  other cases, when the transfer function does not come under 
the particular forms (68.33) and (68.35) the construction is more 
complicated.

69. Improved frequency method of determining forced oscillations and 
self-oscillations in relay systems

We describe hero a frequency method which is more exact than 
the approximate methods considered in Section 68 and in Chap
ter XVI, since we take into account here all the harmonics of the 
non-linear oscillations expanded in a Fourier series and not only 
the fundamental component. But this method is convenient only 
for relay systems, while the above approximate methods may be 
used for almost any non-linear systems. However it is very useful, 
since relay systems are the most important type of non-linear systems 
(in Section 59 an exact method was considered for determining self
oscillations in such systems). The frequency method presented here 
was proposed by Ya. Z. Tsypkin. His idea was also partially developed 
by Yu. V. Dolgolenko. Certain initial considerations on self-oscil
lations were published previously by G. X. Xikol’skii. Here we shall 
follow the presentation of Ya. Z. Tsypkin.

Let there exist a relay system with .structure shown in Fig. 307« 
(in Section 68 on p. 675 it was shown how the configuration of 
Fig. 3076 reduces to this), where the linear part is described by dif
ferential equation (68.12), i.e. there is a defined transfer function

W l(v)^ RA r \
l(P) Qdp)

(69.1)

(the minus sign, as usual, is omitted), while the non-linear element 
has the relay characteristic shown in Fig. 311a, denoted further by

=  x. ®ex ,x2 = F{x) , (69.2)
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where xt is the output quantity of the linear part while xex is the 
external periodic force

XqX =  êjcSin (o)QXt 9)5 (69.3)

here in contrast to Section 68 the phase shift 9 is introduced into 
the expression for the external force so tha t the required forced 
oscillations of the system may be written with zero initial phase 
(which does not affect the essence of the matter).

Let T  be the half-period of forced oscillations, i.e.

*(0) =  b , x(T) =  — 6; (69.4)

In  the steady-state forced oscillations at the given frequency a>ex 
the output quantity of the relay element x2 is a sequence of rec
tangular pulses of given duration T, amplitude c and with alternating 
sign (Fig. 3116).

As in Section 59 for self-oscillations, here for the steady-state forced 
oscillations we write the following conditions. Firstly, switching of 
the relay occurs at

rE =  ^
^ex

Secondly, the conditionis for switching are

x(0) >  0 , &(T) <  0;

thirdly, switching within a half-period should be absent 

x(t) > — b with 0 <  t < T  .

Considering that x — x1 +  xcx and employing (69.3) and (69.4), wo 
write these conditions in the forms

x1(T) — cexsincp =  —6 , (69.5)

±j(T) -  ~  cexC0S9 <  0 , (69.6)

xi(t) +  ccxsin — 9 ) >  — b with 0 < t < T . (69.7)
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respectively. These conditions for the existence of forced oscillations 
of the system at the frequency of the external periodic force will 
be used below to find the forced oscillations.

We note in passing that to find the self-oscillations of the system 
in the absence of the external periodic force (xex =  0), we employ 
the analogous conditions

T =  —  , (69.8)

xx(t) < 0 , (69.9)
xl( t ) > —b with 0 < t < T .  (69.10)

In  approximate methods we have substituted the actual curve 
of oscillation of the output quantity of the non-linear element by 
its fundamental component. Now for the curve x%(t) (Pig. 3116) 
we shall employ the complete Fourier series

OO

x2 = F (x) = — ^  2m - 1  sin(2m _ 1) “ «(*); (69.11)
m—l

this constitutes the input quantity for the linear part of the system.
Now the output quantity of the linear part of the system xx may 

be obtained on the basis of the amplitude-phase characteristic of 
the linear part

Wl(m) > (69.12)

where A (to) and (3(to) denote, as before, the modulus and argument 
of the amplitude-phase characteristic. As already discussed in 
Section 8, to determine the output quantity xx when the input is 
given in the form (69.11), it is necessary to multiply each harmonic 
individually by the corresponding values of W^ito), where 
to =  (2m — 1)coex and m — 1 ,2 , . . . ,  oo, and then add. In addition, 
if we determine the quantity xx in the closed system (Fig. 307a), 
then from (68.12) it is necessary to introduce the common minus 
sign. As a result we obtain

4c A  ((2m— l)toex) r . u
xx = — ~ 2 j -----2m - ~1---- 8m K2w~ 1) £J“  +  P ((2w '“ 1)“ “ )l

m~l
(0 <  t < T) . (69.13)

In  particular, with t =  T, taking into account (69.4), we have:

4c A  ((2m—l)toex)) . .
xx(T) = — 2 j ----- 2 m - 1-----  fiinp ((2m—l)toex) ,

m«i
oo

4c
Xx(T) =  — tOex 2_i A  ((2m —l)toer)cosp ((2m—l)toex) .

m—1

(69.14)
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But the quantities .4. cos (3 and J.sinp from Fig. 50 are the real 
and imaginary parts of the amplitude-phase characteristics of the 
linear part =  U^oi) +  iF,(to). Therefore expressions (69.14),
considering also (69.4), may be rewritten in the form

For convenience in further investigations we introduce the con
dition for the frequency characteristic of the relay system

We shall construct this characteristic in the following manner. On 
the given amplitude-phase characteristic of the linear part of the 
system (69.12), shown in Fig. 312a, we mark off the points

toex, 3ci>ex, 5o)ei, ..., (2m—l)o>exj •••> and then reduce their ordinates 
by 1 ,3 ,5 , . . . ,  2m —1 , ..., times respectively and to the points thus 
obtained we plot the radius vectors (Fig. 312a). The geometric sum 
of these vectors, multiplied by 4c/tt, according to (69.17) and (69.16) 
gives the vector of the characteristic Wr(<oex)- This will be one point

(69.15)

TFr(w) =  UT{to) + tVT(<ji) , (69.16)
with

(69.17)

c

F ig. 312
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of the required curve. Carrying out the same operation for various 
values of <oex, we obtain the complete curve of the relay system 
frequency characteristic Wr(w) (Fig. 3126).

If in the given relay system (in its linear part or in the relay itself) 
there is a constant time delay t , then only the initial amplitude- 
phase characteristic of the linear part is changed, which in place 
of (69.12) should be taken in the form

and all the remaining, as well as the further calculations considered 
below, remain as before (except the investigation of stability).

Determining self-oscillations. Let us plot on the graph TTr(w) the 
straight line MN, at a distance —b from the f/r—axis and parallel 
to it (Fig. 312c). At the point D of intersection of this line with the 
curve Wr we have Vr =  — b, Ur < 0. According to (69.17) this 
denotes *,(T) =  — b, xx(T) <  0, which coincides with the conditions 
for the existence of self-oscillations (69.8) and (69.9). Consequently 
the point D (Fig. 312c) defines the frequency of self-oscillation oj, 
in the given relay system.

The waveform of self-oscillations of the quantity x, is determined 
by formula (69.13), in which toex is substituted by to,. Consequently, 
to determine the amplitude of self-oscillation a1 it is here necessary 
to carry out a fairly cumbersome summation of individual harmonics 
with various amplitudes and phases and to find the maximum of 
the resultant curve. If we limit ourselves to the fundamental com
ponent (as in the approximate methods), then

It is similarly possible to find the waveform of self-oscillations 
of other intermediate variables in the linear part of the system, 
employing the corresponding amplitude-phase characteristics.

Determining forced oscillations. Let us mark on the curve Wr(w) 
the point for the given frequency of the external periodic force (oex 
(Fig. 312<Z) and plot an arc of radius cex (equal to the amplitude of 
external periodic force) with this point as the centre. The point of 
intersection of this arc with the straight line M N  lying to the left 
of the iVr—axis defines the phase shift 9 of the unknown forced 
oscillations of the quantity at the given frequency wex, since the 
conditions (see Fig. 312d)

A (to)

a i &  — A(u>i) =  — | Wi(ib>i) (69.18)

F,-(c0ex) cexsincp — b ,
f >(wcx)-CexC0S9 <  0 ,



Self-oscillations in Presence of External Force 601

which from (69.17) are equivalent to conditions (69.5) and (69.6) 
for the existence of these forced oscillations, are satisfied.

In  Fig. 312d there is a single point, while in Fig. 312c two (two 
periodic solutions), in Fig. 312e again a single point.

From these graphs it is evident th a t forced oscillations of the 
system at the given frequency toex do not arise for all amplitudes oex 
of the external periodic force. There exists a minimum value, which 
as we have seen in Section 68, is termed the threshold value cS of 
the amplitude of the external force. For points toex lying to the 
left of the iVr—axis, the threshold value of cex is equal to the 
shorter distance from the point coex to the line M N  (Fig. 312d and e). 
For points toex to the right, of the iVr— axis the threshhold cex is 
equal to the distance from the point <oex to the point of intersection 
of the straight line M N  with the iVT—axis (Fig. 312/), since in the 
latter case for smaller ceK condition (69.6) is violated.

I t  is still necessary to determine the amplitude aex of forced oscil
lations of the quantity xl or other variable in the linear part of the 
system. This is particularly important where the external periodic 
forced is applied for vibrational linearisation of the relay system, 
since in these cases it is necessary to take the frequency ti»ex such 
that the amplitude o0I is sufficiently small (much smaller than the 
amplitude of self-oscillation o,). The forced-oscillation amplitude is 
determined after detailed plotting of the oscillation curve from 
formula (69.13) or, as in approximate methods, from the fundamental 
component

which may be used for preliminary calculations.
For more exact plotting of the regulation curves both in the 

oscillatory regimes and in others, it is recommended to use the 
numerical-graphical method of Bashkirov, described below in 
Chapter X V ill.

Stability of oscillations. According to the Liapunov theory, for 
stability of forced oscillations, it is required tha t all roots of the 
characteristic equation

have modulus less than unity: \zk\ < 1  (k =  1 ,2 , ..., n). Here we 
employ the notation: pf are the roots of the denominator Q̂ p) of 
the transfer function Wx(p) of the linear part of the system, T  =  iz!«ox,

C.f =  lim {p-P i)W i(p) .

aex A(toex) ----- IH^^ex)! j7C 7T (69.19)

11
(69.20)

46
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To investigate the stability of self-oscillations in place of (69.20) 
we take the characteristic equation

S g Z - t + r - o .
j'=i

where T  =  7r/6)1( and again we require \zk\ < 1  (k = 1 , 2 , n).
Both equations are valid only in the absence of multiple and 

zero roots of Qt(p).
In  the presence of a zero root of Qi(p), which is frequently the 

case, the left-hand sides of the characteristic equations are more 
complicated.

Let us transform equations (69.20), substituting

z = <PT . (69.22)

Then the second term of the equation will resemble the transfer 
function of a pulse regulation system (Chapter X III). Therefore 
here we employ similar calculations, reducing the left-hand side 
of equation (69.20) finally to the form

q =  W*{p) , (69.23)
where

g = ^ [ c eic° f l9 - l7 r((oes)], (69.24)

OO

W*(p) = £  ? ; (p  +  ‘ ( 2 » » - l ) ^ )  • (69.25)
T O —  —  CO

The left-hand side of equation (69.21) is reduced to the form

Srte +  ^ P ) ] ,  (69-26)
where

T  = - ,  « =  - £ f f r ( « , ) ,  (69.27)(1)i AC
while W*(p) has expression (69.25) with substitution of <oex by to,. 
We plot the curve

F*(*w) =  17*(«) +  <F*(w) with 0 <  to <  toex (69.28)

according to formula (69.25), substituting in it p =  ico. If the real 
and imaginary parts are separated, we obtain

OO
t7*(w) =  _  £  f7, (co + (2m  - 1 )  coei) ,

TO ——OO
OO

F * ( c o )  =  -  V i  (co +  ( 2 m  — l ) c o ex )  •
TO——OO

(69.29)
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Consequently it is necessary to start from the given amplitude- 
phase characteristic of the linear part of the system. Let it have 
the form of Fig. 312a. We plot the curves 27i(c>>) and Fx(co) (Fig. 313a 
and b); for positive co they are taken from Fig. 312a and then sym
metrically extended towards negative to. After this each of the

curves is repeated many times shifted along the to-axis by the 
quantity (2m — l)toex, where m =  0 ,1 , 2 , . . . ,  and —1, —2 ,.. . .  The 
ordinates of all curves are summed on the segment 0 <  to <  to6x, 
which from (69.29) gives the values of TJ*(u>) and F*(to), and thus 
the required curve W*(to) with 0 <  to <  toex (Fig. 313c).

We note the positions of the extreme points of the curve:
oo

W*(0) = jj- I7r(c0ex) , W*(tOex) =  2 Ui(2mt0ex) •
m=0

Analysing all the above relationships, Ya. Z. Tsypkin came to 
the following result.

Forced oscillations a t the frequency toex will be stable if the differ
ence between the numbers of positive and negative passages of the 
curve W*(ito) through the real axis on the segment (— o o , — q) with 
increasing to from 0 to toex is equal to zero (when the linear part is 
stable or neutral). If the denominator of the transfer function of the 
linear part of the system Qx(p) has s roots with positive real part, 
the above difference should be equal to s.

In  this formulation a positive transition is downwards (points 
A  and C in Fig. 314a), while negative is upwards (point B), where 
the distance q is calculated from formula (69.24). If the value of 
W*(ito) a t to =  0 or at to =  toex is itself on the segment (— o o , — q), 
we consider tha t the curve W*(ito) carries out here a half transition.

If the curve W*(ito) does not intersect the segment (— o o , — q) 
a t all (Fig. 3146 and c), with stable or neutral linear part the forced 
oscillations will be stable (with neutral linear part the curve passes
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to infinity as in Fig. 314o). If the leftmost point to =  0 of the curve 
W*(io) does not intersect the real axis, the stability condition for 
forced oscillations will be J7*(0) >  — q, i.e. cos 9 >  0. Then of two 
periodic solutions possible in Fig. 312e that one will be stable for 
which [9 1 <  90° (the left point of intersection of the arc with the 
straight line MN).

To investigate the stability of self-oscillations we apply the same 
construction of the curve W*(ico), and the same criterion with

F i g . 314

substitution of <oex by w1. In  this it is found th a t the origin of the 
curve W*{io>) a t co =  0 is located a t the point (— g, *0), as shown 
in Fig. 314<Z, with a vertical tangent. In  this case we should consider 
tha t curve 1 (Fig. 314d) has no passage a t the point to =  0 while 
curve 2 has a half passage. The curve 1 (in the absence of passages 
at other points and with stable linear part of the system) corresponds 
to a stable self-oscillation while curve 2 to an unstable periodic 
solution.

Example. Let us consider the same automatic regulation relay 
System considered in the example on p. 719. The transfer function 
of the linear part of the system, from (68.28), will be

Wl{p) (Ti2» +  1)(T3P +  1)P
(69.30)

The corresponding amplitude-phase characteristic of the linear 
part W^ico) is shown in Fig. 315a. According to it by the above- 
described method of summing vectors (Fig. 312a) we plot the indi
vidual points WT and obtain the frequency characteristic of the 
relay system TFr(co) in the form of Fig. 3156. Its point of intersection 
with the line M N  defines the frequency of self-oscillation in the 
given relay system. From the graph it is evident that the frequency
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of self-oscillation will be the greater, the smaller the width of hys
teresis loop 6 (Fig. 311a).

The amplitude of self-oscillation is difficult to determine here. 
As a rough estimate we may take the amplitude of the fundamental 
component (69.18), where Afa^) is the radius-vector of the curve 
Wi(ico) at the point to =  in Fig. 315a.

To find the conditions of interruption of self-oBciUations using 
forced oscillations at various frequencies toex, from Fig. 3126 it is 
necessary to take on the characteristic WT of the given system

(Fig. 3156) various points <oox and to determine the threshold 
values of cex as the shortest distances of these points to the straight 
line MN. As a result it is possible to plot the graph of threshold 
values of the amplitude of the external periodic force cex as a function 
of its frequency aex (full curve in Fig. 315c).

In addition, in Fig. 315c the curve of distances from the points 6>ex 
in Fig. 3156 to point L  is given in broken line. Then the region I  
(Fig. 315c) will correspond to values of cex for which there is a single 
periodic solution, as in Fig. 312d (forced oscillations a t frequency g>6X) .  

Region I I  has two periodic solutions (as for example in Fig. 312c), 
one of which—the stable one—defines the forced oscillations at 
frequency G>ex. In  region I I I  (Fig. 315c) are values of the amplitude 
of external periodic force cex not capable of suppressing self-oscil
lation in the given system.

To estimate the amplitude of forced oscillations from the funda
mental component (69.19) we use, as before, the curve Wx (Fig. 316a).

To study the stability of self-oscillations and forced oscillations,
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by the above method (Fig. 313) we plot the curve TF*(ia>), which 
in the present case takes the form of Fig. 315d. Since it does not 
intersect the real axis anywhere, except a t the point to =  0, then, 
as follows from the above theory, in the region I I  (Fig. 315c), of 
the two possible periodic solutions tha t one will be stable for which 
|«p| <  90°; it defines the forced oscillations which will be established 
in the system.

From the material presented in Part IV it is evident that the 
quality of a non-linear automatic system is either estimated very 
roughly or, in many cases, is not subject to a theoretical evaluation. 
Therefore to calculate and design non-linear automatic systems 
particularly great importance is ascribed to plotting the curve of 
the regulation process for various external forces. For this we may 
employ the numerical-graphical method (described below in Sec
tion 72), which permits plotting the regulation process for various 
elements with various values of their parameters. This permits 
a better basis for selecting one or another alternative of the pro
jected system.



CHAPTER XVIII

NUMERICAL-GRAPHICAL METHOD

70. Basis of the Bashkirov numerical-graphical method. First and second- 
order linear equations

In the preceding parts of this hook we have considered various 
methods of investigating stability, estimating the quality of transient 
responses, determining self-oscillations and forced oscillations. All 
this has served for the best choice of structure and parameters of 
various types of closed automatic systems.

However we cannot consider the investigation of the quality of 
the system completed with this. After the structure and parameters 
of the system have been chosen it is still necessary to verify that 
the entire regulation (or tracking) process in the given system 
proceeds in the necessary manner and satisfies the requirements 
placed on the system. This is achieved by plotting the curves of 
the regulation (or tracking) process by a theoretical method for 
various external perturbations and input commands, typical for 
the operation of the given system and then testing the system in 
a model and in the form of an experimental prototype.

In the present section of the book we shall consider methods of 
plotting the curves of the regulation process (in particular, the 
transient process) as the concluding stage of the theoretical study 
in the design of automatic systems. Questions of modelling and 
testing automatic systems are outside the scope of this book. They 
require very serious attention and particularly detailed discussion. 
We are also not presenting here methods of studying the influence 
of random forces on the system, given in terms of probability charac
teristics (statistical methods).

In view of the approximate character of many of the criteria 
of the quality of automatic systems described in the previous sections 
of the book, it is useful to construct the curves of the regulation 
process for several alternative possible structures and numerical 
values of the system parameters, and to select the best of them.

We present first a numerical-graphical method developed in 1948 
by D. A. Bashkirov, which in application to automatic systems is

009
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the most universal in the Bense that it is applicable both to the 
plotting of transient curves and the curves of regulation (and track
ing) processes with arbitrary external forces variable in time; it is 
equally applicable both to ordinary linear systems and to systems 
with delay, to systems with time-variable parameters, to non-linear 
systems with arbitrary non-linearity (including relay systems).

The external perturbation f{t) or the command y(t) may be given 
arbitrarily as a function of time, either graphically or in tabular 
form.

Initial assumptions of the method. Let us consider the exponential 
(Fig. 316) of the form

x ^ C - C t f - T ,  (70.1)

where T  is the time constant of the exponential, C1 is an arbitrary 
constant, and, following Bashkirov, we shall prove that the pro
jections of the secants, plotted through any two points of the ex
ponential equidistant in time, are of constant length.

Let us take two arbitrary points of the exponential A  and B  
(Fig. 316), separated in time by a certain quantity At, where A  corre
sponds to an arbitrary time t. Let us plot through them the secant 
ABD  and find the length of its projection FD. From the similarity 
of triangles BED  and AFD  we have:

ED BE A h  AF
F D ~ A F , B L ~  DF '

From equation (70.1) we find:

A F =  C—x(t) = C j - f ,
t+M

BE  =  C -x { t  + At) =  0,e T ,
which gives:

B E  C—x{t + At) ~
A F ~  C—x{t) 6

Let us denote the length of the projection of the secant AD  by TS1 
i.e. FD  =  Ts. Then from the first of formulae (70.2), taking into

(70.2)

(70.3)
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account (70.3), we obtain

(70.4)
1-6 T

which proves tha t the length T3 of the projection of the secant is 
constant, since Te does not depend on t. Simultaneously this formula 
expresses a relation between the quantity Ts and the time constant T  
for any given exponential.

I t  is convenient, expanding the denominator of expression (70.4) 
in a series

and dividing, to represent formula (70.4) in the form

T -  =  T  +  V  [ x  +  5  “  -  3 -5 0  ( r ) ’ + ~  T  + 1  l 7 0 ' 5 »

(if At < T). I t  is of course possible not to cany out this substitution, 
but to use the exact formula (70.4), from which the method described 
below does not differ in principle. However for other considerations 
we shall always take At <§ T. Therefore the substitution (70.5) has 
practically no influence on the exactness of solution.

From the second of formulae (70.2) and from the drawing (Fig. 316) 
we have further

Ax _  C—x C—x  
At Ta j, At 

^ 2

(70.6)

The exponential (70.1) is, as is well known, the solution of the 
equation

Tx + x = C  (70.7)
with the initial condition

®(0) = C - C i .

Graphical solution of a first-order nonhomogeneous equation. Let 
it be required to solve the differential equation

Tx + x  = f(t) (70.8)

with initial condition ®(0) =  x0, where f(t) is an arbitrary given 
function of time If equation (70.8) has the form

Tx + x = bjjft) +  b j^ t)  or Tx  +  x = bf^t) ,

where f t{t) is given, then we first carry out the corresponding calcu
lations in the right-hand side and obtain it in the form of a single 
prescribed function f(t) as in (70.8)
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We replace the prescribed curve /(f) (Fig 317a) by a stepwise 
curve such that within each segment Af it has a constant value, 
equal to /(t +  Af/2) Then within each segment At equation (70.8) 
will have the form

Tx +  x = C .
where

Since this agrees with equation (70.7), it is possible to employ 
formula (70.6), for each segment, At, which in the present case 
gives:

Ax
A t

(70.9)

From this formula there follows the validity of the following 
graphical construction shown in Fig. 3176. The given curve /(f) is 
shifted along the axis of abscissae by the quantity T, figuring in 
the equation to be solved (70.8). If a single point A (t, x) of the 
required curve x{t) is known, then, joining it to the point D , taken 
at the center of the segment At on the curve /(f), we obtain the 
point B, constituting a new point ®(f +  Af) of the required solution, 
since here the triangle ADD has exactly the same form as in Fig. 316.

As a result the entire process of graphical solution of equation (70.8) 
appears as shown in Fig. 317c and consists only of simple plotting of
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straight lines of the type ABD  (Fig. 3176). In  this the point D  is 
always given by the right-hand side of equation f(t) while the point A  
in the first step by the condition ®(0) =  x0. The quantity Af is taken 
at will (it is convenient to take it so tha t it fits a whole number 
of times into the segment T). The point B  (Fig. 317c) is found by 
plotting the straight line AD  through the given points A  and D; 
the following point 2 of the solution is found by plotting the straight 
line from the point B  to the point 2'; then the point 3 by plotting 
the straight line from the point 2 to the point 3', etc. In  Fig. 317c 
we show as an example the straight line plotted from the point 7 to 
the point 8 ' to obtain the point 8 of the required sohition .?(<).

All the points found in this manner belong (approximately) to 
the required solution. From the construction it is evident tha t with 
decrease of At the solution obtained tends to the exact solution. 

We shall also indicate the graphical solution of the equation

Tx =  /(f) .
I t is possible to write approximately

(70.10)

(70.11)

The construction based on this formula is shown in Fig. 318a. 
The technique of plotting differs from that of Fig. 317 only in shifting 
the point D  above the curve /  in each step by a certain quantity x  
(obtained from the preceding step of the integration). The given 
curve /(f) is here shifted along the axis of abscissae not by T  as 
before, but by T — Af/2.

As a result the entire process of graphical solution of equation 
(70.10) thus reduces to plotting straight lines (Fig. 3186) of the
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type ABD  (Fig. 318a). In  this the point A  is given at the start 
(Fig. 318b) by the condition ®(0) =  x0, the point D is obtained by 
adding the segment x0 to the ordinate of the prescribed function /(<) 
at t = Atj2 (i.e. at the distance T  from the origin of coordinates). 
Plotting the straight line through the given points A  and D, we 
obtain the point B  (Fig. 318a), constituting the new point of the 
required solution x(t). Laying out the new value x  thus found from 
the following ordinate of the prescribed curve /, we obtain the point 2 ', 
which joined to the point B  by a straight line, gives us the new 
point 2 of the required solution x(t), etc. In  Fig. 3186 the line 5—6' 
is shown as an example, plotted to determine the point 6 of the 
required solution x(t).

Numerical solution of a first-order nonhomogeneous equation. I t  
may sometimes be found inconvenient to carry out the graphical 
construction in practice, particularly for cases of large angles of 
inclination of the secant in individual segments of the required 
curve x{t) (the scale of the drawing required may be too large).

In  all cases when it is undesirable to use the graphical construction, 
we may employ a numerical method giving exactly the same result. 
Let us describe it.

In  solving equation (70.8) we have from (70.9):

and, in addition,
x{t-\- At) =  x(t) + Ax .

Consequently, the process of numerical solution of the problem 
will consist in the following. Taking the integration step At and 
having the prescribed function f(t) and the value a?(0) =  x0, we 
calculate:

® ( A t) =  P i t f 0 +  p 2/  f —  j  ,

x(2At) =  ^ ( A t )  +  ps/  ^At +  — | ,
(70.12)

*(t +  A<) =  p1® (0  +  P . / ( * + y ) ,

where
At

At ’
T + 2

P* =
At

At'
T + 2

(70.13)

Here integration reduces to the simple operation of addition 
(subtraction) with multiplication by fixed numbers px and p2.
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In  Fig. 319a and 3196 it is shown how the values of the given 
function f(t) are taken and in which form the result of the solution x(t) 
is obtained.

The process of multiplication by the constant numbers and (3S 
may be speeded up using the inclined lines with the slopes tan  a, =  
and tanota =  (3a (taking into account the scale). Laying off the number

to be multiplied in the form of segments OA and 0(7 (Fig. 319c), 
we obtain the results of multiplication in the form of segments OB 
and OB.

To solve equation (70.10) we have from (70.11)

Therefore the process of solution appears as follows:

x(At) =a;0+ p /( —j ,  

x{2At) =  x(A t) +  pf^At +  ,

(t +  A() — *(<) +  (3/ (tf +  —

(70.14)
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where

(70.16)

These calculations are analogous to the preceding.
Graphical solution of a second-order nonhomogeneous equation. Let 

it be required to solve the differential equation

a $  +  OjX +  a& =  fjft) (70.16)

with initial conditions #(0) =  as(0) =  x0, where /x(t) is an arbitrary
prescribed function of time. If the equation of the system has the 
form

fflo® +  + a& = b j t(t) +  b j 2(t) +  b2f2(t) ,

where f2(t) is given, it is first necessary to calculate the complete 
right-hand side and to write the equation in the form (70.16). If /*(t) 
is a step or impulse, it is possible to solve the homogeneous equation, 
recalculating the initial conditions according to Section 6. 

Equation (70.16) may be reduced to the form

where
^ T ^  + T ^  + x  =  f ( t ) ,

T  = “i
* a2 fit) m

(70.17)

Denoting xt = T2x, we separate equation (70.17) into a system of 
two equations

Tlx1 + x1 = f(t) — x , (70.18)
T2x =  x1 . (70.19)

These equations are analogous to the above equations (70.8) 
and (70.10). Therefore, on the basis of (70.9) we have for the first 
equation:

Aa?,
~At

J l +  2
(70.20)

Formula (70.11) in application to (70.19) is written in the form 

x(t + At) — x ( t ) _ a>1̂ ~^ 2 )
AI “  • Ta '

Shifting in this all values by the half-step of integration At/2, we 
obtain

Aa; Xjft +  At)
At ~  ~ ~ T 2

(70.21)
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where by A® we denote

Ax =  ® |< +  3 - j - «  | i +  —j .

The graphical construction based on formulae (70.20) and (70.21) 
is shown in Fig. 320a. I t  combines two constructions, one of which 
(at the right) is analogous to Fig. 317, while the second (at the left) 
is analogous to Fig. 318. These constructions reduce to the following.

An arbitrary intermediate integration step is represented in 
Fig. 320a. Here we know the curve f(t) and have as well the points 
A1[®i(t)] and A[x(t  + Alj2)] from the preceding integration step. 
At the ordinate f(t + Ait2) we lay off the segment x(t + Atj2) down
wards, if it is positive. Joining the point _DX with the point A x by 
a straight line, we obtain the new point Bx of the curve xx. We add 
to this new ordinate as^ +  Ai) the segment x(t + Atj2) upwards, if 
it is positive. This gives us the point D. Joining the latter with the 
point A, we obtain the new point B  of the required curve x.

Thus, the  entire process of solution again reduces only to plotting 
straight lines. But if in solving a first-order equation each step 
of integration required plotting of only a single line, here it consists 
of plotting two lines A XDX and AD.

The process of construction, as is evident from formulae (70.20) 
and (70.21) should begin from the values /(Af/2), ®(A</2) and ®,(0). 
The first of these is known, since f(t) is prescribed. The values 
®(A 12) and ®,(0) should be found before proceeding with the solution. 
We express them in terms of the prescribed initial conditions ®(0) =  x0 
and x(0) =  x0.

From (70.19) we have
® i ( 0 )  =  T 2x 0 . ( 7 0 . 2 2 )

Further, since At is a fairly small interval, it is completely permissible 
to assume that in the segment A</2 the function x  varies along its 
tangent, i.e.

x . At .
— #0 “t~ 2 x» •

46

(70.23)
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Thus, we have obtained, the initial data for plotting the transient 
curve by the above method.

As an example, in Fig. 3206 the graphical solution of equation 
(70.17) is shown for =  2 and T 2 =  0-5, for a sawtooth pertur
bation /(f) given graphically, and with initial conditions a?(0) =  — 0-62; 
i(0) =  0-8. We take the integration step At =  0-2.

Numerical solution of a nonhomogeneous second-order equation. 
In  all cases where a purely graphical construction is inconvenient, 
the same problem is easily solved numerically in the following 
manner.

The given differential equation (70.16) is represented in the 
form (70.17), i.e.

and is separated, as before, into two equations (70.18) and (70.19). 
The integration step At is chosen. From the initial conditions a?(0) =  x0 
and i(0) =  x0, according to (70.22) and (70.23) we calculate the 
quantities

On the basis of formulae (70.20) and (70.21) the order of numerical 
calculations will be as follows: the first step

T 1T2x + T2x + x  = f{t) ,

x,(At) =  Pi®i(0) +  p, [/ ( y )  -  * ,

K3 y)= * (y)+ ’
where

the following steps

X-i>l(* +  At) =  |31®l(<) +  p2 f  ^  +  y  j -  X  ^  +  y  j]
(70.25)

Plotting the regulation curve in a linear system with delay. Since 
the method is analogous to the preceding, we shall consider it imme-
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diately in a simple example. Let the equations of the regulated object 
and the regulator have the forms

T1^ + x 1 = - x i + f(t),  (70.26)

xt(t) = Tcx1{t—'z) , (70.27)
respectively, where f(t) is an arbitrarily given perturbation, xx is 
the deviation of the regulated quantity, x2 is the displacement of 
the regulating organ, t  is a constant time delay in the regulator.

__ i__ I____ __ __ ____
O 2  4  6  S  10 72 74 k

Fio. 321

Let us first find the stability region in the parameter plane 
(ft, t/Tj). The characteristic equation of the system, from (70.26) 
and (70.27), will be

Txz + 1  +  fte-*T =  0 .
The auxiliary Mikhailov curve (Section 49)

Qi(iu>) =  T1i<o + 1
has the form of a straight line (Fig. 321a). The circle of radius ft 
intersects it under the condition ft >  1. Therefore, if ft <  1, the 
system is stable for arbitrary t . If ft >  1, there is a critical time 
delay. From the triangle OK'B (Fig. 321a), we have

where

From this

COS(7t — TfcCOfc) =  £  ,

1\<x>lc = j/ft2—1 .

Tfc
Ti l/ft2- l  ’

(70.28)

which is the boundary of stability represented in Fig. 3216.
Let the regulator time delay in our example be t =  0 -1 ^ . By 

plotting the regulation curve for eight points of the stability region, 
denoted in Fig. 3216, following D. A. Bashkirov we verify the
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variation in shape of this process with increase of regulator transfer 
factor Jc. As the perturbation /(f) let us take for simplicity and 
clarity the unit step /(f) =  1 (f). Here let x± =  0 with f <  0.

Comparing equations (70.26) and (70.8), we conclude on the 
basis of Fig. 3176 tha t in the present case it is necessary, taking the

distance along the axis of abscissae from the origin of coordinates Tt , 
to plot the graph of the function (f—x2) with respect to time. But 
we still do not know the quantity x2. Therefore we as yet plot only /(f), 
the straight line L M  (Fig. 322a).

From (70.27) and the initial condition (a  ̂=  0 with f <  0) we 
see that x2 = 0 not only for f <  0, but also with 0 <  f <  t . Therefore, 
laying off from the point L  the segment t  (Fig. 322a), it may be 
stated that the segment L N  of the function /(f) represents simul
taneously what is required to plot the function (f—x2) with 0 <  f <  t .
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Further we select the integration step At. Let us plot the corre
sponding grid in Fig. 322a. According to Fig. 3176 we plot from the 
center point of the first integration step D (Fig. 322a) the straight 
line to the point 0 (since xl =  0 a t t =  0). This gives us the first 
segment OB of the required curve of the regulation process ®i(t). 
We then take the center of the next integration step E, joining it 
by a straight line to the point B, as a result of which we obtain the 
second segment BG of the curve x^t). Continuing this construction, 
we arrive at the last step on the segment L N  and, correspondingly, 
to a certain point R  on the curve x^t), lying a t a distance t  from 
the origin of coordinates. Further, with 1 > t  we have now x2 ^  0. 
Therefore on the basis of (70.27) to determine the value of / —x 2 
(at the center of the first step after the point N) we should take 
the value xx =  FO (at the center of the first step of the curve xl} 
Fig. 322a), multiply it by the regulator transfer factor k and lay it 
off in the form of the segment HJ. Then the segment J P  will have 
the required value (f—x2). The point J  is now joined to the point R  
which gives the new segment RQ of the required regulation process 
curve Xi[t).

All further construction proceeds analogously, namely, we take 
the segment SU  (at the center of the second step of the curve x±) 
and lay off VW  =  k -8 U (at the center of the second step after the 
point N). Wo join the point W  to the point Q, as a result of which 
we obtain the succeeding segment QZ of the required regulation 
curve x^t), etc.

In  this manner the eight regulation curves represented in Fig. 3226 
were plotted, corresponding to the eight points marked in the sta
bility region in Fig. 3216.

The corresponding curves (f—x2) obtained during this construction 
are also shown (Fig. 3226). Since /  =  1, these curves may be con
sidered as graphs fo the displacement of the regulating organ x2 
with reversed sing, if we take the straight line L M  as the axis of 
abscissae.

The regulation curves plotted clearly show th a t with constant 
delay t  and constant regulated object, with increase of regulator 
transfer factor k the regulation process progressively passes from 
aperiodic to oscillatory. The frequency and amplitude of these 
oscillations increase as the boundary of stability is approached.

At k =  15-7 (at the boundary of stability) undamped oscillations 
with constant amplitude are obtained, as is evident from the graph 
of Fig. 3226. There is no doubt if we had taken k >  15-7 (in the 
region of instability), the regulation process curve of the given 
system carried out by the above method would lead to a graph 
of divergent oscillations.
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We note that the given system would be stable with arbitrary 
positive values of its parameters (Tc and Tt) in the absence of delay, 
as a first-order system (according to (70.26) and (70.27) with t  =  0), 
where the regulation process with /  =  constant would always be 
expressed by a simple exponential (oscillations would be completely 
impossible). Introduction of the constant time delay t  radically 
changes the properties of the system^ oscillations and the possibility 
of instability of the system appear.

71. Numerical-graphical method for linear systems of arbitrary order

On the basis of the principles considered in Section 70 we shall 
now describe the Bashkirov numerical-graphical method for plotting 
the regulation curves in linear systems of arbitrary order. Here, 
as above, we assume arbitrary initial conditions and arbitrary ex
ternal force on the system, given as functions of time (analytically, 
numerically or graphically).

If we have the differential equation of a system

{a0pn + a1pn- 1 + ... + an-1p + an)x  =  {b0p'l + b1pv~1 + ...
... + b'>~1p + b.))f2(t) ,

where f2{t) and all coefficients are given in numerical form, it is 
first necessary to carry out all calculations in the right-hand side 
of the equation and to obtain the right-hand side in the form of 
a given function of time f^t). I t  is then necessary to solve the differ
ential equation of the system in the form

(a0p* + a1pn- 1 + ... + an-.1p + an)(c =  U(t) , (71.1)
where f^t) is an arbitrarily given function of time with arbitrarily 
given initial conditions: x0, x0, ..., a?on-1> (on the initial conditions 
for transient processes see Section 6). We consider separately three 
different general cases.

The case where the roots of the characteristic equations of the system 
are known. Let it be required to plot the regulation process in 
the system, described by the differential equation (71.1), where 
the roots z ,, za, ..., z„ of the characteristic equation of the system

o„z» +  a1sn~1 + ... +  an-its +  an = 0
are known. They may be found, for example, by the simple numerical 
method (Section 39).

Since we consider only stable systems, all roots of the charac
teristic equation have negative real parts. Let us assume that of n 
roots m are real, and may be written in the form

1 1 - 1
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while the remaining (n—m) roots are complex. For each pair of 
complex roots, for example,

3 m + 1.2  =  (a >  0) ,

it is necessary to calculate the constants Tm+1, T m+2 in the following 
manner:

T- » = b  (71-3)

Then the operational polynomial in the right-hand side of equa
tion (71.1) may be decomposed into factors in the form

( . 1 ' i P  +1) ( T 2 p  +  1) ••• ( T m p  +  l ) ( T m + 1 T m + 2 p 2 T m + 2 p  +  1) •••
... (Tn- lTnp' + T np + l)X = f[t),  (71.4)

where

Equation (71.4) may be further represented in the form of a system 
of first and second-order equations:

(TiP -f l)xt= m,{T2p + \)x2 =  ®1 ,

(Tmp + l)xm=  Xm — l y
(Tm+iTm+2p2 -j-Tm+iP +  l)®m+2 =  ,
(Tm+eT'm+iP2 + Tm+iP Jr̂-)xm+i=  *̂ m+2 ,

(Tn-ilnP2+ Tnp + l)X == $n—2 •

From the given initial conditions

a?(0) =  %0, px(0) =  x0 , ..., pn-1a;(0) =  4 " -1) >

employing (71.5) we easily find the initial values of all variables 
in succession, beginning from the last

®n—2(0) =  Tn—iTnX0 TiiXqXq ,
*n—2(0) =  Tn—i'TnX0 TnX0 X0 .

etc. until we arrive at

a>i(0) =  T2x2{0) +  a:2(0) .

We then solve in succession graphically or numerically each of 
equations (71.5) individually in order, beginning with the first, 
and exactly following the methods described in Section 70.

The case where the roots of the characteristic equation are un
known. Let it be required to solve the differential equation (71.1)
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without calculating the roots of the characteristic equation of the 
system.

Let us transform the given equation. We first divide through the 
equation by On and substitute

Then equation (71.1) takes the form

(T-pn+ ^ p n- 1 +  ^ p n- 8+ ... +  22=ip +  l U  =  /( l ) .  (71.7)
\  ®» /

The operational polynomial in the left-hand side of this equation 
is then divided by (Tp +1). As a result of division, according to (39.10) 
we obtain the polynomial

where
T” 1pn 1 + b1pn 2 +  ...+  ft»-2p +  6«-i,

h — a» mn-2

bi
®< _  bj-i

anT  T (i — 2 ,3 , , n - 1)

and the remainder
1 — bn-1 

T  '

(71.8)

(71.9)

Consequently, it is now possible to write equation (71.7) in the 
form of two equations

{Tp + l ) x x = f ( t ) - k lx ,
(T71 1pn 1 + bxpn 2 + ...-\-bn- 2p +  bn-i)x  =  ocx

(71.10)

We divide the last polynomial again by {Tp +1). The result of 
division will be

T7™ 2pn z-\-c1pn 8 + ... +  cnsp +  c„_2 ,

where
r — -1 _  7^ - 8— ji -*■ >

°t = ^ r = i  ( * = 2 , 3 , . . . , » - 2 ) ,  

and the remainder
fc2 =  bn-l^ pn- 2 (71.U)
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Continuing these operations, we reduce the initial differential 
equation to the following system of n first-order equations:

Tx^ + xi =
Tx% “l- ̂ *2 =  'Ci ,
Tx, 4“ =  > ^ 2  Iĉ x ,

Tx -{-x =x-i- 1—1cnx .

(71.12)

Each of these equations is analogous to equation (70.18). There
fore, according to (70.20) it is possible to write for them the re
lationships

t o ,  f (,+  +*)-**<'>

A^
(*+ y ) ~  (4 + ¥ ) _  *2

T  + At (71.13)

Ax
~At

- 1 (* + t )  “  (* + T ) ■” 1* (* ■+ t )

r +
A t

(for convenience of plotting in the last equation a deviation from 
the general rule has been made in the argument of the last term,

which has no significance). D. A. Bashkirov gives a better method 
of interlaced secants, which will not be described here.

The system of relations (71.13) corresponds to the graphical 
construction shown in Eig. 323, where an arbitrary intermediate 
step of the solution is represented. First on the ordinate f{t -(- Atf/2) 
the quantity ^ ( i - f  Ai/2) is laid out downwards, if it is positive.
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The point obtained Dx is joined to the point A lx corresponding to 
the value of xx(t). The result is a new point B x of the curve x2.

Then, from the center of the interval A XBX the segment k^c(t +Atj2) 
is laid out downwards, which gives the point D2. Joining the latter 
with the point A 2, corresponding to the value of x2{t)f we find the 
new point B2 of the curve x2. From the center of A 2B 2 we again 
lay off downwards the segment k2x(t + A//2) etc. These constructions 
are continued to the left until the entire system of equations (71.12) 
(or, which is the same, (71.13)) is exhausted. The last straight line DA  
in this construction gives the new point B  of the required curve x(t).

Each step of integration of the nth-order differential equation 
thus reduces to plotting n straight lines DXA U D2A 2, ..., DA.

From this construction it is clear that the quantities x(t + Atj2), 
xt(t), x2(t) , ..., xn- x{t) should be known from the previous step. There
fore construction of the curve x(t) is shifted by At 12 in comparison 
with the others. In  order to avoid calculating the values of the 
products

kxx \ t  + —) , , •••» *nx(t + ^  ,

lo the left of the origin of coordinates 0 inclined rays are plotted 
at angles oqj ag ,... respectively, where

tg =  A?, , tg OCg - k2 , ... , tg <Xn — kn •

Then, obviously

k1x (t + ^ ]j = E F 1, +

From this it follows tha t to begin the very first step of integration 
it is necessary to know the quantities ®(A</2), a^O), ®a(0 ) ,..., ®n_i(0). 
These are all defined by the prescribed initial conditions

flj(O) =  x0 , px(0) =  z0,... , pn~lx(0) =  ,

where according to formula (70.23)

*(ir)*'*0+ ¥ ib’ (71,U)

and all remaining quantities are calculated during the above- 
described division of the polynomial, namely (71.10):

®i(0) =  6„-i®0 +  bn- 2x0 + ... +  Mo
*2(0) =  cn- 2®o +  0n- 3x0 + ... +  T’

,(n-2) +  /pn-1̂ - 1)
in-2x(n~2)

J
(71.15)
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Graphical integration may be substituted by numerical which 
according to (71.13), is carried out in the following order. The values 
of all functions at t =  0 and t =  At 12 are calculated from formulae 
(71.15) and (71.14). The auxiliary quantities

Pi =  l -
At

p2 =
At (71.16)

are introduced. Then numerical solution is carried out according 
to the formulae

x^t +  At) (3^(0 + Pa 

x2{t +  At) =  Pi x2(t) +  fi2 k^c t +

(71.17)

x {t +  2 — Pi* +  ~2 )

+  p 2 [ # n - l  ^  +  y )  “  fc» *  ( f  +  y ) ]

I t  is also possible here to employ the graphical multiplication 
described above using inclined straight lines for fea, ..., kn, px, p2.

We present an example of the graphical solution of a sixth-order 
differential equation carried out by D. A. Bashkirov (without calcu
lating the roots of the characteristic equation). Let the equation

(0 -03125p6 +  0-28125p5 +  l-1875p4 +  2-8125p3+
+  3-875p2 +  3p +  l)a? =  1 (*) (71.18)

be given, with zero initial conditions. We calculate

T = ^0-03125 =  0-5612 .

Let us divide the operational polynomial by (Tp +  1). We obtain 
the quotient

0 -0557p5 4 0 402p4 + 1  ip 3 +  2 -518p2 +  2 418p + 1037  (71.19)

and the remainder
fc, =  - 0  037 .

We divide the last polynomial again by (Tp +  1), which gives: 

0-0992p4 +  0-539p3 +  l-535p2 +  l-750p +1-19 (71.20)

and the second remainder
k2 =■ - 0 - 1 5 3  .
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Similarly we find the other remainders:

&, =  0-896; Jct =  —1-478;
JfcB =  1-721; *„ =  -0 -9 4 9 .

As a result, according (71.12) we obtain for the solution the 
following system of equations:

0-5612:+ +  ®4 =  1 (<) +  0-037® ,
0-5612®.,+  ®.2 =  ®, +0-153® ,
0 -5612®a +  ®3 =  ®2 — 0 -896® ,
0-5612®4 +  ®4 =  ®3 +1-478®, (71.21)
0-5612®5 +  ®6 =  ®4 —1-721®,
0-5612® +® =  ®6 +0-949®,

the initial conditions remaining zero. We take the integration step 
At =  0-5 T.

In  Fig. 324 the graphical solution of the system with all inter
mediate curves is shown. Comparison of the solution obtained with 
the exact analytic solution gives the following results:

t 0 tc/2 TZ 3 + 2

x  e x a c t .................. 0 0-0795 0-5903 0-9281

x  graphical . . . . 0 0-085 0-600 0-935

The exact solution has here the form 

x  =  2e~2t— 6-4e-« +  0-2e-2‘cos |21 +

+  1-6 |/5e-<cos(< — tan_10-5) +  1 . (71.22)
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This example clearly shows tha t the presence ol complex roots in 
the characteristic equation does not necessarily signify an oscillatory 
transient, as has already been discussed in Section 36. In  the present 
case, regardless of the presence of these roots, the process is mono
tonic for the regulated quantity x{t).

F ig . 325

In  this example (Fig. 324) the perturbation is taken in the form of 
a unit step l(t) only to make possible a comparison with the exist
ing exact solution for this case. If we take f{t) in arbitrary other 
form (even given graphically for numerically), the process of the 
graphical solution is in no way more complicated.

The case where the equation of the system is constructed according 
to elements (without further transformations). This case, following
D. A Bashkirov, will be considered by an example of plotting the 
curve of an automatic voltage regulation system for a dynamo.

The schematic diagram of the system is shown in Fig. 325a. Its 
action is analogous to tha t of the system described in Section 24. 
Here W2 and A 2 denote the winding and armature of the electro
magnet (sensitive element); C is the carbon column (regulating 
organ), connected in the field circuit F 1 of the dynamo (regulated 
object); 8X, S2, 8a are springs; the second of them with the damper T2
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comprise an isodromic device. The damper Dt symbolises the re
sistance to the mechanical motion of the moving parts as well as 
the damping effect of eddy currents in the armature, etc. By is the 
load into which the dynamo operates.

Similarly to the derivation of equations in Section 24, we may 
here write the following system of equations:

Xi =  (Vs j
“I- == *̂1 )
+  a?3= #2 ffifbj ^

TfbX/b +  x ib =  ktbx3 , '̂ 1,23)
^5^5 =  X3 J
T6.r6 + x6 = x s ,

where Xy =  ( V — V ° ) i V °  is the relative deviation of the regulated 
voltage V\ x2 = (J2—I 2)/l£ is the relative deviation of the electro
magnet current; x3 =  T4x4, where x4 =  (z—z0)/z° is the relative 
displacement of the armature A 2; x43 =  (z—y)/z° is the relative 
displacement of the spring S2; x fb = k4ixi3‘, x& =  (rc—r°)/(_Ri +  r”) is 
the relative deviation of the field circuit resistance; x9 — (Iy—ly)jll 
is the relative deviation of the field current; By, R 2, rc are the 
resistances of the field and electromagnet windings and the carbon 
column; Ll t L2 are the inductances of the field and electromagnet 
windings; c6, c„ are the resistance factors of the dampers Dy and X>2, 
reduce i to the coordinates z and y respectively; c2 is the stiffness 
of the spring S2; cx is the coefficient of tractive force of the electro
magnet; m  is the mass of the armature A 2,

T

. h rp m
■A- 3 ---  J t 4 =

_  c 5«°

b 2 Cylz

^ 6  =  — ,
Ly

C2 ’ Ry+r\
k43 — k — TfbMb — T, J

k6 is a dimensionless coefficient, defined by x6 =  — k6x4. The following 
values of the parameters of the system are given:

T2 =  0015; T3 =  001; T ib =  003;
kfb =  5; Ts =  0 00165; T„ =  006;

The initial conditions

®i(0) =  =  ®a(°) =  0-07 and a?2(0) =  ®j(0) =  xfb{0) =  0 ,

which correspond to a drop in the dynamo load from I  =  10d. 
to zero.
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We take the integration step At =  0-005 sec.
Since all equations (71.23) are first-order, we may employ them 

directly for plotting the transient curves hv the above graphical 
or numerical methods.

Graphical plotting of the transient curves with a force in the 
shape of a unit step is carried out in Fig. 3256. None of the plotted 
curves are superfluous (auxiliary); each of these curves has a definite 
physical significance and practical value for calculating the system, 
namely: x^t) is the variation of the deviation of regulated voltage, 
x2(t) is the current in the regulator electromagnet winding, x3{t) 
is the armature velocity, xs(t) is the variation in the field circuit, 
xib{t) is the displacement of the spring S2, comprising together with 
the damper D2 in effect the transient feedback.

72. Numerical-graphical method for systems with time-variable parameters 
and for non-linear systems

The Bashkirov method described in Sections 70 and 71 was also 
developed by him for non-linear systems and systems with time- 
variable parameters. As before, it is possible to introduce here 
arbitrary variable perturbations or command functions and arbitrary 
initial conditions.

First-order nonhomogeneous eguation with variable coefficients. Let 
it be required to plot a solution of the equation

with initial condition x  =  x0 at t =  0. Dividing it by «i(f), we reduce 
the equation to the form

Equation (72.1) may be solved graphically by the above method, 
as for equation (70.8), if we take T  constant and equal to T(t + Atj2) 
within each interval of time ( t , t  + At), but different in different 
intervals. Consequently, the formula for the solution, according 
to (70.9), will be

while the process of plotting reduces to the following. We plot the 
given curves f{t) and T(t) (Fig. 326). From the point E  on the

aQ(t) x + a^t) x  =  /j(f)

T(t)x + x  =  f{t) (72.1)
where
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curve f(t), taken a t the center of the first interval At, we lay out 
the horizontal segment E M  =  T(A#/2), with the length taken as 
the ordinate of the point H  of the given curve T(t), i.e. also at 
the center of the first interval At. The point obtained M,  iB joined 
by a straight line to the given initial point of the process A.  As 
a result a new point B  on the required curve x(t) is obtained. We 
then take similarly the ordinate of the point I,  laid off in the form 
of the segment F N  and plot the straight line NB,  giving the new 
point G of the solution x(t), etc.

Second-order nonhomogeneous equation with variable coefficients. 
Let it be required to plot a solution of the equation

a0(<)®+ai(<)i+a2(<)® =  W ) ,

which may also be written in the form

where
T ^ T ^ x  + T ^ x  + x  = f(t),

T (t) = a° ^  
l{) «iU) ’

T 2(t) = <*&) 
a2(t) ’ /(*) m

a2(t)

(72.2)

with initial conditions x — x0, x — x0 a t t =  0. If there is an opera
tional expression in the right-hand side of (72.2), we first calculate 
the right-hand side as in Section 70.

If we put x1 =  T2(t)x, equation (72.2) divides into two:

where

Zi(*)*i +  ®i = /(*)-?(*)»  1
T 2(t) x =  Xj , |

<p(t) = x T3(t)x , T3(t) =  Ti(t) dT2{t) 
dt ’

and the initial conditions will be:

(72.3)

x = x0 , xx =  a>i0 =  T 2{0)x0 at t = 0 .

(72.4)
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Equations (72.3) are analogous to equations (70.18) and (70.19) 
substituting only in the first equation quantity x  by the more compli
cated quantity <p(t). Therefore the formulae for solving equations
(72.3), according to (70.20) and (70.21), will be:

Ax xx(t +  At)
At ~  Tt(t +  At) ’

where

and in the second of formulae (72.5) the values of Ax are taken 
shifted by At/2 to the right in comparison with Ax1.

From this there follows the following construction. We plot 
the prescribed curves Tt(t) and T2(t) as well as the curve Ta(f), defined 
by the second of formulae (72.4). They are shown in the graph of 
Fig. 327a.

On a second graph we plot the prescribed /(t) (Fig. 327b). On 
the basis of the given initial conditions (see above) we plot in the 
last graph the points x0, x10 and in the center of the first interval At 
(as in Section 70) the point A  with the ordinate (70.23), i.e.

47
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Prom the point E x at the center of the first interval At we lay off 
on the curve f{t) downwards the segment

(downwards when it is positive and upwards when it is negative). 
Here the quantity x(Atj2) is taken as the ordinate of the existing 
point A , the quantity Ta(At/2) is taken from the graph T3(t), while 
the quantity x0 from the given initial conditions. From the point 
obtained E 2 we lay off the horizontal segment

the magnitude of which is taken from the graph of Tt{t). We join 
the point M  by a straight line to the point x10, which gives us the 
new point of the curve x^t) with t =  At.

From the point H x we lay off downwards the segment

equal to the ordinate of the point A. From the point H 2 we lay off 
a horizontal segment

the magnitude of which is taken from the graph of T 2(t). We join 
the point K  with the point A,  which gives the new point B  of the 
required curve x(t) in the center of the second interval At.

Let us describe as well the second integration step. From the 
point F1 of the curve /(<) in the center of the second interval A< we 
lay off downwards the segment

where xB is the ordinate of the point B  obtained above; tan ax is the 
tangent of the angle of inclination ax of the straight line K A  plotted 
previously (this gives the required value of x). We lay off the segment

and plot the straight line N H lf obtaining the new point I x of the 
curve Xj(<).

From the point I x we lay off downwards

H2K  =  T2(At)

FiFt — 9 Â< +  — j — Xg — T3 1 At +  — j • tan ocj,

11 i  'z — X n .
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and then to the right
I 2L  =  l\(2At) ,

after which we plot the straight line LB  This gives the new point O 
of the required curve x{t), etc.

Here, as in Section 70, the entire construction may be substituted 
by numerical calculations.

Second-order non-linear equation. Without considering the first- 
order non-linear equation, let us turn  immediately to the second- 
order equation. We first rearrange it so tha t all non-linear terms 
are in the right-hand side of the equation together with the pertur
bation f(t). We shall consider the coefficients of the left-hand side 
to be constant, but the solution may be extended on the basis of 
the preceding material to the case of variable coefficients.

Thus, we write the second-order non-linear equation in the form

T1Tsx+ T &  + x = Q{ t , x , x )  , (72.6)

where Tx and Ta are given constants, while all non-linear terms 
of the equation, dependent on x  and its derivative, as well as 
the external perturbation, dependent on the time t, are included 
in the function <£>{t, x , x) (the non-linearity may have arbitrary 
form and may be expressed either analytically or graphically).

Similarly to Section 70 we divide equation (72.6) into two:

T ^  + x, = 4 > ( t , x , ^ - x  ,

T2x - xx .
(72.7)

According to (70.20) and (70.21) we write:

Axx 
~At <72.8)

Ax Xi(t +  At)
At ~  Y 2 5 (72.9)

in formula (72.8) we have substituted xl(t-\-Atj2) by x^t) to simplify 
the construction and to make it agree with tha t in Section 70. 
This assumption does not have a substantial influence on the precision 
of the solution (a better method was proposed by D. A. Bashkirov).

The arbitrary integration step (Fig. 328) will have the same form 
as in Section 70 (Fig. 320), except th a t here in place of the preas
signed graph f(t) at the right there will be plotted points forming 
the graph of the function <b(t, x , x1jT2) obtained during the process
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of solution. The procedure for the solution in an arbitrary step 
of the integration will he here as follows. Having obtained in the 
preceding step the points A  and Au  i.e. the values x(t + Atj2) and 
xt{t), we substitute them in the given expression 0 (tf, x,  XjIT2) and 
obtain the corresponding value of O, which we plot in the graph 
(the point Dx Fig. 328). Then, joining the points A x and D, by

a straight line, we obtain the point B 1, the new point of the solution 
for xy. Laying off from the point obtained Bt the magnitude x(t +  Ai/2), 
taken from the point A , we plot the point D. Joining the latter to 
the point A  we obtain the new point B  of the required solution x.

In  the following integration step we shift by At to the right, 
employing as the initial points B and Bx.

F ig . 329

From this it is evident th a t to start the solution it is necessary 
to know the values of ®(Af/2) and &J0). They are defined from the 
initial conditions a?(0) =  x0 and £(0) =  x0, from formulae (70.22) 
and (70.23).

Non-linear system of arbitrary order. As before, we represent it 
as consisting of a linear part, having an arbitrary structure, and 
described by an nth-order differential equation (Fig. 329a):

Q(p)x = B(p)x*+P(p) f ( t ) ,  (72.10)
and of a non-linear component with the equation

x* =  F(x) , (72.11)
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where F(x) is the non-linear characteristic of the element. We 
describe the method here by the example of a non-linear charac
teristic shown in Fig. 3296. This characteristic is of a fairly general 
form; various other characteristics considered previously, including 
the relay type, may be obtained as special cases of the given charac
teristic. The method may be applied to characteristics of any other 
arbitrary form.

Since the external perturbation f(t) is given, we shall consider 
given as well the function

h i * )  =  P ( P ) f ( t )  ■

Let us rewrite equations (72.10) and (72.11) in the form 

<2(j»)® =  fi(t) + F( p )F( x ) ,
where

Q(P) = a 0pn + a1pn~1 + ... + an- 1p + an , 1 
F(p)  =  KPS + h P s~1 +  ... +  hs- xp +  hs . J

We denote that x  here signifies the variable quantity at the input 
to the non-linear element. We shall seek the solution for it x(t). 
The initial conditions a?(0) =  x0, px(0) =  x0, ..., pn~1x{0) =  xon_1) are 
easily calculated from the given initial conditions for the regulated 
(or other) quantity from the equations of the corresponding elements 
of the linear part of the system.

We shall consider two cases: (1) the roots of the polynomial Q(p) 
are known and (2) the roots of the polynomial Q{p) are unknown.

1. When the roots of the polynomial Q(p) are known we find 
according to (71.2) and (71.3) the quantities T1} T2, ..., Tn and 
we write equation (72.12), according to (71.5), in the form of a system 
of equations

(72.12)

(72.13)

(T1p + l ) x l = — [f1( t )+R(p)F(x)],tin
(T2p + l ) x 2 = X! ,

{ F m P  l ) : r w — Xm—i  ,

(Fm̂ .\Tm .̂2pi -)- Tm+2p -p l)®m̂_o =  xm ,
(Tm-|_3Tm_|_4pa-|- \)x m+± =  ffim+2 ,

(72.14)

(Tn-!Tnp* + Tnp + l) x  = xn- 2 .

These equations are solved individually in succession as first and 
second-order equations according to Section 70. Only the solution
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to the first of them requires some explanation. The formula for its 
solution (70.9) here takes the form

A®!

T+f
(72.15)

where the value of x(t + Atl2) is known from the preceding step 
of the solution of the last of equations (72.14), as carried out accord
ing to the scheme of Fig. 320 (with /  =  0).

Having the value of x(t + Atj2), from the given non-linear charac
teristic (Fig. 3296) we find the corresponding value of F[x(t + At/2)]. 
But for formula (72.15) we require R(p)F[x(t  + A</2)], where R[p) 
is the operational polynomial (72.13). If the point x(t + Atl2) falls 
on the horizontal of the characteristic (Fig. 3296), the derivatives 
will he zero and we obtain:

B(p)F x [ t + ^

if the point x(t + Atl2) is incident on the inclined segment of the 
characteristic (Fig. 3296), then

B(p)F i At
X ( t + 2 j

=  i  he-ikc +  hgF

where the 6igns +  or — apply according to whether the value of x  
is increasing or decreasing a t the given step in the solution at the 
time t (this is determined according to which side of the hysteresis 
loop of the characteristic is being used at the given moment).

The process of solving the first of equations (72.14) will thus be 
the same as in Fig. 3176, but the point D at the right is determined 
not from the value of /(t +  At/2) as before, but by the value of

whose calculation is clear from the above. As a result, with this 
small addition the solution of the equations of a non-linear system 
reduces to the 6ame simple graphical construction as the solution 
of linear equations.

2. When the roots of the polynomial Q(p) are unknown, carrying 
out the division of the polynomial indicated in Section 71, according 
to (71.12) we reduce the initial equation (72.12) to a system of 
equations
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T±l + xl = ^-[f1(t) + R{p) F(x ) ] - k 1x ,a>n
Tx2 + x2 =  x^-k^x  , 
Txa + x3 = x2— k3x , (72.16)

Tx  +  x  =  xn-ik  —nx
where

and kl t k2, . . . ,k n are the corresponding remainders after division.
The formulae of the solution will have the form (71.13) if in the 

first in place of f(t + Atj2) we substitute the expression

and calculate it exactly as in the previous case. The process of the 
graphical solution of the entire system of equations (72.16) will 
have the form of Fig. 323, where the point H  a t the right is determined 
not from the value of f(t +  Atj2) as before, but by the value of (72.17). 
By this method the process x(t) is determined for the variable at 
the input to the non-linear part of the system. Knowing this process 
and the equations of individual linear elements of the system, it 
is possible by their use to pass to the regulated quantity or to any 
other variable characterising the process in any given element of 
the system.

More complex system. Let the equations of the automatic system 
be given in the form

i — 1, 2, ..., k", j  — k  + 1 ,  k  +  2, ..., n  ,

and the right-hand side of equations (72.18) may include any type 
of non-linearity and any prescribed functions of time. The initial 
conditions are prescribed:

(72.17)

( p -f-1) Xi — *&i(t, Xi, x2, ..., xn) , 
TjpXj =  0 ,(i, xl} x21 ..., xn) , (72.18)

where

Xi = xio and Xj = xh at t =  0 .

Let us calculate from (72.18) the values
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after which, according to (70.23) we calculate

Having these values, we may calculate also the values of the 
right-hand sides of equations (72.18) at t =  At/2, which we denote 
for conciseness by ^(At/2)  and <by(A</2).

As a result, for the solution of each of equations (72.18) we may 
employ formulae (70.9) and (70.11) in the form

This corresponds to constructions similar to those of Fig. 317 
and 318 for the variables x{ and Xj respectively, where, in place 
of the prescribed curve f(t), in this case we obtain the curves 

xlf x2, ..., xn) and <D,(t, x1, x 2, ..., xn), calculated during the 
solution (the start of these calculations has been discussed above).

The graphical constructions may be substituted by a numerical 
solution according to the formulae

where after each step of calculation it is necessary to shift only 
by Ai/2, in order that the succeeding step always have available 
the results of calculating the values of Oi(t +  At/2) and 0,-(i +  Ai/2).

I t  is obvious tha t no difficulties will arise in the solution if equa
tions (72.18) have time-variable coefficients T^t) and T ,•(<).

Example. Using the graphical method D. A. Bashkirov con
structed the transient curve for a non-linear system described by 
equations (66.45) and (66.46), already considered above in Section 66, 
for the following data

AXj
~At

T 2b = Ta = 0-2; p =  fc, =  1; Tet = 0 2; fc3 =  Tct =  0-1; T s =  5; T\ =  1 ,
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and the initial conditions

9 ( 0 )  =  <p(0)  =  0 ;  £ ( 0 )  =  - 0 - 2 ;  £ ( 0 )  =  0  .

For an ideal relay characteristic (Fig. 303c) as a result of the 
transient (F g. 330a) steady-state oscillations are established with

P i g . 330

period 2-6 and amplitude 0-174 for the deviation of the regulated 
quantity <p. In  the presence of a zone of insensitivity <r0 =  0-08 
(Fig. 303d) a damped transient is obtained in the same system 
(Fig. 3306), which attenuates after the first operation of the regu
lating organ (duration of operation is equal to 1.12).



CHAPTER XIX

ANALYTIC SOLUTION AND FREQUENCY METHOD

73. Ordinary analytic solution

The application of the ordinary analytic solution of linear differ
ential equations with constant coefficients was illustrated in the 
examples of Section 6. In  addition, in examples of Section 9 and 
Section 59 the piecewise application of this solution was demonstrated 
to obtain the transient curve and self-oscillations in a  non-linear 
automatic regulation system (the method of matching solutions).

Linear automatic regulation systems are described by differential 
equations of the type

(a0pn +  + ... +  +  an)x*
=  (&oPv +  ••• +  K-iP +  h ) j (<) . (73.1)

Therefore, when it is necessary to find the transient curve earned 
by an input step or impulse: f(t) =  cl(<) or f(t) =  e*l'(t), the problem 
reduces to solution of the homogeneous equation

(a0pn + a1pn~1 + ...+ an- 1p + an)su =  0 , (73.2)

but with new initial conditions calculated by formulae (6.23) or (6.26).
Without repeating the ordinary method of the analytic solution, 

we describe here a useful procedure for calculating the arbitrary 
constants developed by A. I. Sud-Zlochevskii. In  the usual solution 
two most cumbersome computations are encountered: (1) finding 
the roots of the characteristic equation and (2) determining the 
arbitrary constants for given initial conditions. The first of these 
operations may be carried out by the simple numei’ical method 
already described in Section 39. I t  is therefore now necessary to 
obtain a simpler method of determining the arbitrary constants of 
integration. Thus, let there exist a homogeneous differential equation
(73.2) with arbitrary initial conditions and the roots of the charac
teristic equation found by the simple numerical method (Section 39).

Of the total number of roots n of the characteristic equation 
let there be m real {zl , z2, ..., gm), the remaining complex 
(*m+i,2 =  — oti , etc.). As in the Bashkirov method we find the

732
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constants Tlt T2, ..., Tn from formulae (71.2) and (71.3) and we 
write the given equation (73.2) in the form of a system of first and 
second-order equations (71.5), where in the present case /(<) =  0. 
As before, we find the initial conditions for the new variables x12 x2, ...

We shall now solve in succession each of equations (71.5), but 
analytically rather than graphically. The solution of the first of 
equations (71.5) with f(t) = 0  will be:

=  A ue T l ,

where from the initial condition xy =  x10 at t =  0 we have:

-d.u =  xltt.

But, having now xlf it is possible to write the second of equa
tions (71.5) in the form

_t
(T2p + l ) x 2 = A ne (73.3)

Its  solution (particular plus general) will be
__ i_ _  t_

x2 = A 21e T» -\-A22e ~T* . (73.4)

To determine the coefficient A 21 of the particular solution (i.e. the 
first component of x2) we substitute it in (73.3), from which we find

A, A

1 Tt
Ti

J

after which from the initial condition x2 = x .,0 at i = 0, we have 
for equation (73.4)

Ana —  A 2\ •

In turn x2 is the right-hand side of the third of equations (71.5), 
etc. For the mth equation we obtain

_t_ _<_ t  t_
=  A mye Tl-{-Am2e T*-{-... -\-Am(m—i)e Tm-i-\-Amme T™ ,

where the coefficients of the particular solutions will be here:

A __ - 4 ( m - l ) l  ,, A ( m _  i )2  A A ( m _ i ) ( m _ i )
m l  m  ? —  m  > ••• j —  m  j1 -L m  -j -*-m i  -*-mrp rn -*• Ttt-*1 •*- 2 -*m-l

after which we find from the initial condition:

- . . . - AA tnm — ^nio A mi A m2
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The next equation in the system (71.5) is a second-order equation. 
Its solution will be

__t_  t_

^ni+2 =  A(m+2)1& TlJrA(m+2j-i,e Ti +  ... +A (m+2)wle T,n +
+ 5 (m+2)ieai<cos CO i t  + C'(m+2)ieai‘sinco1̂ .

The coefficient A(m+2) 1 of the first particular solution is found by 
substituting it in the corresponding equation of system (71.5), which 
gives

l  (Ml+ 2 )1

1 - T,m+2 T.
T i

m+1 -*■ m+2
Tl

The coefficients of the remaining particular solutions

-+m+2)2
A mo_  5 • • •

m + 2  7tt +  l  711+2

“tT  1 "rl

-C-mi+2
T,n

2’,Mt+ l  -c  m + 2  
m 2-I m

)

are found similarly, while from the initial conditions: ®m+2 =  «(m+2)0 
and i(m+2) =  x(m+2)0 at i =  0, the arbitrary constants of integration

C(

-B(»1+2)1 — ®(m+2)0 — -d (Ml+2)1 
1

A ( ? J l+ 2 )2 “

(»1 +  2)1 *̂ (m-|-2)0 ' L'l(m+2)i , -̂ -(m+2)2 , |'i 7p "!“••• ”i”T,

(m+2)m j

î (m 1-2)1

are found.
We thus arrive at the solution of the last equation of the system 

(71.5), which gives the required curve of the transient process x{t).
As a result we obtain the following general simple formulae for 

solving the entire problem of plotting the transient curve:
S  t

,rs =  A sje * (s =  1 , 2 , ..., m) ,
3 =  1

where for all j < s we have:

A sj —
1 T, '

Ti

(73.5)

(73.6)

s—1

9 = 1

(73.7)

while for j — s:
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The further solution will be:
8—m

2

/“I 7 = 1

where

Tj _j. 2 >  sje¥cos u>jt +  Csj&tf sin <o,4)

(« =  (w +  2) , (w +  4 ) , ... , n ) ,

A(s-2)}A aj — T r p  m  7^ ____8 ^  -t s-l J- 8
21,* T-

and then for j < {s — m)j2 we calculate:
-D (s-2  )/ =  ^ s - i  F s ( a .* —  « ; )  +  jf '8 a j  + 1  ,

E(3—2)? =  Fg—i T82gc,* c0j F 3<Hj,
B ( s - 2) j D ( s - 2) j  —  C ( s  — 2 ) j E ( 3 — 2 ) jB 3j —

=

B \ b - 2  ) j  +  - E ( g - 2 )/ 
G(s—2)jD(a—2)j ~l~ B(a—tyjF(a—2)7 

B%-2 )i +  Ĵ (s-2)7
while for j =  (s —m)/2 :

m
B g j  — Xg0 A g q  B  Sq ,

7 - 1

3= i g=l
m  7 7 - 1

^  = -  Uo + ' Z T 2 -  2  2  Gs« ■
1 ' 8=1 9 8=1 8=1 '

(73.8)

(73.9)

(73.10)

(73.11)

The last of these solutions, i.e. x„ = x  gives us the required 
transient curve.

Consequently, integration of the homogeneous wth-order dif
ferential equation with arbitrary initial conditions reduces to substi
tution in these formulae of the values of Ff , a,*, w,- which correspond 
to the previously found roots of the characteristic equation.

Example Let it be required to plot the transient curve due to 
a unit step f(t) = 1 (<) when the regulation system equation has 
the form

{a0p6 +  a2p3 +  a2pi +  a3p3 +  a4p3 +  asp +  a6)x*
=  (b0p3 + blp2-Jr b2p + b3)l(i) , (73.11*)

where
a0 =  0125; =  1125; a2 =  4-75;
a3 — 11-2o; 8, — 15*5; a =  12; 8n — 4;
b0 = 2; ^i =  5; b2 =  10; b3 =  4

with zero initial conditions. We substitute for this equation by 
the homogeneous differential equation

(a0p6 + a1p5 + aipi + a3p3 + ai p2 + a5p + ag)x =  0 , (73.13)
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but •with initial conditions calculated by formulae (6.23), namely: 

x0 =  — 4 , x0 = x0 =  0 , x0 =  64 , X g 4 )  =  — 416 ,  X g l )  =  1632 
The roots of the characteristic equation will be:

#2 =— 2 , %2 ~~ 1 j &9,4 — Oq it  ““ 2 ;+ t2 ,
z 6 , e  =  a 2 ± i u 2 =  —  1  ± £ 1  .

From formulae (71.2) and (71.3) we find:
Tj = 0-5; Ts =  1 ; T3 =  0-25; Tt = 0-5;
Ts =  0-5; 1 \ = 1 ; T,T4 =  0-125; T,T, =  0-5 ,

and then the initial values for the new variables of the system of 
equations (71.5), namely:

=  4 , Xjj =  32 , Hig - 144 , x99 =  464 ,
Xyg — 6 , Xgg — 18 , ®]0 =  12 -

Putting in formulae (73.5) and (73.6) s — 1, we obtain
_t_

=  -̂ -n® Tl > -^n =  12 ,
while with s =  2, from formulae (73.5) and (73.7) we have:

_t_  t
Xg - A 2j e ^1 +  j4226 -̂ 2, -d21 — —12 , -d22 =  6 .

From formulae (73.8), (73.9) and (73.10) we find:
__________

xt = A n e r > +  A u e T* + Bileai(cos «,< +  Cu eai*sin a j , ;
A4I =  -2 4 ;  A i2 =  9-6; F 41 =  10-4; 0 ^  = 7 2 .

The last variable x9 = x, from formulae (73.8), (73.9) and (73.11) 
will be:

_t_  t_
x = A 9le T'-\-A9ie 2’2 +  .B61eai<cosa),t +  Cr91eai<sincoj$ +

+  -BgjjC^cos co2< +  C62eaefsin co2<;
A g  i  =  2 4 ;  A g 2 1 - 1 9 -2 ;  D 9 i  =  3 ;  =  2 ;

.Bai =  3-5; C91 =  0 0616; F fl2 =  -  2-7; Cg2 =  -2 4 -6 .

This is the solution of the homogeneous differential equation 
(73.13). Consequently, the transient curve for the initial equation
(73.12) has the expression

®* =  1(4 +  ®) =  1 — Ge~n +  4 -8e-< +  0-875e_2<cos 2t +
+  0 0154e-2‘sin2i — 0-675e-<cos< — 6-15e_<sintf.

This example demonstrates the simplicity of calculation the 
solution of a linear system of arbitrary order, adequate for practical 
calculations (but only for the transient processes).
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74. Operational method

Thus far we have been concerned with the symbolic operational 
notation of differential equations in which we denoted by p the 
operation of differentiation, where the differential equations of 
the system and its individual elements were written conventionally 
with factoring of the variables outside the parenthesis with intro
duction of the concept of operational polynomials (Section 5) and 
transfer functions (Section 8). I t  was shown that such a conventional 
notation is very convenient from the point of view of its conciseness, 
the simplicity of transforming the equations and the simplicity of 
determining forced oscillations in the system and its circuits (fre
quency characteristics).

In  the present section we shall consider the operational calculus 
for the solution of linear differential equations.

The fundamentals of operational calculus are described in the 
books of: A. I. Lur’e (Reference 40), M. F. Gardner and J. L. Barnes 
(Reference 33), V. A. Ditkin and P. I. Kuznetsov (Reference 30), 
and others. Our problem consists only in describing certain practical 
applications of operational calculus to the solution of the differential 
equations of automatic regulation systems.

The method of operational calculus is used to solve not only the 
problem of finding the transient curve but also the regulation 
process for certain perturbations or input commands (for which it 
is possible to write an operational transform). In  the operational 
method it is not necessary to determine the arbitrary constants of 
integration as a separate stage of the solution, since the prescribed 
initial conditions are “automatically” taken into account in the 
solution. I t  also has the possibility of a single notation for the entire 
process of solution in the presence of piecewise-continuous functions 
in the right-hand side (in place of the cumbersome matching of 
individual segments in the ordinary solution).

However in the operational method of solution the procedure of 
finding the roots of polynomials is retained. For high-degree equa
tions this is possible only in the numerical form (Section 39). There
fore it is possible to find the regulation curve by the operational 
method, as by others, only with all the system parameters given 
in numerical form.

The operational transform. Let there be given the differential 
equation of a closed system in the ordinary notation (5.2). Each 
term of the equation, a certain function of time <p(£), is transformed 
by use of the Laplace transformation (Reference 33)

OO
<h(s) =  J  e~al<p(t)dt ( t ^  0) (74.1)
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to a function O(s) of a different (complex) "variable s, where the 
equation takes an algebraic form and may be subjected to algebraic 
manipulation. Here, in distinction to the symbolic operational 
method (Section 5) not the notation but the mathematical content 
of the expression changes.

The new function in s obtained in this manner is termed the 
transform of the given function of t, while the function itself is 
termed the original. We shall denote the transform by the same 
letter as the original, but capitalised. Thus, if the originals are the 
functions y{t), x(t), f{t), their transforms will be ®(s), X(s),  F{s).

In  a number of books (Eeference 40, 30) the transform of the 
function 9 (t) is defined by the Carson transformation

00

<t> (s) =  s I e~s,(f (t)dt ,
6

differing from the Laplace transformation by the factor s. Below 
we shall employ the Laplace transformation (74.1).

To write differential equation (5.2) in transforms, it is first necessary 
to know the transforms of derivatives of arbitrary order. Let us 
find the transform of the first derivative dyjdt =  9 (t) according to 
formula (74.1), i.e.

f  r s,9 (t)dt;
6

integration by parts gives
CO

c~s(9(t)|0 + s J  e~s/f  ( t )dt ,
0

from which, taking into account (74.1), we obtain — 90 +  sC>(s), 
where 9,, is the value of 9 (<) at t =  0.

The following transforms of derivatives and integrals are obtained 
analogously:

O rig in a l T r a n sfo r m

V (t) ® («)

d tf

A t
s4> (s) -  <p0

tZa9
s2<f> ( s ) - s < p , - i 0

A t *

d n 9
A A

S'‘0  ( S ) - S ),“ J(p0^S'"“ i (p0 -  ..

J  <P ( t ) d t ~  [® (*) +<p!t 1)]
s

(74.2)
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where <p0, <p0, ..., <pon-1) are the values of the function <p and its deri
vatives with respect to time a t the instant t =  0 , while <po-1) is the 
value of the integral a t t — 0.

Let there be, for example, the second-order differential equation

d3x  , d* , , df , ,
aow + a i d t + a *T ~ bodt + blf{t) {74,3)

with the initial conditions: x  =  x0, x =  x0 at t =  0, and with the 
initial value /  =  /„ a t 2 =  0 According to (74.2) this equation in 
transforms takes the form

a0[s2A  (s) — x0s — x0] +  a, [sA (s) -  x0~\ +  a2X  (s)
b0[sF{s) - f0] + blF{s)

or
K *2 +  a18 + ai)X(s) =  (b^+ bl)F(s) +

+ a&0s + a0x0 + a1x0—b0f0. (74.4)

This is no longer a differential but an algebraic equation in the 
single variable s (complex, as in general, in each algebraic equation). 
In  contrast to this, equations (5.6) and (5.7), written in symbolic 
operational form, remain differential equations (but only with a dif
ferent notation for the derivatives) and contain the functions of 
time x (2), y(t) , /(2) which are completely absent from equation (74 4).

If the function /(2) in equation (74.3) is given, then from (74.1) 
its transform F(s) is also known. I t  is therefore easily possible to 
find from the algebraic equation (74.4) the transform X(s)  of the 
required function x(t), namely:

X  (s) = (1bps +  &i) F  (s) +  +  u0xg +  axx„ -  b0f0
a0s2 +  axs +  a2 (74,5)

Comparing this with the symbolic operational notation (Section 5), 
we note tha t in the general case, if the differential equation of the 
system has the form

L(p)x(t) =  S(p)f(t) , (74.6)

the transform of the required solution x(t) will be

A(s) = S(s)F(s) + L 0(s) 
L(s) (74.7)

where F(s) is the transform of the given function f(t) while L 0(s) is 
a polynomial reflecting the initial conditions, which are found 
similarly to the above.

Regulation process for arbitrary perturbation. As a result, the entire 
problem of finding the solution of a differential equation is now 
reduced, firstly, to obtaining by a fairly simple method the trans-
48
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forms F(s) for various types of functions f(t) and, secondly, the 
method of finding the required function x(t) from its transform X(s).

For this purpose we employ the fundamental theorems of opera
tional calculus. As a result tables of formulae are exampled which 
give final expressions for the transforms F(s) for a large number 
of different functions of time f(t) (Reference 33).

Naturally, it is possible in many cases from these same tables 
of formulae to solve the inverse problem of determining the required 
function x(t) from its transform X(s)  (obtained on the basis of the 
given differential equation), for example (74.5) or (74.7). In  this 
case the solution x(t) of the differential equation may be written 
in the algebraic form in terms of ordinary or arbitrary special 
functions. But this concerns equations of low order or high-order 
equations of a very special type.

For an example we present the transforms of several frequently 
encountered functions (here everywhere we consider /(/) =  0 with 
t < 0, except in the third formula where / ( /—t) =  0 with t < t):

f i t ) F ( s ) f ( t ) F ( s )

There exists a formula convenient for solving numerical problems. 
Let the transform X(s)  of the required solution x(t) be obtained 
in the form of the ratio of two polynomials

X(s)  = X M
X 2{S)  ’

(74.8)
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where the degree of polynomial Xx(s) is lower or equal to the degree 
of X 2(s). For example, if the transform of the given function f(t) 
has the form

from (74.7) we obtain

F{s) = FJs)
F M  ’

X(s)  = 'S(g)*1i(s)+-Eo(s)F2(s)
L ( s)F2{s)

Then, under the assumption tha t X 2(s) does not have multiple 
or zero roots, the required solution is defined by the formula (ex
pansion theorem)

x(t) V  *!(**>
X 2{sk) eskl (t ^  0) (74.9)

where n denotes the degree ot the denominator X2(s) in the ex
pression (74.8), X2(s) is the derivative of X2(s) with respect to s; sk 
are the roots of the polynomial X2(s). I t  is recommended to calculate 
the roots by the simple numerical method described in Section 39. 
The terms of the solution (74.9) corresponding to complex roots 
must be transformed as shown below in the example for the transient 
process.

If the denominator X2(s) in expression (74.8) has a zero root 
s1 =  0, then, putting

X 2(s) = sX 2(s) ,
we find

x(t) Xx(0)
X 2(0) 1

2

x xiS/c)
sk ‘ X 2(Sk)

e8kl . (74.10)

Analogous formulae exist for multiple poles and for purely imaginary 
poles (Reference 33).

The convolution theorem is also important for the practical finding 
of the original of the solution. I t  states tha t if the transform is repre
sented as the product:

X(s)  =  Xj(s)X2(s) , 

the original is expressed by the formula
t

x(t) =  /  x ^ x ^ t —t)(?t , (74.11)
o

where a?, and x2 are the originals of the transforms Xx(s) and X a(s).
In  particular, if a unit impulse acts on the system described by 

the differential equation (74.6) f(t) =  l'(t) with zero initial conditions,
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the transform cf the solution according to (74.7) will be

If on the same system an arbitrary perturbation f(t) acts with 
zero initial conditions, then

Then according to formula (74.11) we find the regulation process 
in the system for a constantly present arbitrary external force f{t):

if the transient process xt(t) in the given system caused by the unit 
impulse is known and if the initial conditions of the required process 
are zero.

Transient ‘process. For the homogeneous differential equation 
with arbitrary initial conditions we have from (74.7)

if L(s) does not have zero or multiple roots.
Thus the solution of Example 1 Section 6 takes here the following 

form. The transform of the required variable Aw is denoted by Q{s). 
Then the transformed equation of the given system (6.38), according 
to (74.2), will be:

s3Q(s)~ s2Aw0—sAw0— Ac60 +  a1[sai3(s) — sAw0— Aw0] +

and all coefficients are given according to Example 1 of Section 6. 
For formula (74.13) it is further necessary to have the expression

S(s)F(s) =  X ,(s)F (s).L(s)

x(t) =  f  x ^ ) f { t - x ) d x  ,
0

(74.12)

and from (74.9)
n

(74.13)

a^sD (s) — Aw0] a%Q (s) — 0
or

L(s)D(s) =  L 0(s)
where

L{s) = s3 + axs2 +  a2s +  a3 ,
L0(s) — Aw0s2 +  (Aw0 -(- tijAcoo) s +  Atop -(- a1 Aw0 +  <iaAcoo,

L'(s) =  3s2 +  2«ls +  a2,
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as well as to find the roots s,, sa, s9 of the polynomial L(s) by any 
means described in Section 39. After this formula (74.13) gives

Aco (*) =  ^  ^  e°* +  ̂  ** ,L'(s i) L  (s2) L  {s3) (74.14)

The solution remains in this form if all roots s1, s t , s3 are real. I t  is 
evident tha t this process of solution is somewhat simpler than  in 
Example 1 of Section 6.

If the roots s1>2 =  oc±iw are complex, while ss is real, the first 
two terms of formula (74.14) will be complex conjugate. Employing 
the substitution e±imt =  coscofl±isinco£, we come to the solution in 
the form

H 2E8li! coswf—21m ■̂o(Sl)
i ' ( S i )

sinw<| +  L M  8it 
r L ' ( s 9) e ’

where Re and Im  denote the real and imaginary (without the coef
ficient i) parts respectively of the expressions in square brackets.

When the transient process is caused by a unit step of function /(<), 
figuring in the equation of the given system (74.6), i.e. f{t) =  1(() 
and F(s) =  1 Is, with zero initial conditions before the step (bearing 
in mind the presence of a steady-state of the system before the step), 
we obtain from (74.7)

t74-15)

From a comparison of this expression with (74.12) we see tha t in 
the present case S(s) plays the role of the polynomial L0(s), reflecting 
the initial conditions. I t  is just from such a comparison th a t the 
formulae are obtained for recalculating the initial conditions (6.23) 
for the given type of transient process.

Finally, for a transient process caused by a unit impulse of the 
function f(t), i.e. when f(t) =  l'(t) and F(s) =  1, with zero initial 
conditions before application of the impulse (also with a steady- 
state of the system before application of the impulse) from (74.7) 
we have

(74.16)

On the basis of the transforms (74.15) and (74.16) the transient 
curve is found in the same way as in the above example. In  both 
cases in place of S(s) we may have according to (5.7) a poly
nomial N(s),  if the transient process is not caused by the pertur
bation /(<) but by the command y{t).

These formulae for the solution of the differential equation are 
valid also for systems with delay, but the number of roots of the 
equation for _Z2(s) may here be infinite according to Section 49.
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Transient process at application of an external force. Above we 
have considered the transient process about a certain constant 
value of the regulated quantity, arising for one of the following 
reasons: (1) as a result of the appearance of arbitrary initial con
ditions, (2 ) as a result of a discontinuous application of a constant 
load f  or a constant adjustment y , (3) as the result of an instan
taneous impulse in /  or y.

The transient process with application of an arbitrary variable 
external force, as the deviation from the corresponding forced motion 
of the system will be something else; this process will depend on 
the form of the external forces (as noted in Section 6).

For example, with a unit step of the adjustment y  (i.e. the 
command) according to (74.15), (5.7) and (74.10) the transient 
process will be

X(s)  = N(s) 
sL(s) ’ x(t) N(0) 

M  0)
y  N{sk)

xIj  skL  (Sk)k=l
(74.17)

(with the system in the steady-state before the step).
If an input command with constant velocity y(t) = at and 

Y(s) =  a/sa is applied, then from (5.7) and (74.7) we obtain

X{s) aN(s )+L0(s) 
s2L(s) ’

where, if before the force is applied the system was in the steady- 
state with x  =  0, then L 0(s) =  0. In  this case we obtain

x(t) = d_ aN(s) 
ds L(s) 8=0

| aN(0)f | y  gN(sk) ____
L{0) ^  2skL(sk) + s%L'(sk)

(74.18)

where sk (It =  1, 2, ..., n) are the roots of the polynomial L(s), 
i.e. the characteristic equation of the system. The first component 
gives a constant stationary error, the second the steady-state process 
(forced motion) and the third, the transient process (Fig. 36).

From a comparison of (74.18) and (74.17) the essential difference 
between these two forms of transient process in the same system is 
evident.

From this there follows the practical conclusion tha t in those 
automatic systems for which the basic steady-state operation is 
not defined by a constant but by some time-variable value of the 
regulated quantity (in program-control systems and in servo
mechanisms), it is absolutely necessary to investigate the quality 
of the transient process with application of the most typical variable
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input command y{t) for the given system. The general formula for 
the transform of the solution according to (74.7) and (5.7) will be

X(s) = N ( s ) Y( s )+ L0(s)
L(s) (74.19)

where N(s)  and L(s) are the polynomials entering into the symbolic 
notation of the differential equation of the given system (5.7), Y(s) 
is the transform of the typical variable input command y{t), L0(s) 
reflects, as in (74.7), the initial conditions. If before application of 
the force y{t) the system was in the steady-state with % =  0, then 
U s )  — 0.

Similarly to the above example it is also possible to study here 
the steady-state process, the stationary error of the system and the 
transient process.

We note tha t with oscillatory forces the steady-state process of 
forced oscillations and the stationary error are conveniently de

termined from the frequency characteristics (Section 8). The general 
solution with respect to the transient process for certain forms 
of inputs may be found by the operational method described 
while for arbitrary forces, by the numerical-graphical method (see 
Chapter XVIII).

Application of the operational method to non-linear systems. Let 
there be for example, a non-linear system in which the linear part 
(Fig. 331a) may have an arbitrary structure and is described by 
a differential equation of arbitrary order (in symbolic operational 
notation):

Q(p)xS)  = B(p)x2{t) , (74.20)
while the non-linear element has a simple relay characteristic in 
the form of Fig. 3316. Then each “period” of oscillation of the
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quantity xx (Fig. 331c) divides into two sections, in the first of which 
x2 =  c and in the second x2 — —c (Fig. 331d).

The graph of Fig. 331d may be represented as the algebraic sum 
of step functions (Fig. 331c), namely:

x2 = c-l{t) — 2c-l{t — t1) + 2c-l{t — t2) ~ 2c-Ht — t3) + ...

Substituting this in equation (74.20), we obtain the equation of 
the overall closed non-linear system in the form

Q(p)x1{t) = R ( p ) [ c - l ( t ) - 2c - l ( t - t l) +
+ 2c-l(t  — t2) — 2c-l(t  — t3) + ...] , (74.21)

where xx{t) is the required function and the quantities t1, t 2, are 
unknown and are to be determined during the solution as the suc
cessive times a t which xx{t) vanishes (Fig. 331c).

On the basis of the above table we write the transform of the 
solution to the differential equation (74.21) in the form

X i{s )= ^ y ( 1 - 2 e "s'1+2e~3'2~ 2e-s'3 + -") + ^ ’ (74.22)

where Q0(s) reflects the initial conditions.
We denote by xu{t) and xw{t) the originals corresponding to the 

transforms

= and Z M  = W j -  ,74-23>

These originals are found on the basis of transforms (74.23) from 
the table of transforms or from formulae (74.8), (74.9) or (74.10).

Then the solution of the system equation (74.21), according 
to (74.22), will be in segments:

•̂ i.(t) — xl3(t) -f- Xxx(t) (0 i s-J i,)
®i(0 =  ®io(0 ”l"®ii(̂ ) 2xxl(t tx) (tx ^  t ^  t2)
^i(t) = ^io(l) — 2xxx(t ti) -\-2xuft  t2) (t2 ^  t t3)

(74.24)

etc. I t  remains to determine the quantities tx, t 2, t 3, ... The quantity tx 
is defined as the nearest value of t at which the first of formulae
(74.24) gives the value xx(t) — 0, as shown in Fig. 331c. Then the 
quantity t2 is found as the first value of t after tx for which the second 
of formulae (74.24) gives xx[t) =  0, etc.

Thus, the operational method defines the entire curve of the 
transient process in the given non-linear system. In  the simplest 
cases, applying to (74.23) the tables of operational transforms 
(Reference 33), the solution obtained (74.24) may be expressed in 
algebraic form, while in more complicated cases in numerical form
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for given numerical parameters of the system, employing the nu
merical method for finding the roots of the polynomial (Section 39). 
In  essence this is the same method of matching solutions as in the 
examples of Section 9 and Section 59, except for the use of operational 
calculus.

Analogous to this it is possible to apply the operational method 
of the solution of transient processes in closed automatic systems 
with certain other non-linear characteristics (with a corresponding 
complication of the procedure and the manner of separating it into 
sections).

To determine the possibility of self-oscillations arising in the 
system and to find their waveform it is necessary to take a single 
arbitrary period of oscillations in the transient process and apply 
the condition of periodicity similarly as was done in the simple 
examples of Section 9 and Section 59.

75. The Solodavnikov method of trapezoidal frequency characteristics

Let us describe a method for the approximate construction of 
the transient curve in an automatic system (with input in the form 
of a step or impulse) for a given real frequency characteristic of 
the closed system, as developed by V. V. Solodovnikov in 1948 
(Reference 11). This method is useful when the calculation of the 
system is carried out from the very beginning by frequency methods. 
I t  is absolutely necessary if the equations of all elements of the 
system are not known, while a part of them are given by experi
mentally recorded frequency characteristics.

The method of obtaining the real frequency characteristic of 
a closed system f7„(to) or Z7/(co) was described in Section 44. Now, 
knowing this, it is necessary to construct the curve of the transient 
process for a external perturbation in the form of a unit step or 
unit impulse. To solve the problem we employ formulae (44.18),
(44.19) or (44.20). The approximateness of the solution consists in 
tha t the given continuous curve t7y(co) is substituted by a polygonal 
curve. As a result the entire graph of f7„(o>) divides into a series 
of trapezoids.

We shall first consider plotting the transient curve for the charac
teristic Uy(u>) in a purely trapezoidal form, and then pass to the 
general case.

Trapezoidal frequency characteristic. A trapezoidal frequency 
characteristic is a real frequency characteristic ?7<(<o) having the 
form of a trapezoid (Pig. 332a). The real frequency characteristics 
of actual systems do not have such shapes, but below we shall employ 
them for approximation to the real characteristics.
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A trapezoidal frequency characteristic is defined by the following 
three quantities (Fig. 332a): the initial amplitude U<(0), the pass- 
band tOfp and the inclination factor

where a i s  termed the interval of uniform transmission of fre
quencies, corresponding to a constant value of TJi in the segment

0 <  g> <  These quantities may have the most varied values 
with the only restraint tha t u>ia < and, consequently, 0 <  x* <  1.

Let us introduce the dimensionless quantities

xi =  1 t = t^iv (75.2)

for the coordinates of the transient curve Xi{t), corresponding to 
the trapezoidal frequency characteristic.

On the basis of formula (44.19) the transient function Xi{l) due 
to a unit input step is obtained (Reference 11) in the form

xS)  =  -  |si(x<<) +  ~ ~  |fl*(*)- SUxJ) + C°S< ~ 1| , (75.3)

where we introduce the usual notation for the sine integral

Si[xi t) = f sm(fep)d<p .
J  00 T

The functions x{(t) has been previously calculated from for
mula (75.3) for the values x* =  0; 0 05; 01 ; ...; 0-95; 100. Their 
values for various values of the dimensionless time t in the interval 
0 < £ < 2 6 - 0  are presented in the table on pp. 750-753 (according 
to V. Y. Solodovnikov).
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Plotting the curves x{(l) from the table for the extreme and mean 
values of xf =  0, x,- =  0-5 and x =  1 is shown in Fig. 3326.

Let there now exist an arbitrary trapezoidal characteristic 
(Fig. 332a) with given values of x», 77,(0) and tof. The transient 
curve % i( t )  which corresponds to it is easily plotted using the above- 
mentioned table. We proceed as follows.

We find in the table the value of x, closest to that which occurs in 
the given trapezoidal characteristic. For this value of x, we take 
from the table the entire column of values of x, and i and, according 
to (75.2), we employ the formulae

Xi = Ui{0)Xi, t = —  , (75.4)
< ii% p

i.e. we multiply all values of x{ taken from the table by the ampli
tude Z7j(0) of the given trapezoidal frequency characteristic, and 
all values of I taken from the table we divide by the magnitude of 
the passband co,p of the given trapezoidal characteristic. As a result 
we obtain a series of values of xt and a series of values of t corre
sponding to them, after which the required transient curve Xi(t) 
is plotted by points.

Approximate plotting of the transient curve due to a unit input impulse. 
Let the real frequency characteristic of the closed system t7„(to) be 
given in the form of the curve of Fig. 333a. We substitute this curve

by a polygon close to it, consisting of rectilinear segments (broken 
line in Fig. 333a) and then plot from each vertex straight lines 
parallel to the frequency axis to.

As a result the given frequency characteristic 77j,(<o) may be 
approximately substituted by the algebraic sum of several trape
zoidal frequency characteristics 77i(to) with initial heights Z7<(0), 
with passbands toip and inclination factors x*. In  the present case 
(see Fig. 3336) we obtain four trapezoids (i =  l , 2 , 3 , 4 ) ,  where 
*7i(0) >  0, Z72(0 )  <  0, 17,(0) <  0, 774(0 )  <  0.
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Table of

\ * i 1 |
0-00 0-05 0-10 015 0-20 j 0-25 0-30 0-35 0-40 0-45

00 0-000 0-000 0-000 0-000 0-000

0-5 0-138 0-165 0-176 0-184 0-192

1-0 0-310 0-326 0-340 0-356 0-371

1-5 0-449 0-469 0-494 0-516 0-538

2-0 0-572 0-597 0-628 0-655 0-683

2-5 0-674 0-707 0-739 0-771 0-802

30 0-755 0-790 0-828 0-863 0-896

3-5 0-783 0-853 0-892 0-928 0-963

4-0 0-857 0-896 0-938 0-974 1-008

4-5 0-883 0-923 0-960 0-997 1-029

5-0 0-896 0-936 0-978 1-012 1-042

5-5 0-900 0-940 0-986 1-019 1-046

60 0-904 0-942 0-982 1-013 1-037

6-5 0-904 0-943 0-980 1-009 1-030

7-0 0-904 0-944 0-979 1-006 1-024

7-5 0-907 0-945 0-980 1-008 1-019

8*0 0-910 0-951 0-985 1-008 1-020

8-5 0-918 0-956 0-989 1-010 1-021

9-0 0-924 0-965 0-997 1-016 1-025

9-5 0-932 0-972 1-004 1-022 1-029

100 0-939 0-978 1-009 1-025 1-031

10-5 0-946 0-985 1-013 1-028 1-033

11-0 0-947 0-988 1-015 1-029 1-031

11-5 0-949 0-988 1-016 1-027 1-028

120 0-950 0-988 1-015 1-025 1-024

12-5 0-950 0-989 1-013 1-022 1-019

130 0-950 0-989 1-012 1-019 1*015
i

0-000 0-000 0-000 0-000 0-000

0-199 0-207 0-215 0-223 0-231

0-386 0-401 0-417 0-432 0-447

0-560 0-594 0-603 0-617 0-646

0-709 0-681 0-761 0-786 0-810

0-833 0-862 0-891 0-917 0-943

0-928 0-958 0-987 1-013 1-038

0-994 1-024 1-050 1-074 1-095

1-039 1-060 1-090 1-107 1-124

1-057 1-080 1-100 1-115 1-129

1-067 1-087 1-103 1-112 1-117

1-067 1-083 1-093 1-095 1-097

1-054 1-065 1-070 1-068 1-062

1-043 1-050 1-049 1-043 1-033

1-035 1-037 1-033 1-023 1-009

1-025 1-025 1-017 1-005 0-989

1-024 1-021 1-012 0-995 0-981

1-022 1-018 1-007 0-992 0-977

1-025 1-018 1-006 0-992 0-978

1-027 1-019 1-006 0-993 0-982

1-027 1-019 1-006 0-993 0-987

1-028 1-017 1-005 0-993 0-991

1-025 1-014 1-002 0-993 0-991

1-021 1-010 0-999 0-991 0-989

1-015 1-004 0-994 0-988 0-987

1-010 0-999 0-990 0-986 0-986

1-005 0-994 0-986 0-985 0-987
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the function *,-({)

0-50 0-55 0-60 0-65 0-70 0-75 0-80 0-85 0-90 0-95 1-00

0000 0-000 0-000 0-000 0-000 0-000 0-000 0-000 0-000 0-000 0-000

0-240 0-248 0-255 0-259 0-267 0-275 0-282 0-290 0-297 0-304 0-314

0-461 0-476 0-490 0-505 0-519 0-534 0-547 0-562 0-576 0-593 0-603

0-665 0-685 0-706 0-722 0-740 0-758 0-776 0-794 0-813 0-832 0-844

0-833 0-856 0-878 0-899 0-919 0-938 0-956 0-974 0-986 1-003 1-020

0-967 0-985 1-010 1-030 1-050 1-067 1-084 1-090 1-105 1-120 1-133

1-061 1-082 1-100 1-117 1-130 1-142 1-154 1-164 1-172 1-176 1-178

1-115 1-132 1-145 1-158 1-161 1-166 1-171 1-174 1-175 1-175 1-175

1-142 1-152 1-168 1-159 1-160 1-161 1-156 1-149 1-141 1-131 1-118

1-134 1-138 1-138 1-134 1-132 1-127 1-111 1-099 1-085 1-071 1-053

1-118 1-115 1-107 1-098 1-084 1-069 1-053 1-037 1-019 1-001 0-986

1-092 1-083 1-070 1-050 1-032 1-016 0-994 0-979 0-962 0-951 0-932

1-051 1-037 1-021 1-003 0-984 0-956 0-949 0-934 0-922 0-920 0-906

1-018 1-001 0-982 0-946 0-948 0-936 0-920 0-910 0-903 0-903 0-905

0-993 0-975 0-957 0-941 0-927 0-917 0-911 0-908 0-909 0-915 0-925

0-974 0-958 0-944 0-926 0-922 0-911 0-920 0-927 0-934 0-946 0-968

0-966 0-951 0-941 0-935 0-932 0-936 0-944 0-955 0-970 0-986 1-004

0-966 0-949 0-944 0-948 0-951 0-958 0-974 0-990 1-006 1-023 1-041

0-970 0-960 0-961 0-966 0-976 0-990 1-006 1-023 1-039 1-053 1-061

0-975 0-972 0-980 0-987 1-000 1-015 1-033 1-048 1-059 1-066 1-066

0-982 0-985 0-993 1-006 1-020 1-036 1-049 1-059 1-063 1-062 1-056

0-987 0-996 1-007 1-017 1-033 1-046 1-054 1-058 1-055 1-048 1-033

0-993 1-002 1-014 1-027 1-039 1-047 1-048 1-044 1-034 1-021 1-005

0-997 1-006 1-017 1-029 1-037 1-043 1-034 1-024 1-010 0-994 0-977

0-997 1-006 1-019 1-026 1-027 1-025 1-015 1-000 0-984 0-969 0-958

0-997 1-006 1-018 1-019 1-017 1-010 0-995 0-979 0-965 0-954 0-949

0-997 1-006 1-014 1-012 1-005 0-993 0-980 0-964 0-955 0-950 0-955
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Table of

\ * i
t \

\
000 0-05 0-10 015 0-20 0-25 0-30 0-35 0*40 0*45

13-5 0-950 0-990 1-011 1-017 1-011 1-000 0-990 0-983 0-984 0-988

140 0-952 0-989 1-011 1-016 1-009 0-997 0-988 0-983 0-985 0-991

14-5 0-954 0-990 1-012 1-015 1-008 0-996 0-987 0-985 0-988 0-996

15-0 0-956 0-993 1-012 1-014 1-007 0-995 0-988 0-987 0-991 1-000

15-5 0-959 0-995 1-014 1-014 1-006 0-995 0-989 0-988 0-996 1-004

160 0-961 0-997 1-015 1-014 1-006 0-995 0-991 0-992 0-998 1-007

16-5 0-964 0-999 1-016 1-014 1-005 0-995 0-993 0-995 1-002 1-009

17-0 0-965 1-001 1-016 1-013 1-005 0-995 0-994 0-997 1-005 1-010

17-5 0-966 1-002 1-016 1-012 1-003 0-995 0-994 0-998 1-006 1-010

180 0-966 1-002 1-015 1-011 1-002 0-995 0-995 1-001 1-008 1-010

18-6 0-966 1-001 1-015 1-009 1-001 0-994 0-995 1-001 1-007 1-009

190 0-967 1-000 1-015 1-008 0-998 0-992 0-995 1-001 1-006 1-006

19-5 0-967 1-000 1-014 1-006 0-996 0-991 0-996 1-001 1-005 1-004

200 0-967 1-000 1-013 1-006 0-995 0-991 0-995 1-001 1-005 1-002

20-5 0-968 1-002 1-012 1-004 0-994 0-991 0-996 1-002 1-004 1-001

210 0-968 1-002 1-011 1-003 0-994 0-992 0-997 1-003 1-004 1-001

21-5 0-969 1-002 1-011 1-003 0-995 0-992 0-999 1-004 1-004 1-000

220 0-971 1-002 1-011 1-002 0-995 0-993 1-000 1-005 1-004 0-999

22-5 0-973 1-002 1-011 1-002 0-996 0-995 1-002 1-006 1-004 0-999

230 0-974 1-005 1-011 1-002 0-996 0-996 1-004 1-007 1-003 0-998

23-5 0-975 1-005 1-010 1-002 0-996 0-998 1-004 1-008 1-003 0-998

240 0-975 1-005 1-010 1-001 0-996 0-999 1-005 1-007 1-002 0-997

24-5 0-976 1-005 1-009 1-000 0-996 0-999 1-005 1-006 1-001 0-997

260 0-975 1-005 1-008 1-000 0-995 0-999 1-005 1-004 1-000 0-996

25-5 0-975 1-005 1-008 0-999 0-995 0-999 1-004 1-003 0-998 0-996

260 0-975 1-005 1-007 0-999 0-995 0-999 1-004 1-002 0-997 0-996
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the function ®j(f) (continued)

0-50 0-55 0-60 0-65 0-70 0-75 0-80 0-85 0-90 0-95 1-00

j

| 0-99S 1-006 1-010 1-005 0-995 0-982 0-968 0-958 0-954 0-958 0-970

1000 1-006 1-008 0-999 0-987 0-974 0-965 0-961 0-965 0-976 0-990

1-002
I

1-006 1-005 0-994 0-983 0-970 0-969 0-971
1
0-981 0-997 1-010

1-005 1-007 1-002 0-993 0-983 0-976 0-978 0-987 1-001 1-017 1-030

1-008 1-007 1-001 0-993 0-985 0-984 0-991 1003 1-019 1-032 1-040

1-011 1-008 1-000 0-994 0-990 0-993 1-003 1-018 1-031 1-039 1-039

1-011 1-008 1-001 0-996 0995 1-001 1-014 1027 1-036 1-038 1-028

1-012 1-007 0-999 0-997 0-999 1-008 1-020 1-030 1-032 1-027 1-012

1-009 1-005 0-997 0-998 1-002 1-012 1-023 1-027 1-023 1-013 0-988

1-008 1-002 0-997 0-998 1-004 1-014 1-020 1-018 1-008 0-993 0-979

1-006 0-999 0-995 0-998 1-003 1-012 1-014 1-007 0-933 0-978 0-969

1-001 0-995 0-993 0-997 1-004 1-009 1-006 1-007 0-981 0-969 0-956

0-998 0-992 0-992 0-996 1-003 1-005 0-998 0-985 0-973 0-967 0-973

0-996 0-991 0-992 0-995 1-003 1-001 0-991 0-979 0-972 0-974 0-985

0-995 0-991 0-994 0-996 1-001 0-996 0-986 0-976 0-974 0-990 1-001

0-995 0-993 0-997 0-996 0-999 0-993 0-983 0-975 0-981 1-002 1-016

0-996 0-995 1-000 0-995 0-998 0-992 0-986 0-988 0-997 1-013 1-024

0-996 0-996 1-000 0-997 0-997 0-991 0-991 0-997 1-012 1-024 1-029

0-997 1-000 1-004 1-000 0-996 0-992 0-998 1-008 1-022 1-028 1-026

0-998 1-001 1-006 1-001 0-997 0-994 1-002 1-015 1-025 1-027 1-016

0-999 1-002 1-007 1-002 0-998 0-997 1-007 1-017 1-023 1-023 1-002

1-000 1-002 1-008 1-003 0-999 1-000 1-008 1-017 1-015 1-012 0-988

1-000 1-002 1-006 1-003 1-000 1-002 1-008 1-014 1-005 0-995 0-979

1-000 1-002 1-004 1-003 1-001 1-003 1-005 1-008 0-991 0-985 0-975

1-000 1-002 1-002 1-002 1-002 1-004 1-004 1-001 0-986 0-978 0-977

1-000 1-002 1-000 1-001 1-002 1-004 1-002 0-987 0-984 0-977 0-983
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Thus,
n

Uyiu)** ^  Ui(<o) , (75.5)
i=l

where n is the number of trapezoids. We proceed in the same manner 
when is prescribed.

Then, according to (44.19) and (75.5) we obtain

2 y  f Uifto) .x ( t ) f v -  > I ——-sm tomato
i=l o

or
n

, (75.6)
»=1

where the functions xt(t) define the transient curves for each of 
the trapezoidal characteristics individually. We already know how 
to determine these latter individually.

Consequently, we now easily obtain the required transient curve x(t) 
in approximate form by the addition of these curves.

Following V. V. Solodovnikov, let us consider the example of an 
automatic system described in closed form by the equation

(p1 +  a1pa +  a2pa +  a3p +  a4)fl? =  (b0pi + b1p + b2)y(t) >
where

at = 103 , a2 =  3065 , a3 =  149,250 , a4 =  1,081,500 , 
b0 =  0 0035 , bx =  0-37 , b2 = 9-5 .

The expression for the amplitude-phase characteristic of the 
closed system will be

W  (ico) =  -bo<*' + b1i<a + b, '
v to4—a^to3 — a2co2 +  a3i(x> +  a4

The real part of this expression has the form

(b2 — b0io2)(to4 — a2o>2 + a4) + b ^ j a ^  — a ^ 3) 
v W (to4—a2to2 +  a4)2 +  («3to — a^ 3)2

This real frequency characteristic of the closed system for the 
above numerical values of the coefficients has the form of the con
tinuous curve in Fig. 334a. In  broken line we show there the polygon 
replacing it. As a result we obtain three trapezoidal characteristics 
E^to), Z72(to), t7s(to) as shown in Fig. 334b, into which the real 
frequency characteristic of the given system U y {io) is approximately 
divided.
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The parameters of the trapezoidal characteristics are as follows:

Ê fO) =  1-4; xx =  0-9; wlp =  40;
Z72(0) =0-6;  xa =  0-1; co2p =  12;
U3{0) =  - 1 ;  xa =  0'8; co3p =  54 .

From the numerical tables of pp. 750-753 we take the values 
corresponding to the individual trapezoidal characteristics for 

x4 =  0-9, xj =  0 1 and Xi =  0-8. Each of the values taken from the 
table for X{ and I are recalculated according to formulae (75.4), in 
which we substitute the given values U^O), colp, U2(0), co2p, U3(0), co3p.

F ig . 334

From the points obtained (t , x{) we plot the curves xk(t), x2(t) , x3{t), 
shown in Fig. 334o corresponding to the three trapezoidal charac
teristics E7a( to), Z7a(co) (Fig. 3346).

By algebraic addition of the ordinates Xi of all three curves we 
obtain the required transient curve x{t) in the system (Fig. 334d). 
For comparison we indicate there the exact transient curve, obtained 
by analytic solution of the equation. Their comparison illustrates 
the degree of precision of the given method (in the analysis of the 
quality of an automatic system such precision may be satisfactory).

Approximate plotting of the transient curve due to a unit input 
impulse. Here, as in the preceding case, the given real frequency 
characteristic is substituted by the approximate algebraic sum of 
trapezoidal frequency characteristics (75.5) (Fig. 333).

Then formula (44.20) may be represented in the form

n  oo

Xx{t) f=s -  I f * -  (co)coscotdco , 
i-l o

where n is the number of trapezoids into which the frequency charac
teristic E7„(w) or Uf(oi) is decomposed.
40



I t  has been proved tha t this expression may be transformed to 
the form
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where we put
TZ

sin co<£
0>it

sinf2<f\
~QtTr (75.7)

“ i =  2 ~  w *p  * =  ~o ^ i p ,  A i  =  Q i T J f { 0 ) .  ( 7 5 . 8 )

Consequently in the present case the curve of the transient pro
cess x(t) is approximately defined by simple calculation of its ordinateB 
according to formula (75.7) for various t and subsequent point-by-

point plotting. To facilitate the calculations it is possible to employ 
tables of sin 9/9, which are available, for example, in Jahnke and 
Emde (Reference 49) on p. 49.

For example, let there be known for the closed automatic system 
the amplitude-phase characteristic in the open state:

W (ioi) =  t- 61
ico(00016iw + 1) (0027ito +  l)(0 01ito +1) ’

while the amplitude-phase characteristic of the closed system is 
determined by formula (44.8) with Wa(tto) =  1, i.e.

W„(ico) = W ( t c o )  

l  +  TTfiu)

The real part of this expression is the real frequency characteristic 
of the closed system Uv(u>) shown by the continuous curve in 
Fig. 335a. Broken line there indicates the polygon replacing it ap
proximately.

The exact analytic solution of the equation of the given closed 
system with a unit impulse perturbation is

«;(*) =  — 0-244e_7,w +  10-92e-ni“ +  35-86e_12-1,cos[(27-4J)°—107-6°],
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which is shown in full line in Fig. 3356. We also give there in broken 
line the transient response plotted by calculation according to the 
approximate formula (75.7), i.e. with replacement of the true real 
characteristic {7„(co) by the trapezoid. In  the present case we have 
taken two trapezoids f^foo) and f7 2( w )  (Fig. 335a).

Having the transient curve x^t) for impulse input we may further 
employ the convolution formula (74.11) to determine the regulation 
curve for arbitrary external input to the system.

In  conclusion we note tha t when plotting the transient curve from 
the trapezoidal frequency characteristics the greatest errors are 
obtained in the initial portion of the curve, since according to 
Section 44 the “tail” of the real frequency characteristic of the 
closed system which is dropped mainly influences the initial portion 
of the transient response.

In  addition to the Solodovnikov frequency method described 
here there exists a similar method proposed by A. A. Yoronov for 
plotting the transient curves from triangular frequency character
istics.
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